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Аннотация

Основной целью этой рукописи является работа над прикладной частью CVMS. В этой
работе мы продемонстрировали некоторые общие фиксированные результаты, а затем мы
имеем дело в основном с двумя частями приложений, частью (I) комплекснозначной версии
существования и общим решением нелинейной краевой задачи второго порядка с исполь-
зованием функции Грина,⎧⎪⎨⎪⎩

𝜇′′(𝑥) = 𝐼𝑚(𝑥, 𝜇(𝑥), 𝜇′(𝑥)), when 𝑥 ∈ [0,⊺],⊺ > 0

𝜇(𝑥1) = 𝜇1,

𝜇(𝑥2) = 𝜇2, when 𝑥1, 𝑥2 ∈ [0,⊺].

часть (II) Применение результатов с фиксированной точкой для многозначного отобра-
жения при настройке виртуальных машин без использования понятия непрерывности. В
конце концов, для подтверждения нашего основного результата представлено несколько
эквивалентных результатов и примеров.
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Abstract

The main aim of this manuscript is to work on the application part of CVMS. In this work
we have demonstrated some common fixed results and then we deal primarily with two parts
of applications,
part(I) Complex valued version of existence and common solution for second order nonlinear
boundary value problem using greens function,⎧⎪⎨⎪⎩

𝜇′′(𝑥) = 𝐼𝑚(𝑥, 𝜇(𝑥), 𝜇′(𝑥)), when 𝑥 ∈ [0,⊺],⊺ > 0

𝜇(𝑥1) = 𝜇1,

𝜇(𝑥2) = 𝜇2, when 𝑥1, 𝑥2 ∈ [0,⊺].

part(II) Application of fixed point results for multivalued mapping in setting of CVMS without
using notion of continuity. Eventually several equivalent results and examples are presented to
sustain our Main result.
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1. Introduction

Banach contraction mapping theorem [1] is a prominent tool for solving problem in nonlinear
analysis, Calculus, Fuzzy Theory and so on. This principle used to establish existence and uniqueness
of common solution for nonlinear integral equation and several other fields, many authors generalized
this theorem [2, 3, 4] in different metric spaces within that In 2011 Azam, Khan and Fisher present
the notion of complex valued metric space [5] and given some result for pair of mapping which
is contraction condition satisfying a rational expression. After this establishment Rouzkard and
Imdad [6] generalized some common fixed point theorems involving certain rational expressions. In
2013 Ahmad, Klin eam and Azam [7] studied multivalued mapping under generalized contractive
condition subsequently Azam, Al Rawashden proved a common fixed point for multivalued mapping.
Ahmad, Klin-eam, Azam [7] & Azam,Ahmad,Kumam [8] defined generalized Housdorff metric
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function in the setting of CVMS and established common fixed point result for multivalued mapping.
Das and gupta [9] generalized banach contraction principle for rational type contractive inequality
in fixed point metric space. Afterwards several researchers generalized and extended the aforesaid
work with the help of different rational contraction under self and multivalued mapping in the
context of CVMS for instance [7, 10, 11, 12], in addition Sinthunavarat et.al. [13, 14] studied a
common solution to the Urysohn integral equation under CVMS. In this paper we studied results
from [13, 14] and so on, afterward we generalized Result 10 from literature given by Azam, Jamshaid
Ahmad, Klin-Eam [15] as following,

Теорема 1. [15] Consider the complete complex valued metric space (Θ,ð) and the function
𝜁, 𝜉 : Θ → 𝐶𝐵(Θ) be multivalued mappings having global property such that,

[𝜂1.ð(𝜇, 𝜈) +
𝜂2.ð(𝜈, 𝜉𝜈).ð(𝜇, 𝜁𝜇) + 𝜂3ð(𝜈, 𝜁𝜇).ð(𝜇, 𝜉𝜈)

1 + ð(𝜇, 𝜈)
] ∈ 𝜔(𝜁𝜇, 𝜉𝜈)

for every 𝜇,𝜈 ∈ Θ and 𝜂1, 𝜂2, 𝜂3 are non negative real number with 𝜂1 + 𝜂2 + 𝜂3 < 1 Then 𝜁, 𝜉 have
a common fixed point.

With inspiring all above results form literature, we prove common fixed point solution to the
multivalued mapping and second order nonlinear boundary value problem. In our first section we
go through some important results and definition from literature.

