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Abstract

In this paper, we examine the wt—distance characteristics over b—metric space and the
conditions required to ensure the presence of the fixed point by letting f—function appropriately.
In addition, we prove some fixed point theorems.
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1. Introduction

One of the first ideas that humans developed was the concept of distance. Distance was initially
conceptualized by (Euclid). Felix Hausdorff later redefined "metric space"as the general form and
more axiomatic version that was first discussed by Maurice René Frechét as " L—space." The concept
of distance has since been explored, improved upon, and broadly applied in numerous contexts. In
this paper, we concentrate on two of these generalizations: b-metric and wt-distance. We’ll set up
some notations and ideas before we begin to investigate the topic in depth. We assume that all sets
and subsets examined in this paper are non-empty throughout. The function d defined on X x X
to R is the distance function if the following axioms are satisfied for all u,v and w in X :

(i) d(u,v) = d(v,u).

(ii) d(u,v) =0 if u = v.

(iii) d(u,v) + d(v,w) > d(u,w) the triangle inequality as it states that the sum of a triangle’s
two sides is at least as large as the third side when applied to R? with the usual metric.

A non-empty set X together with a function d is a metric space. We short (X, d) by X.
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The space (X, d) is complete if none of its points are missed from its inside or boundary. For
example, the sequence (x,)5% ; in the metric space X is complete if Vn € N, 3k € Z : V1,22 > k,
d(x1,m2) < n.

On the other side, the set of rational numbers is not complete since we cannot construct a
Cauchy sequence of rational numbers that converges to a rational number.

The hyperbolic metric space, introduced by Mikhael Gromov [3], is defined as: X is d—hyperbolic
iff all 2,9y, z,w € X we have:

min((z, Y)w, (¥, 2)w) — d < (2, 2)4......(1)

If (1) is satisfied Vw, a fixed base point and Vz,y,z € X, then it is satisfied for all with a
constant 2d.

A space (X,d) is called a pseudometric if Va,y € X, for x # y, one may have d(z,y) = 0.
This notion is introduced by Duro Kurepa [4]. Typically, every metric space is pseudometric. The
pseudometric topology is generated by open balls defined as B,(a) = {z € X : d(a,z) < r}.

A space (X,d) is said to be a v—generalized metric space [5] if V  # y in X, we have the
following:

i) d(z,y) = 0.

ii) d(z,y) = d(y, x) .

i) d(z,y) < d(x,z1) +d(z1,22) + ... +d(20,y) V21 # 20 # ... # 2, € X.

If X is a non-empty set, then the partial metric is the function p: X x X - R

such that Va, b, c € X, the following conditions hold:

i) a =0 iff p(a,a) = p(a,b) = p(b,b)

11) p(a7 a) = p(a7 b)

iii) p(a, b) = p(b, CL)

iV) p(CL7 b) < p(a, C) + p(Z, b) - p(C, C)

The partial metric space is the couple (X, p).

In 1998, Czerwik [1| and Bakhtin [2] introduced the extension b—metric space. The metric space
(X,d) is a b—metric space over the constant k if the following hold Vz,y,z € X :

(i) d(z,y) = d(y, z).

(ii) d(z,y) =0 iff z = y.

(iii) If the relaxed triangle inequality hols for some constant k£ > 1 :

d(z,z) < kld(z,y) + d(y, 2)].

We see that any b—metric space is unquestionably a metric space under the scenario where
k = 1. So, this idea is less strong than the concept of metric space.

2. b—MetricSpace

LEMMA 1. If (X,d) is a b—metric space, then for then natural number n and (xg,x1,...,x,) €
X" we have

d(zo, 2n) < 2K (2, wig1) + KV (21, T0) e (2)

In Euclidean space, the convergence of a sequence {x,}°2 to the point = is defined as [6]: if
Ve>0,IneN:Vn >N, d(z,,z) <e.

Such concept in topology is defined as: the sequence {z, }>°; converges to the point z if U open
set containing , In € N : Vn > N, x, € U.

