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AuHOTanua

Heonmopoanbre nociienoBarebHoCcTH BuTTr urpaioT BaXkKHYIO posib B urpax Burroda u nn-
BAPUAHTHBIX UTPAX, HATIPUMEP, O TOM, KaK MOOEIUTH MPOTUBHUKA B wrpax Butroda Ha Tpex
¢dpoHTaX, U MPUIAIOT CBOMCTBA PEIIEHUIO MPOIELYPHI, OMMPASICh TOJBKO HA HECKOJHKO ajred-
pamdeckux TecToB. B 310l cTarhe 00CyKIAeTCsT MOITHOCTH CyMM XapaKTEPOB W WX OIEHKA OT-
HOCHUTEJIbHO HEOIHOPOIHbIX mocsenoBarenbuocreit Burru B, = |lan+ (8 :n = 1,2,3...], tae
[ nmeficTBUTEbHBIE YUC/IA U (¢ OJIOXKUTETBHOE SABJISETCH UPPANUOHAIBHBIM. TOOBI OlEHUTH
MOIITHOCTh, WCMOJb3YeTCs M3MEPEHNsT KOJNIECTBA PABHOMEPHOTO PACTIPENEIeHNsT MOCIeI0Ba-
tenpHOCTel BurTu. Ilpum onerke apobHOM wacTu mociemoBaTebHOCTEl BurTn ncmonb3yercs
M3BECTHBIA NMPUHIUN <sdeiikn>. IIpu sTom, HepaBencTa Komm nmpuMeHsOTCS 151 pa3IozxKe-
HUsI CyMM JBOWHBIX XapAKTEPOB. 3aTeM OIEHKA CyMM JBOWHBIX XaPAKTEPOB MOJIYYAETCS Iy TeM
[IPUMEHEHHUs] CBOWCTB CYMM aJJIATUBHBIX W MYJIbTUILIMKATHBHBIX XapaKTepoB. Pe3yaprar onen-
KA B 9TOM HCCJIEJOBAHUU [0 COCTABHBIM MOJYJISIM sIBJISI€TCs Oojiee ODIIMM 110 CPABHEHHIO C
MPEIBIIY UMY UCCAEIOBAHUSIMU, KOTOPHIE TPOBOIUIUCH TOJIHKO IO TTPOCTHIM MOJIYJISIM.

Kmouesve caosa: MOTIHOCTD,0IEHKA, KOHETHBIE TPYMIILI,CYyMMa, XapaKTEePOB, aIATUBHBII
XapaKTepbl, MYJIbTUILIMKATUBHBIA XaPAKTEPhI, IOCIEI0BATEHHOCTh OWTTH, TEOpUs YHUCEe,
NPUHIUI <A9eHKN>, PAIUOHAIBHOE YHCII0, UPPAIUOHATIbHBIE YHCIIA.
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Abstract

Non homogeneous Beatty sequences play important rules in Wythoff games and invariant
games such as on how to beat your Wytoff games opponent on three fronts and give properties
into a decision of the procedure relying only on a few algebraic tests. This paper discusses on
the cardinality of character sums and their estimation with respect to non homogeneous Beatty
sequences f, = |an +  : n = 1,2,3...] where 8 in real numbers and « greater than zero is
irrational. In order to estimate the cardinality, the discrepancy is used to measure the number
of uniform distribution for Beatty sequences. Pigeonhole principle is discussed on the estimation
of the fractional part of Beatty sequences involve. Meanwhile, Cauchy inequalities is applied to
expand the double character sums. Then, the cardinality of double character sums is obtained
by applying the extension properties of additive and multiplicative character sums. The result
obtained is depend on the existing of identity of additive and multiplicative character sums and
the uniformly distribution modulo 1. The result of the estimation in this study over composite
modules is more general compared to previous studies, which only cover prime modules.

Keywords: cardinality, estimation, finite groups, sum of characters, additive characters,
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1. Introduction

Beatty equences appear in various mathematics problems because of their versatility and
arithmetic properties. There are two types of Beatty sequences which are homogeneous and
nonhomogeneous cases. In this paper, non-homogeneous Beatty sequences are applied.

The sequences of integers |an + (| where a, 8 be fixed reals numbers. All types o [1]-[3] and
etc since the late 19th century. Nowadays, nonhomogeneous cases have been studied extensively by
several authors such as [4]-[7] and etc.