2. Preliminaries

Definition 1. [5] Suppose a partial order ≾ defined on a complex number(C) as,

𝜇 ≾ 𝜈

iff Real part of (𝜇) ≤ Real part of (𝜈) ; Imaginary part of (𝜇) ≤ Imaginary part of (𝜈). It follows,

𝜇 ≤ 𝜈

� Real part of (𝜇)<Real part of (𝜈) ; Imaginary part of (𝜇) < Imaginary part of (𝜈).

� Real part of (𝜇) = Real part of (𝜈) ; Imaginary part of (𝜇) = Imaginary part of (𝜈).

� Real part of (𝜇) < Real part of (𝜈) ; Imaginary part of (𝜇) = Imaginary part of (𝜈).

� Real part of (𝜇) = Real part of (𝜈) ; Imaginary part of (𝜇) < Imaginary part of (𝜈).

Definition 2. [5] Let Θ be non empty set & assume that the self-mapping ð : Θ → Θ said to
be complex valued metric if ð satisfy following condition,

1. 0 ≾ ð(𝜇, 𝜈) every 𝜇, 𝜈 ∈ Θ and ð(𝜇, 𝜈) = 0 if and only if 𝜇 = 𝜈

2. ð(𝜇, 𝜈) = ð(𝜈, 𝜇) every 𝜇, 𝜈 ∈ Θ

3. ð(𝜇, 𝜈) ≾ ð(𝜇, 𝜌) + ð(𝜌, 𝜈) for every 𝜇, 𝜈, 𝜌 ∈ Θ, Then (Θ,ð) is called complex valued metric
space.

Замечание 1. Suppose Θ = C and the mapping ð : Θ×Θ → C which has ð(𝜇, 𝜈) = 𝑒𝑖𝛼 | 𝜇−𝜈 |
Where, 𝛼 ∈ [0, 𝜋2 ], Then (Θ,ð) be complex vlaued metric space.

Замечание 2. Assume Θ = C and the mapping ð : C × C → C defined as following
ð(𝜇, 𝜈) =| 𝚥1 − 𝚥2 | +𝜄 | 𝚤1 − 𝚤2 | Where, 𝜇 = 𝚥1 + 𝜄𝚤1 𝜈 = 𝚥2 + 𝜄𝚤2. Then (Θ,ð) be complex
vlaued metric space.
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Definition 3. [5] Assume {𝜇𝑟} be a sequence in a complex valued metric space (Θ,ð)
and 𝜇 ∈ Θ, Then 𝜇 is a limit point of {𝜇𝑟} if every 𝜖 ∈ C there exist 𝑟0 ∈ N such that
ð({𝜇𝑟}, 𝑟) ≺ 𝜖,∀𝑟 ≻ 𝑟0 that is lim 𝑟 → ∞, 𝜇𝑟 = 𝑟.

Definition 4. [5] Assume {𝜇𝑟} be a sequence in a complex valued metric space (Θ, ð) and
𝜇 ∈ Θ, Then {𝜇𝑟} is a cauchy sequence if for any 𝜖 ∈ C there exist 𝑟0 ∈ N such that
ð(𝜇𝑟, 𝜇𝑟+𝑠) ≺ 𝜖, ∀𝑟 ≻ 𝑟0 and 𝑠 ∈ N .

Definition 5. [5] Assume {𝜇𝑟} be a sequence in a complex valued metric space (Θ, ð) and
𝜇 ∈ Θ, Then (Θ,ð) is said to be a complete complex valued metric space if every Cauchy sequence
is convergent in (Θ, ð).

Proposition 1. [5] Suppose (Θ,ð) be a complex valued metric space. Then the sequence {𝜇𝑟}
in Θ Converges to 𝜇 if and only if | ð(𝜇𝑟, 𝜇) |→ 0 as 𝑟 → ∞.

Proposition 2. [5] Suppose (Θ,ð) be a complex valued metric space. Then the sequence {𝜇𝑟}
in Θ is a cauchy sequence if and only if | ð(𝜇𝑟, 𝜇𝑟+𝑠) |→ 0 as 𝑟 → ∞ where 𝑠 ∈ N.

3. Main Results

Definition 6. [7] Let (Θ,ð) be a Complex valued metric space with distance ð then 𝐶𝐵(Θ)
represent family of all Bounded, nonempty, Closed subset of Θ.