Both of these concepts are valid and equivalent in metric spaces.

DEFINITION 1. For the sequence {x,}52 | in the b—metric space (X,d) and a subset A in X [6]:
(i) {zn}2, converges to x if lim, d(zy,x) = 0.
(11) {xn}52 1 is Cauchy if lim, sup{d(zn,zm)} =0 Vm > n.
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(111) {xn}52 1 is complete if every Cauchy sequence converges.
(iv) A is closed if for any convergent sequence {xp}, C A,
lim,, o0 (zy,) € A.

(v) A is bounded if sup{d(z,y)} < oo Vz,y € A.

LEMMA 2. The sequence {5} in the b—metric space (X, d) is Cauchy [7] if Im €
€ [0, %] s d(Tps1, Toro) < md(xp, xny1) Vo€ N

Note that every b—metric space is metrizable, even though not all v—generalized metric spaces
are metrizable. As a result, we observe that definition 2.2 above leaves no opportunity for ambiguity.

Let CB(X) = {F C X : F # ¢ closed and bounded} and V z € X , then VA, B C X, if
d(xz,A) = inf{d(z,y) : y € A}, then the Hausdorff metric space or Pompeiu-Hausdorff distance
(H,d) [8] is defined by

H(A, B) = max{sup{d(z, B) : = € A},sup{d(y, A) : y € B}.

REMARK 1. Define the function f: N — NU{0} by

f(n) = —[—logyn]......(3)

If n € N and (zg, 21, ..., 25) < kf () Z?;(} d(zi, xiy1) and the following hold:
(@) f(2n) = f(n) +1

(i) f(n+1) € {f(n), f(n)+1}

(#i7) f is non-decreasing.

LemmAa 3. If {z,}02, is a sequence in the b—melric space (X,d), and r € [0,1) :
d(xpt1, Tnt2) < r.d(Tp, Tpge1) Vn €N, then {x, 102 is a Cauchy sequence [6].

HOKA3ATEJIBLCTBO. If r =0, the result holds.
If 0 < r < 1, then for some s € N: kr?* < 1.
Define the function f be defined as (3).
Forn,m € N: m <n <m+ 2, by remark 2.4 we have:
ATy ) < KO S0 g 2i00)
<k d(ny, @)

< kY0 ritld(zy, )

i=m
< k5r™mA
where A = 4z1.22)
r(l1—r)
Now, m + 25<™ and v = [2™] so0

d(.ﬁEm, xn) < le‘j:() ki+1d($m+23ia xm+(i+1)25) + kyd(merI/QS ) iEn)
< SV KISt A ks pmeor2t g
<A R
o0 S
< rMAYE kST e
<7r™A

k.s+1
ST 1—kr2s
Thus, {z,}32, is a Cauchy sequence. O

TreOPEMA 1. If (X,d) is a b—metric space and the function

g :NU{0} — [0,00) defined as:

g(n) =0 ifn =0 and g(n) = (2n — 2/ L (27 _ p)EfM-1 yp e N
g is strictly increasing.

g(n) =kg [2] + g(n— [2])......(4)
0<g(n—1)—g(n—2)<g(n)—gn-—1).(05)

9(n) < K(g(k) + g(n — k). (6)

Vk € N and 2 < n where k <n [6].
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TreOPEMA 2. If (X,d) is a complete b—metric space and f : X — CB(X), and 3r € [0, %] such
that Vr,y € X,
H(f(z), f(y) < rd(z,y).....(7)

we have the following:

(1) [1] 3z € X : z€ z € f(2).
(23) [6] Fe > 0 : d(z,y) < e.

(797) [6] Fx € X :d(z, f(z)) <.

