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AnHoTanus
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Abstract

In this paper we consider the problem of finding the probability threshold
for the realization of a random graph by geometric graphs in the space R?. In
the case of graphs of diameters we prove asymptotic behavior for the threshold
probability on the plane, as well as the exact expression in the case d > 3.
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1. BBenenue

Hacrositiast craThst oCBsIIeHa OTHOM 3a/1ade, JieXKaleil Ha CThike KOMOMHATOPHON Ieo-
MEeTPUN U TEOPUH CJIyIaiHbIX rpacdor. HamoMHIM HECKOJIBKO OCHOBHBIX omnpeesennii. I'pa-
dom paccmosnuti 6 npocmpancmee R nazpisaercs moboit rpad G = (V, E), y KoToporo
V CcR% a

E={{xy}: x,yeV, |x—yl=1},

rJie |X — y| — eBKJIMJI0BO paccTosiHue MeXK/Iy ToukaMu. B 1o ke BpeMst epagiom duamempos
onsa mnooicecmsa V C R? nazpsaercs rpad G = (V, E), y koToporo

E={{xy}: x,yeV, |x—y|=damV},

riae diamV = sup |x — y|. Ecsim mHOXKeCTBO V' KOHEYHO, TO MOYXKHO CKa3aTh, YTO rpad
x,yeV
JUAMETPOB — 3TO rpad MAKCUMAJIbHBIX PACCTOSHUIA.

I'padwr paccTossHIiT BOSHUKAIOT B CBSI3U C Kjaccuueckoil mpobaemoit Hecona—Xaasu-
repa 0 XpoMaTudeckoM umciie npocrpancrsa (cm. [1]-[4]), a usyuenue rpados 1uamerpoB
MOTHUBHUPOBAHO JIPYroil KJIACCHIECKON TpobJ/IeMOii KOMOMHATOPHON TeoMeTpun — IpobJie-
Moit Bopcyka o pasbueHnn MHOXKECTB B IPOCTPAHCTBE HA YACTH MEHBIIEro JuaMeTpa (CM.
2115,

B nanbreiinem Hac 6y/1eT MHTEPECOBATH, HACKOJIBKO YaCTO B HEKOTOPOM CMBIC/IE BCTpe-
qaioTcs rpadbl paccTogHuit min rpadbl IUAMETPOB cpeiin abCTPaKTHLIX TrpadoB HA N
geprmmHax. [lycrs G(n,p) — cay4vaiinbiii rpad B 6GuHOMUAILHON Mojean Dpjeria—Penbu,
re. G(n,p) — 9TO CayvallHbLi SJIeMEHT CO 3HAUYEHUSIMH BO MHOXKeCTBe BceX rpadoB Ha
JIAHHBIX 71 BEpIIMHAX 0e3 TeTesib, KPATHLIX pebep W OPUEHTAIMU U C PaCIpeieIeHueM
P(G(n,p) = ({1,...,n}, E)) = pl#1(1 — p) i 1B (e [6]).

Pacemorpum aitst kaxkmoro n € N n kaxknoro d € N gBe “moporobix’” BEPOSITHOCTH:

Paiss (1, d) = sup {p € [0,1] : P(G(n,p) nsomopden

1
HEKOTOPOMY I'pady pacCTOsIHUI B Rd) > 5} ,

Diiam (1, d) = sup {p € [0,1] : P(G(n,p) nsomopden

1
HEKOTOpOMY rpady IuamMeTrpoB B Rd) > 5} .

B cnenyromem pasgnesie Mbl npuBesieM (GOPMYJIUPOBKHU PE3yJIBTATOB — KaK paHee U3-
BECTHBIX, TaK U HOBBIX.