In the game theory of Wythoff games, the properties of Fibonacci and Beatty sequences play
important rules. Fraenkel [8] give some theory on how to beat your Wythoff games opponent on
three fronts by applying Beatty sequences. In invariant game, Cassaigne et al. [9] apply Beatty
sequences properties into a decision procedure relying only on a few algebraic tests.

The estimation on Beatty sequences is started in [10], [11] by using single character sums. The
estimation of double character sums has been introduced by Friedlander [12] in the form of

ZZx(a—i—b)

acAbeB

In reference [4], the results on the size of the least quadratic non-residue of the nonhomogeneous
case are improved and a new approach is introduced to obtain the bounds of character sums
of Beatty sequences associated with prime numbers. Therefore, in this paper, the estimation of
the cardinality associated with composite modules is obtained by extending the bound of double
character sums [4].

Furthermore, there is a slight difference in the properties when compared to those associated
with odd primes. The method used closely follows Bank et al. [4] because they have improved the
bounds on the size of the least quadratic nonresidue. The result yields explicit bounds on the error
term.

The properties of the character sums approach are capable to identify the number of solutions
of equations over finite fields. In general, these sums can be formed by using the value of one or
more characters.

The following results in Lidl et al. [13]| discuss character sums associated with prime modulo.
Let p is an odd prime number and Fj, be a multiplicative group, where F} is a cyclic subgroup of
order ¢ — 1. The following propositions are the properties of character sums associated with primes.

PROPOSITION 1.1 Let g be primitive elements of IF, with order p — 1 and for each fixed integer
of j, where 0 < j < p — 1. Then, a multiplicative character of F, is

Xi(g") =er T where k=0,1,...p— 1.

PRrROPOSITION 1.2 For additive character x, and x; where a,b € Fy,. Then,

3 (0% (0) =

{p+1 ifa=5
celF,

0 ifa#b.

For multiplicative character, if a,b € Fj, then

> elov) = & ez

where the sum is extended over all multiplicative character x of IF,, and X,(b) character associated
with to character x.(b).
The properties of character sums over composite modules are obtained in [14].
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Beatty sequences have been used to investigate the availability of each movement in invariant
games. The game can be played anywhere inside the game board. By using Beatty sequences, a
wider class of pairs of complementary sequences and a process of generalization the notion of a
subtraction game can be obtained in [15] The notations U = O(V), U < V, and V > U are
applied equivalent to the assertion |U| < ¢V for some constant ¢ > 0. The constants symbols O, >
and < may depend on the real number «. A function which tends to zero and depends only on «
is denoted as o(1). It is important to note that our bounds are uniform with respect to all of the
other parameters, in particular, with respect to .

Note that, the letters k, m, and n with or without subscripts are non-negative integers.

In this paper, non-homogeneous Beatty sequences with extended bounds of distributions
associated with composite modules are considered. First, consider the sum of the form

Sm(e, B, N) = > x(lan+ B)), (1)

n<N

where « is irrational and x is a non-trivial multiplicative character modulo a composite number.
We expect that the extended bounds of distributions on the cardinality of double character sums
depend on the order of ¢(m). This result is more general cases compare to the prime case in previous
studies.

2. PRELIMINARIES

In this section, a few related definitions and lemmas are listed.Let @ and @ be the set of rational
and irrational numbers, respectively, i.e. Q U Q = Q is the set of real numbers. Let k < N, N be
a natural number and A € (0, 1] be a rational number. Suppose that v € Q. Then, we will obtain
the following fractional part:

Ny={1<n<N:{an+p—-7}<1-A},
Ky={1<k<K:{ak+7} <A},

NE=1{1,2,3,58...,N}\N,.

Fix v € Q, and the notation for the interval is as follows.
N =N, Ne= N and K =K,.

The definition of homogeneous and non-homogeneous Beatty sequences are given as follows.
DEFINITION 2.1. Let « € Q and n € N. If & > 1, then \ = =27 is also an irrational number.
B, = [a],[2a], [3a], ..., By = [\, [2)\], [3)], .. ., satisfying the following condition é + % =1.
The condition gives a pair of complimentary Beatty sequences.

DEFINITION 2.2. Let n be a positive integer and h be a real number. The non homogeneous

Beatty sequences are defined by
B, = [a + h],[2a + h], [3a + h], ...
The complement of non-homogeneous Beatty sequences is of the form
B, =[A+ H|,2\+ H],[3BX\+ H],...
which satisfy

(07

H=h(1—-))and A = :
(1—=2) an 1
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Non-homogeneous Beatty sequence considered in this study is the set of
Bos={lan+8]:n=1,2,3,..},

where «, 3 are real numbers.