JOKABATEIBCTBO. If p =1~ € (0,1), then Va,y € X and u € f(x) with d(z,y) <€, v € f(y)
s d(u,v) < pd(, y).
Then, if {u,}22, € X : d(ug, f(u1)) < d(ui,u2) <e
80, Up+1 € f(un) and d(up+1, Unt2) < pd(Upn, Upi1)-
Vn € N and by lemma 2.3, {u,}>2, is Cauchy.
But, X is complete, so {up}22; — z in X and
d(Z, f(Z)) < hmn—)oo k(d(27 un+1) + d(un+17 f(Z)))
= klim, o d(z, f(2))
< Klimy oo H(f(un), £(2))
< kplimy, o0 d(una Z))
=0.
Hence, f(z) is closed and z € f(z). O

COROLLARY 1. If (X,d) is a complete b—metric space and
f: X — CB(X). Define a bijective function | : [0,00) — [0,1) such that Vz,y € X we have

H(f(), /(1)) < Ud(z,9))d(x,y)) ond
limgyrrosupl(a) <1Vt € [0,00), then 3z € X : z € f(2).

JIOKA3ATENBLCTBO. limsup,_,ol(a) < 1, so we can choose € >0 and r € [0,1) :
I(t) <rVteloe).
Now, for t € [0,00), we define h : [0,00) — (0,1) by h(t) = l(t);rl.
Let {zp}2, € X t 2pqq1 € f(zy) andVn € N :
d(Tn11, Tny2) < A d(@nt1, Tni2)). A(Tni1, Tny2)
Typically, Vt € [0,00), we have h(t) < 1 and { d(zp41, Zn42)}5e( is non-increasing.
So, { d(zn+1,Tn12) 152, converges to some point 8 € [0, 00).
Since limsup,, 5.9 B(a) < 1 and h(B) <1, 3Ip €[0,1) and 6 > 0 :
Va € [, 8 + ] we have h(a) < p.
d(zy,zy41) < B+ 6 for some v <n €N
d(xn+17 xn+2> < (h(d(wm $n+1).d(ib‘n, xn+1)) < pd(l"m xn—l—l)
Then, limy,, o0 d(p, n41) = 0 and so d(zy, Tnt1) < d(zp, f(z,)) <e. O

DEFINITION 2. (i) The function u : [0,00) — [0,00) is called auziliary distance.

(i) If p is a non-decreasing auziliary distance function such that

limy, 00 () = 0 Vt € [0,00), then p is a comparison [9] if it is continuous at t = 0, and
p(t) <t vt >0.

(iii) If r € [1,00) and there exist positive integers ko,s € (0,1) and a convergent series y po ;| uj
with uy, > 0:

PR ALY < srRpk(t) + ug Vko <k, then Yt € [0,00), the monotonic auziliary distance
function p is called b—comparison [10].

We denote the set of all b—comparison functions by B.

LEMMA 4. If p is a b—comparison function, then > ;- rRuk(t) is convergent, increasing and
continuous at t = 0 Vt € [0,00) [9].
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REMARK 2. Fach b—comparison function is comparison [11].

DEFINITION 3. (i) The function f : X — X is f—orbital admissible where
B:XxX —[0,00)if VueX

1< Blu, () = 1< BFw), f2(1)) omr(®)

(i) If Yu,v € X, we have 1 < B(u,v) and

1< Bv, f(v) = 1< B(v. ) o (9)

(153) If (8) and (9) are fulfilled, then f is called triangular S—orbital addmissible [12].

LeEMMA 5. If f: (X, d,a) — (X, d, a) is a triangular 5—orbital admissible function and Jvy € X
21 < B(vg, f(vg)), then 1 < B(vp,vp) and f(vy) = vpe1 Vn,m € N [12]

TEOPEMA 3. In the context of a whole metric space, every Y, —contraction permits a distinct

fized point [13].

3. wt—Distance over b—Metric Space

DEFINITION 4. The metric d: X x X — [0,00) is a wt—distance over (X,d,a) if the following
hold [11]:

(i) Yu,v,w € X, a—weighted triangle inequality d(v,w) < a[d(u,v) + d(v,w)] holds

(ii) If v, — v in X and d(v,.) : X — [0,00) such that d(u,v) < liminf, . ad(u,vy,)
Yov € X, then d is a—lower semicontinuous.