2. @opMyJIMPOBKHN PE3yJILTATOB

Bemmuauna pj,, (n, d) 6buia uccrenosana panee. Ceitdac uzsectno (cm. [7]), uro

vV61n 2

*
Paist (75 1) ~ A3 n — 00,
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" 9TO s JIF0O60ro d > 2 MMEIOT MeCTO HepaBEeHCTBA

(14 0(1) - < phualn d) < (401D s oo,

S

rjie, HalpuMmep,
o(2) =14.797..., ¢(3) =55.272..., c(4) = 164.528..., c(5) = 504.285. ..,

c(6) = 1365.170..., ¢(7) = 3624.758..., c(8) = 8675.785...

st rpadoB inamMeTpoB pe3yJIbTaTOB IIPeXK/ie He ObLI0. 37ech ciydaii d = 1 TpuBmaJeH,
T.K. B €ro paMKax BOBce HeT rpadoB JIraMeTpoB, KOTOpbe uMein Obl 0oJjiee IBYX BEPIIHH.
[Ipu d = 2 mam ya/10ch Oy IUTh ACUMITOTUKY TOPOTOBOM BEPOATHOCTH.

TEOPEMA 1. Cnpasedausa acumnmomuveckas Gopmyara

V/8401n 2

pziam(n, 2) ~ W, n — oQ.

DTOT pe3y/IbTaT BHEITHE HAIIOMUHAET YIIOMSIHYTBIN BBIIIE PE3YJITAT O Ipadax paccro-
stauii. OJfHAKO pasMepHOCTb Ha 1 GOoJIbIle, U METOJ, JOKA3aTeJIbCTBA (CM. pa3jiest 3) UHOIL.
JIio6ombITHO TO, UTO TpU d > 3 TaKXkKe yIAeTCd IOJIYUYUTH yTBEPKICHUE, aHAJOTUIHOE
YKa3aHHOMY BBIIE YTBEPKICHUIO O rpadax paccCTosHuil B pa3sMepHOCTaX d = 2.

TEOPEMA 2. /Jlaa wobozo d > 3 cywecmsyrom wucaa c1(d), co(d), ¢ xomopvimu

C1 (d) * CQ(d)
n < pdiam(n’ d) < n .

OTMeTHM, 9TO CyINECTBYIOT M HEKOTOPBIE JIPYTHE BEPOATHOCTHBIC IIOCTAHOBKHU 3aJad
o peasmsaiuu rpados B npocrpancrBax (cM. [8]-[12]). B caeayronmx nByx pasjenax Mbl
OIUIIIEM JIOKA3aTesIbCTBa TeopeM 1 u 2.

3. /lokazaTejibcTBO TeopeMbl 1

JlokazaTeabcTBO TeopeMbl 1 pacnajaercss Ha HECKOJbKO MIATOB, KasKIbIl U3 KOTOPHIX
cocTouT B O0OCHOBAHWM HeKoeil JieMMbl. IIpexkie Bcero oboznaumm H 1epeBo Ha ceMu
Beprmuax 1,2,...,7 ¢ pebpamu (1,2),(2,3),(1,4), (4,5),(1,6), (6,7) (cm. puc. 1).

JIEMMA 1. He cywecmsyem epaga duamempos HaG NAOCKOCTIU, U30MOPPHO20 depesy
H.

HanHoe yrBep:kjeHue JloKa3bIBaeTcs, Hanpumep, B [13]. Hasee,

JIEMMA 2. Ilycmv p = n7—'3/6, 2de ¢ > v/8401In2. Tozda cywecmsyem makoe ng, 4mo

das 6cexn = ng caysatinod epad G(n,p) ¢ eeposmmuocmoio, bosvwed %, codepotcum depeso
H.
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/

Puc. 1: /lepeBo Ha cemu BeprmmHax, He n30MOpGMHOE HUKAKOMY I'pady IHaMeTpoB
Ha IJIOCKOCTH.

D10 HpsMOe CJIEJICTBHE U3 TEOPEMbI, KOTOPYIO MOXKHO Haiitu B [6]:

TEOPEMA 3. Ilycmv H — depeso ¢ k sepuwuramu v a a8mMomoppusmams, p = m,

2de ¢ = const, X, — xoauuecmeo konuti H ¢ G(n,p). Toeda X,, umeem acumnmomuseckoe
ck—1
a

pacnpedenenue Iyaccona ¢ napamempom A =

B camom gmese, nepeso H umeer k = 7 Bepriun u y mero a = 840 aBromMopdusMoB.