𝜔(𝜇,𭟋2) =
⋃︀
𝜈∈𭟋2

𝜔.ð(𝜇, 𝜈) =
⋃︀
𝜈∈𭟋2

{ℓ ∈ C : ð(𝜇, 𝜈) < ℓ}, 𭟋2 ∈ 𝐶𝐵(Θ) & 𝜇 ∈ C

for 𭟋1,𭟋2 ∈ 𝐶𝐵(Θ), we write

𝜔(𭟋1,𭟋2) = (
⋂︀
𝜇∈𭟋2

𝜔(𝜇,𭟋2))
⋂︀

(
⋂︀
𝜈∈𭟋2

𝜔(𝜇,𭟋2))

1. ℓ ∈ C & suppose 𭟋1,𭟋2 ∈ 𝐶𝐵(Θ), 𝜇 ∈ 𭟋1 if ℓ ∈ 𝜔(𭟋1,𭟋2) then ℓ ∈ 𝜔(𝜇,𭟋2) for every 𝜇 ∈ 𭟋1

or ℓ ∈ 𝜔(𭟋1, 𝜈) ∀𝜈 ∈ 𭟋2 which given by Ahmed et. el. as a notion of multivalued mapping.

2. Let 𝜇, 𝜈 ∈ C. If 𝜇 < 𝜈, then 𝜔(𝜈) ⊂ 𝜔(𝜇).

3. Assume ℓ ∈ Θ and 𭟋 ∈ 𝑁(Θ). If 𝜃 ∈ 𝜔(ℓ,𭟋), then ℓ ∈ 𭟋.

Definition 7. [7] Consider (Θ,ð) be a Complex valued metric space with distance ð and 𝐶𝐵(Θ)
represent family of all Bounded, nonempty, Closed subset of Θ. Let 𝜁 : Θ → 𝐶𝐵(Θ) be a multivalued
mapping for ℓ ∈ Θ & 𭟋 ∈ 𝐶𝐵(Θ),

Ωℓ(𭟋) = {ð(ℓ, 𝜇) : 𝜇 ∈ 𭟋}

for ℓ, 𝜈 ∈ Θ,

Ωℓ(𝜁𝜈) = {ð(ℓ, 𝜇) : 𝜇 ∈ 𝜁𝜈}.

Definition 8. [7] Assume (Θ,ð) be a Complex valued metric space and multivalued mapping
𝜁 : Θ → 𝐶𝐵(Θ) said to have g.l.b. property on (Θ,ð) if for all 𝜇, 𝜈 ∈ Θ, Ω𝜇(𝜁𝜈) exists, and we used
ð(𝜇, 𝜁𝜈) by the g.l.b. of Ω𝜇(𝜁𝜈),

ð(𝜇, 𝜁𝜈) = 𝑖𝑛𝑓{ð(𝜇, ℓ) : ℓ ∈ 𝜁𝜈}.

Definition 9. [7] Let (Θ,ð) be a Complex valued metric space and multivalued mapping
𝜁 : Θ → 2C is said to be bounded below if, for each ℓ ∈ Θ ∃ℓ ∈ C,

ℓ𝜇 < 𝐽 for all 𝐽 ∈ 𝜁ℓ.
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Definition 10. [7] Let (Θ,ð) be a Complex valued metric space. A subset 𭟋 of Θ called bounded
below if ∃ℓ ∈ Θ such that ℓ < 𝜇 for every 𝜇 ∈ 𭟋.

In this Section, we present a new fixed point result under CVMS with suitable examples, Result &
finally two folds of the application part.

Теорема 2. Consider (Θ,ð) be a complete Complex valued metric space with distance ð and
𝛾 : 𝜙 × 𝜙 → [1,∞) be a map such that their exist a function 𝜁, 𝜉 : Θ → 𝜏(Θ) satisfying g.l.b.

property, for each 𝜇 ∈ Θ and [𝜁𝜇], [𝜉𝜇] ∈ 𝐶𝐵(Θ) there exist non negative real number 𝜂1, 𝜂2, 𝜂3, 𝜂4
with 𝜂1 + 𝜂2 + 𝜂3 + 𝜂4 < 1 and 𝜆(1 − 𝜂2) = 𝜂1, 0 ≤ 𝜆 ≤ 1, for every 𝜇, 𝜈 ∈ Θ, if we take 𝜇0 ∈ Θ,
lim𝑚,𝑛→∞ 𝛾(𝜇𝑛, 𝜇𝑚)𝜆 < 1 such that,

[𝜂1.ð(𝜇, 𝜈) +
𝜂2.ð(𝜈, 𝜉𝜈).ð(𝜇, 𝜁𝜇)