(#53) Ve > 0, 36 > 0 : if d(u,v) < 0 and d(v,w) < 9§, then d(u,v) < e.

LEMMA 6. Ifp: X x X — [0,00) be a wt—distance over (X,d,a) and the sequences (ay) , (by)
in X and (uy) , (vy) in [0,00) converging to 0,then [11]:

i) d is a wt—distance over (X, d,a).

i1) if p(an,by) < kn and p(by,c) < un, Yn € N, then a = c.

it1) if p(an,bn) < kn and p(by,c) < un, Vn € N, then (b,) converges to c.

TEOPEMA 4. Let p be a wt—distance over (X,d,a) and f: X — X, then:
i) f 1is continuous.

i) f is triangular B—orbital admissible.

it) Jag € X such that 1 < B(ag, flap).

i) Yu e X, 1 < B(u, f(u))

i) Yu € X with 1 < B(u, f(u)) such that uw # f(u), we have

inf{p(u,v) + p(u, f(v))} >0, then f has a fized point.

JOKABATENLCTBO. i) If ap € X and a sequence {a,}72, is given by a, = f"(aop) ,
then 3by € N : f(ap,) = ap, + 1.Hence, ap, is a fixed point of the function f. O

COROLLARY 2. If conditions of 3.3 hold and for r,s € Fiz(f) we have 1 < 3(r,s), then r = s.

JOKABATENBLCTBO. Let r,s € Fiz(f) such that r # s, then by 3.3 we have
p(r,s) < B(r,s)p(f(r), f(s))
< tu(p(r, s)
< p(p(r, s))
< p(r,s)
which is a contradiction. Therefore, f has a unique fixed point. O

COROLLARY 3. If conditions of 3.8 hold and p : X x X — [0,00) is a wt—distance on
(X*,d,a),Yu,v € X, Ve >0, 30 > 0 such that € < p(d(u,v)) < €+ 0 implies

0 < o(B(u,v)p(f(u), f(v),€) for some o € ¥ and p € B where u(t) < LVt >0, then a function
f has a fixed point.



Paccrositame Wit— mam MeTpudecKuM MPOCTPAHCTBOM b— 161

JJOKA3ATENLCTBO. Let {v,}5° be a sequence defined as v, = f"(vp) Vn € N.
If v, = v,—1 and because f is a triangular S—orbital admissible, we have
1< 6(Un—177}n)'

0 < o (B(u, v)p(f (1), (1)), )
< €= B(u,v)p(f(u), f(v))
< pld(,0) = Blu, 0)p(F (), (), F(©))
Then Vu # v we get,
B(u,v)p(f(u), f(v)) < p(p(u,v)) < p(u,v)......(10)
Considering v = v,—1 and v = vy,
Hence, (10) holds and p(u, v)is a decreasing sequence that converges to the positive real number
[. O

COROLLARY 4. If conditions of 3.4 hold and r,s € Fix(f) such thal

i) 1< B(r,s)
i1) Ve > 0 35 > 0 such that € < p(d(r,s)) < e+ 0, then, r = s

JOKABATEJILCTBO. Suppose that r # s in Fiz(f) such that 1 < 5(r, s)
By (ii) and (10) we get a contradiction, hence f has a unique fixed point. O

TEOPEMA 5 (15). If (X, <) is a partially ordered set such that ¥(x,y) and (z,t) € X x X, 3
(a,b) € X x X such that

a<xz,zandb<vy,t, and if (X,p) is a complete partial metric space,

g: X xX — X is a function with the mized monotone property on X .

Assuming that for some o € X, ¢ € ¥ we have

o(p(9(z,y),9(a,b)) < o(ap(z,a) + Bp(y,b)) — P(ap(z,a) + Bp(y, a))

Va+ 8 < 1, if Jzg,y0 € X such that xo < g(xo,y0) and g(yo, o) < Yo

then, 3x,y € X such that g has a coupled fized point, that is; g(x,y) = x and g(y,x) = y.
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