Torma npu ¢ > v/8401n 2 umeem
k—1
c

A=——>1In2
a

OTKY/12
1
P(G(n,p) conepsxur aepeso H) =P(X, >0)=1-P(X, =0)>1—e 2= 3

[Tocnenmnee HepaBeHCTBO BBIMIOJHEHO MIPHU OOJIBIHAX M.

[Tycrs, nakoner, 0 < & < % Ob6ozuaunm K, obbenHeHne JBYX KPYTOB PaJyca € Ha
IJIOCKOCTH, PACCTOsTHUE MEXKJIy IeHTpaMu KoTopbix paBHO 1. Ilyctb Takyke W — MHOXKe-
CTBO BCeX JIEPEBbeB Ha He DoJiee UeM CeMU BepINUHAX, 3a UCKJIIOUEHUEM JIepeBa U3 OTHOM
BepIIUHbI U JepeBa H.

JIEMMA 3. las xaotcdozo € u kaorcdozo depesa ud muoscecmsea W natidemces usdomopgp-
nouli emy 2pad ouamMempos Ha NAOCKOCTIU, GEPULUNDL KOTOPO20 NPUHAOAEIHCAN, MHONCECTNEY

K..

Jljist moKa3aTeIbCTBa 9TOTO YTBEPAK ACHUS JOCTATOYHO N300PA3UTh KAXKJI0€ U3 JI€PEBHEB
Ha TIJIOCKOCTH TaK, KaK MOKa3aHO Ha pucC. 2.—9.

JlasibHeliee J0Ka3aTeILCTBO OCHOBHOM TeOpeMbl He IIpeJICTaBjisieT Tpyja. lleiicTBu-
TEJILHO, TIPU P = n7—c/6 caydaitabiii rpad G(n,p) ¢ aCUMITOTHYECKOH BEPOSITHOCTHIO 1 siB-
JISIETCST JIECOM, KazKJlasi KOMIIOHEHTa KOTOPOIo nMeer pasmep He bosiee cemu. U3 jiemm 1 1 2
CJIIyeT, ITO IpU P = n7—c/6, e ¢ > v/8401n 2, u gocrarouno Gobmmx n rpad G(n,p) co-
JIepKUT JiepeBo H 1, TeM caMbIM, He MOYKeT OBITh M30MOPQEH HUKAKOMY Tpady JTHaMeTpoB
Ha IIJIOCKOCTH.

B ciyuae ke, xorja ¢ < v/8401n 2 u, snaunr, G(n, P) C BEPOSITHOCTHIO, BOJIBINEH 1010
BUHBI, He COJIEPKUT JiepeBo H , ocraercst moka3aTh, 9TO Jiec, KaxK ias KOMIIOHEHTa KOTOPOTO
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Puc.
CTH.

Puc.

CTHU.

Puc. 4: Peanuzamusa paccMaTpuBaeMbIX JIEPeBbeB IpadaMu JMaMeTpoB Ha, ILJIOCKO-
CTH.

Jinbo M30JIMPOBAaHHAS BepIUHA, Jinbo jepeBo u3 W, nzomopden nHekoropomy rpady mna-
METPOB Ha IJIOCKOCTH.

JleficTBUTEIBHO, BOCIIOJIB30BABIINCH PE3YILTATOM JIEMMBI 3, MOy IaeM, UTO KAaXKI0e U3
JiepeBbeB MHOKecTBa W nzoMopdHO HEKOTOpOMY Tpady JUaMeTPOB Ha IIOCKOCTH, BEPIIIH-
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Puc. 5: Peanuzanus paccMaTpuBaeMbIX JiepeBbeB I'padaMu IMaMeTpPOB Ha ILJIOCKO-
CTH.

HBI KOTOPOTO MPUHAJJIEXKAT COOTBETCTBYIOMEMY MHOXKecTBY K. PasmecTns mosyueHHbIe
MHOXKecTBa, K. Tak, Kak MMOKa3aHo Ha puUc. 6, u, 7100aBUB N30IUPOBAHHBIE BEPIITUHDI, TOJIY-
9UM TPEOYEMYIO PEASIU3AIINIO.