Consider the functions of a real variable x implicitly ranging in the form x > xg. Then, the
following notations are defined.
f(z) = O(g(x)) is equivalent to f(z) < g(x).
h(z) > f(zx) is applied equivalently to the assertion |f(x)| < ¢- h(x) for some constant ¢ > 0.
The constants symbols O, > and < may be conditional on the real number «, but are otherwise
absolute [16]. Moreover, o(1) denotes a function that goes to zero and only depends on «. Non-
negative integers are denoted by the letters k, m, and f, with or without subscripts. Next, the
fractional part {x} of a real number x is denoted in the definition as follows.

DEFINITION 2.3. Let x be a real number and [z] be an integral part of x. Then, the fractional
part is

{e} = 2] - a.

It is the greatest integer less than or equal to x, similar to the distance notation from the real
number x, which is denoted by
|z|| = min |z — n|.
nez

As an example in Beatty sequences from Definition 3, if {an+—v < 1—A} and {ak+v < A},
where n € N and k € K, respectively. Then, we have

la(n+k)+ Bl =an+k)+ 8 —{a(n+k)+ [}

=(an+ B —7) + (ak +v) —{an+ B — v} — {ak + 7}
=(an+pB—7) —{an+ B8 -7} + (ak+~) — {ak+~}
= lan+ B —v] + |ak +v]. (2)

The following illustration describes the above expression (2) on the fractional part of Beatty
sequences.

Let n =23, a = +/3, =1.1, and v = 0.3. Then, an + 3 — v = 19.3526 and the fractional of
{ak + 7} < 0.3628. Suppose k = 11, then we will have

la(n+ k) + 8] = |59.6897] = 59

lan + B — ] + |k + v = [40.6372] + |19.3526] = 59.

Thus, it satisfies (2). Additionally, we use the following notation: #A- cardinality set A, K- some
natural number, A € (0, 1]-rational numbers.
By applying equation (2) in equation (1), we obtained the following equation.

W =353 x(la(n+k) +8)). (3)
neN keK
The sequence discrepancy is introduced as a quantity that measures the sequence’s deviation
from an ideal distribution. The following Definitions 2.4 and 2.5 define the sequence’s discrepancy,
D, and the uniform distribution modulo 1. Their examples can be obtained in [17].
DEFINITION 2.4. The discrepancy, D, is defined as

V(I,M)

— |7
=l

D = sup
IC[0,1)

9
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where V' (I, M) is the cardinality of the set {1 < m < M : ~,, € I}, |I] is the length of I and
the supremum is taken over all subintervals I = (a, b) of the interval [0, 1). For an ideal distribution
of sequences, the discrepancy can measure the number of uniform distribution sequences. The
discrepancy, D of M sequences is not necessarily distinct since {v1,72,...,7m} € [0,1) are real
numbers.

DEFINITION 2.5. Let w = z,, be a sequence of a real number and A(F; N;w) is denoted by the
number of terms in x, € E. The sequences w is said to be uniformly distributed modulo 1 if and
only if

A([a7 b)? N§w)

lim =b—ua

N—o0
for all half-open interval [a,b) with 0 <a <b < 1.
The following elementary statement and the proof of Lemma 2.1 are from [4]. They discuss the
cardinality of the fractional part of Beatty’s sequences and apply Pigeonhole principle.
LEMMA 2.1 Let o be a fixed irrational number. Then, for every positive integer M and real
number J € (0, 1], there exists a real number v such that

#{m < M : {am +~} <} > 0.5M0.

2.1.Properties of Character Sums Associated With Composite Modules

Suppose that m is a composite number from primitive elements. The following lemmas are the
features of character sums extended to composite modules.

LEMMA 2.1.1. Let Iy, be a finite group of order ¢(m) and g be a cyclic subgroup of F,,, of order
w. A multiplicative character of F}, is

2mijk

Xj(gk) =e n where k=0,1,...,¢0(m) — 1,

where g is a fixed primitive element of F,, with order p and j is a fixed integer, 0 < j < p(m) — 1.
PROOF. The proof of this result is given in [14].
When orthogonality relations are applied to additive or multiplicative characters sums to F,,,
the following fundamental identities are obtained:
LEMMA 2.1.2. For additive character x, and ¥y,

Cgp: Xa(C)X(c) = { plmt (1): iifaa;bl?