Puc. 6: Peasimmzanust paccmarpuBaeMoro Jjeca rpadoM JIuaMeTpoB Ha IJIOCKOCTH.

4. Jloka3aTeabCTBO T€OPEMbI 2

3/1ech Tak ke, KaK U B CJIydae TeOPEeMbI 1, HCIOJIb3YI0TCS HECKOJIBKO BCIIOMOTATEIHLHBIX
YTBEPKIEHUN, KOTOPbIE MBI IIePeIUCIuM HuKe. Mbl HaA30BeM nX He JieMMaMu, a (pakTaMu,
T.K. KaXk/loe U3 HIUX — U3BECTHasd TeopeMa.

V9487
@akr 1. [lpup = +, 2dec < 6;_/;’/__ :\3/6(91\/877)’

epagp G(n,p) ¢ seposmmocmvio, Goavuwed %, ABAAENCA AECOM.

U doCcmamouHo 60ALWUT T, CAYHATIHIT

D10 HpoCTOe yIpayKHEHHE 110 TEOPUH CJIydailHbIX rpados (cM., Hanpumep, [14]). deii-
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CTBUTEJIBHO, MaTEMaTUIECCKOE OXKUJTaHNE KOJIMYIEeCTBa IMUKJIOB PaBHO

o o o0
1) k 3
p (k=D 4 c k_ C
EX:ECR-72 -p<22—<EC:1_C-
k=3 k=3 k=3
3
Haiee, ncrosbsys nepasenctso Mapkosa, nosydaem P(X > 0) < EX < 1%. Hocnennee
3 Ve
BbIpazKCHHE€ MEHbIIIe % upu ¢ < % —_ 3% CTOI/IT OTMETUTHb, YTO OTBICKaHUE
6 6(9++/87)

HaI/I.Hy“IH_IefI KOHCTAaHTDbI — CJIO2KHagd 3aJiada.
®dakr 2. Beakuti aec uzomopder nexomopomy epady duamempos 6 RE npu d > 3.

,HOKBB&TGJH)CTBO JaHHOI'O (ba,KTa HCIIOJIB3YET HETPUBUAJIBHYIO TEOPEMY, JJOKA3aHHYIO B

[15]:

TEOPEMA 4. Mnoowcecmeo sepwiun 1100020 depesa T MOMHCHO MaKk GA0XCUMD 68 NPO-
empancmeo R3, wmo paccmosmiue meatcdy ao0bimu 06YMA CMENCHLMU GEPUUHAMU PAGHO
1, a paccmoanue mesncdy e cMeNCHBIMU BEPUUHAMY MeHbue 1.

Jlerko moHsITH, YTO JAHHOE YTBEPXKJIEHNE BEPHO U B CiIydae Jjieca. leilcTBUTEIbHO, pac-
CMOTPHM JIBa IIPOU3BOJILHLIX JepeBa. COequHuM 3TH ABa JIepeBa B ONHO, IT00ABJIss b
01V Oy juiHBL jiBa MEXKJy HUMHU. Takoe J1epeBO, COIIacHO Teopeme 4, peajn3yercsl rpa-
dbom gmamerpos B R3. Viamum Bepmmny V' BMecTe ¢ HCXOUSIIMME U3 Hee peOpaMi 13
PEOMETPUIECKON PeaJIM3aIiy IOy IUBIIerocst gepesa. OcTaHeTcst TeOMeTpUYIECKas peasiu-
3alMs UCXOIHOro Jeca. I1pu sToMm HoBBIe pebpa He nospsaTcs. [locaenoBare/bHO 00beIMHSSA
TaKUM 00pa30M JIEPEBbsT JIECa, TOJTYyIUM HEOOXOMUMYIO Peasu3alluio.
V9+V8T 1

6275 R/6(o+vET)

Gonbumx n caydaiusii rpad G(n,p) sasisiercs gecom (dakr 1), Koropslii nzomopden
nekotopomy rpady amamerpos B R mpu d > 3 (daxr 2), Te. BepHAa HUKHsS OINEHKA
BeJIMIHHEL Pl (1, d).

N3 dakTos 1 u 2 ciemyer, 4TO 1Ip p = %, rie ¢ < U JIOCTATOYHO

Hanomuum, aro xpomamuyeckum wucaom rpada G = (V, E) Ha3bIBa€TCS MUHUMAIIb-
Hoe KosmdecTBO X((G) IBETOB, B KOTOPBIE MOYXKHO TakK MOKPACUTH BCE BepIHMHBI rpada,
9TOOBI CPeJIi BEPIIUH OJIHOIO 1BeTa He ObLIo pedep. asee, KaxKioe MHOXKECTBO BEPIITUH,
cBOOO/IHOE OT pebep, Ha3BIBACTCS He3a6UCUMDIM, & MAKCHMYM MOIHOCTH HE3aBHUCUMOTO
MHOXKECTBa, — 9TO wucAo nezasucumocmu o G) rpada. Ouesnnno, uro x(G) > %

O6ozHaunM y(d) MakcuMaJbHOe 3HAYEHHEe XPOMATUIECKOro 4ucsa rpada JMaMeTpoB
B R%.

®Paxr 3. [Ipu mobom d 3navernue X(d) xoneuno. Bosee mozo, uzeecmmo, wmo

3 d/2

IlepBasi n3 aByx orenHok npunajexkut [lpammy (cm. [16]); 6im3koe yTBeprKieHue
JIOKa3aHo Takxke Bypreitnom u Jlungenmrpayccom B [17]. Bropas u3 JByX OIEHOK ycTa-
Hositena Jlaccakom B [18].

C nomomipio HepasencTsa MapkoBa JIErKO HOKa3aTh, 9TO Ipu p = +, e ¢ > 2x(d) -
(14+1n(x(d))), n JocTaTodHO GOIBIINAX 1 XPOMATHIECKOE THUCIIO cIydaiinoro rpada G(n, p)
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C BEPOSITHOCTBIO, OOJIBIIIEH %, Gosbire, yem x(d). 113 aroro ¢ yuerom dakra 3 BbITEKaET
BEPXHsIsl OIEHKa BEJIUIHHBI P, (1, d).
HeitictBurebuo, obo3HatunM X KOJMYECTBO HE3ABUCHUMbBIX MHOXKECTB pa3mepa k =

{ﬁ—‘ B cayuaiinom rpade G(n,p). Torma

P (x(G(n,p)) > x(d)) > P <a<a<n,p>> - _> _

zl—P(a(G(n,p)) 2@) >1-P(X>1)>1-EX.

B cBoro ouepesn,

k
k C2 mn 7.k(k*1)
EX=Ck-(1-p)F < p-e

ne\k k(k—1) M 14o(1
g( ) e T —(1+o(1))

c
<e 2(x(d))?

k

fcuo, aro npu ¢ > 2x(d) - (1 +1n (x(d))) HOCJIe;LHee BBIPAsKEHUE CTPEMUTCS K HYJIIO C
pocrom n. Takum o6pazom, P (x(G(n p)) > x(d)) > 3, 4ro u TpebGoBAIOCE.

5. 3aKJlIo4eHune

B nacrosimeit pabore mMbl m3yumiin 1pobseMy peasimsanuu rpadoB rpadamMu paccTosi-
HUI ¥ JUaMeTPOB B €BKJIMJIOBBIX IIPOCTPAHCTBAX.

OCHOBHBIM PE3YJILTATOM SIBJISIETCS OTHICKAHUE TOYHBIX I10 MIOPSJIKY OIEHOK JIJIsi TOPOTO-
BBIX BEPOSTHOCTEH BJIOYKUMOCTH CJIYIafiHOTO rpada B COOTBETCTBYIOIINX M€OMETPUICCKUI
rpad B mpocTpaHcTBe. Bojiee Toro, s ciaydas IUIOCKOCTH U rpadOB JUAMETPOB Ha Hei
HalJleHa aCUMIITOTUKA IIOPOrOBOI BEPOATHOCTH.
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