For multiplicative character, if ¢,d € [}, , then
— oy oe(m), ifa=b
> lo ) = {o

where the sum is extended over all multiplicative character y in Fy,.
PROOF. The proof of this result is given in [14].
Lemma 2.1.3. is established by using the function from Lemma 2.1.1,

i 2mijk

Xj( i):e W where k:0717,__7g0(m)_17 (4)

which provide all additive and multiplicative characters of IF,, for any value composite modules
as stated in Lemma 2.1.2.
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LEMMA 2.1.3 Let a,b in ), and cin F},. If ¢+ a = dy and ¢ + b = dy. Then, the nontrivial
multiplicative character of F,, is given by,

— . 0, ifdy#d
gX(dl)X(dz) = { o(m)+1, if dllz d;.

PROOF. The proof of this result is given in [14]. Lemma 2.1.3 gives two possible results depending
on conditions of d; and ds. The number of elements of character sums will be different because the
inner sum has an additive identity of the character. Then, >, x(d1)X(d2) = ¢(m) + 1 for di = d;
zero otherwise.

3. RESULT AND DISCUSSION

The section gives the result on the cardinality of double character sums of Beatty sequence
associated with composite modules given in the following theorem.

THEOREM 3.1. Let a be a fixed irrational number, S be any real number, n be any natural
number and ¢(m) be an order of m. For any positive integers N < m and non-trivial multiplicative
characters x(mod m ), the following bound holds

W3|? = {Z > x(la(n+ k) + B)x(La (n+k)+ﬁj)} < p(m)N(#K).

neN kek

PROOF. From expressions (2) and (3), we substitute n with natural numbers. Then, we have

Ws =Y > x(lan+k)+8]) =D > x(lan+ B -] + |ak+7)).

neN kek neN kek

Suppose N < n, where n is a natural number. The following expression gives the cardinality of
lan + 8 — 7], such that

#{neN:|lan+ B —v] =s(modm)} =0(1),

where s € Z. Then, by applying the Cauchy inequality, we have

2
> x(s+ lak+1])

kel

2 m
<<NZ

s=1

|W3|2<<NZ ZX(Lom+ﬁ—7J+LOék‘+7J)
neN lkek

=N Z ZX s+ |lak +v])x(s+ |ad +7]). (5)

ke s=1

Expanding the following double sums yield

ZZX s+ [ak+v])x(s+ [l +7]).

kek s=1

Then, we will have all the number of elements as follows.

X(1+ [k + v )X+ [als +7]) + x(1 + [aks +v])X (1 + [als +7]) + ...
x4+ ok +9]))x(1 4+ [aK + 7))
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X(1+ [aks +9])X(X + [aln +7]) + x(1 + [ake +v])X(1 + [als + 7)) + ...
vt x(T+ |ake +v))x(1 + oK + 7))

X(1+ [aK +v)x(1 + [als +7]) + x(1 + [aK +v)X(1 + [als +7]) + ...
X+ [aK +9])x(1+ |aK + 7))

X(2+ okt + v )X(2+ [l +7]) + x(2+ [kt +7])X(2+ [ala +7]) + ...
oo X2+ ok +9))X(©2 + [aK +v])

X3+ [aks + X3 + [aly + 7)) + x(1 4 |aka + ) X3+ |l +7]) + ...
o xB 4 ake + 4 )XB + [aK +v])

x(m+ [aK +y])x(m + [ably +7]) + x(m + [aK +7))X(1 + [aly +7]) + ...
o x(m A+ oK +y))x(m + [aK +7]).

The total number of elements is ¢(m)(#K)? since there are ¢(m) elements with K pairs and
K times elements for each ¢(m).

If F¥, is a cyclic subgroup of F,, with order ¢(m). Then, the character sums can be easily
determined by applying Lemma 2.1.3. Also remark that since N < m, the inner sum has just two
potential values, as seen in equation (4).

The congruence |ak + v| = |al 4+ v])( mod m) occurs for at most O(K) pairs k,l € K since
K < m. Therefore, (5) will be

N> x(s+ Lok +7)X(s + lal +7]) < N(p(m)(#K)?)
klek s=1

< N((#K)? + ¢(m)(#K)) < p(m)N(#K).
Thus, the theorem holds.

4. Conclusion

The cardinality of character sums over natural numbers n with respect to non-homogeneous
Beatty sequences [an + f] is as follows.

# { > > x(laltn+k) +B))x(la(n+ k) +BJ)} <L p(m)N(#K).

neN kek
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