1 + ð(𝜇, 𝜈)
+
𝜂3.ð(𝜈, 𝜉𝜇).ð(𝜇, 𝜉𝜈) + 𝜂4.ð(𝜈, 𝜁𝜇).ð(𝜇, 𝜉𝜈)

1 + ð(𝜇, 𝜉𝜈)
] ∈ 𝜔(𝜁𝜇, 𝜉𝜈) (1)

Then their exist 𝜇* ∈ Θ such that 𝜇* ∈ (𝜁𝜇*) ∩ (𝜉𝜇*)

Proof. Suppose 𝜇0 be an arbitrary point in Θ. By assumption we easily find 𝜇1 ∈ (𝜁𝜇0) so we
replace [𝜇 = 𝜇0, 𝜈 = 𝜇1] in inequality (1),

[𝜂1ð(𝜇0, 𝜇1) +
𝜂2ð(𝜇1, 𝜉𝜇1)ð(𝜇0, 𝜁𝜇0)

1 + ð(𝜇0, 𝜇1)
+
𝜂3ð(𝜇1, 𝜉𝜇0)ð(𝜇0, 𝜉𝜇1) + 𝜂4ð(𝜇1, 𝜁𝜇0)ð(𝜇0, 𝜉𝜇1)

1 + ð(𝜇0, 𝜉𝜇1)
] ∈ 𝜔(𝜁𝜇0, 𝜉𝜇1)

[𝜂1ð(𝜇0, 𝜇1) +
𝜂2ð(𝜇1, 𝜉𝜇1)ð(𝜇0, 𝜁𝜇0)

1 + ð(𝜇0, 𝜇1)
+
𝜂3ð(𝜇1, 𝜉𝜇0)ð(𝜇0, 𝜉𝜇1) + 𝜂4ð(𝜇1, 𝜁𝜇0)ð(𝜇0, 𝜉𝜇1)

1 + ð(𝜇0, 𝜉𝜇1)
]

∈
⋂︁

ℓ∈[𝜁𝜇0]

𝜔(ℓ, 𝜉𝜇1)

as we have 𝜇1 ∈ 𝜁𝜇0,

[𝜂1ð(𝜇0, 𝜇1) +
𝜂2ð(𝜇1, 𝜉𝜇1)ð(𝜇0, 𝜁𝜇0)

1 + ð(𝜇0, 𝜇1)
+
𝜂3ð(𝜇1, 𝜉𝜇0)ð(𝜇0, 𝜉𝜇1) + 𝜂4ð(𝜇1, 𝜁𝜇0)ð(𝜇0, 𝜉𝜇1)

1 + ð(𝜇0, 𝜉𝜇1)
] ∈ 𝜔(𝜇1, 𝜉𝜇1) (2)

By definition,

[𝜂1ð(𝜇0, 𝜇1) +
𝜂2ð(𝜇1, 𝜉𝜇1)ð(𝜇0, 𝜁𝜇0)

1 + ð(𝜇0, 𝜇1)
+
𝜂3ð(𝜇1, 𝜉𝜇0)ð(𝜇0, 𝜉𝜇1) + 𝜂4ð(𝜇1, 𝜁𝜇0)ð(𝜇0, 𝜉𝜇1)

1 + ð(𝜇0, 𝜉𝜇1)
]

∈
⋃︁

𝜌∈[𝜉𝜇1]

𝜔(ð(𝜇1, 𝜌))

This gives there exist 𝜇2 ∈ 𝜉𝜇1 such that,

[𝜂1ð(𝜇0, 𝜇1) +
𝜂2ð(𝜇1, 𝜉𝜇1)ð(𝜇0, 𝜁𝜇0)

1 + ð(𝜇0, 𝜇1)
+
𝜂3ð(𝜇1, 𝜉𝜇0)ð(𝜇0, 𝜉𝜇1) + 𝜂4ð(𝜇1, 𝜁𝜇0)ð(𝜇0, 𝜉𝜇1)

1 + ð(𝜇0, 𝜉𝜇1)
] ∈ 𝜔(ð(𝜇1, 𝜇2)) (3)

This gives,

ð(𝜇1, 𝜇2) ≤ [𝜂1ð(𝜇0, 𝜇1)+
𝜂2ð(𝜇1, 𝜉𝜇1)ð(𝜇0, 𝜁𝜇0)

1 + ð(𝜇0, 𝜇1)
+
𝜂3ð(𝜇1, 𝜉𝜇0)ð(𝜇0, 𝜉𝜇1) + 𝜂4ð(𝜇1, 𝜁𝜇0)ð(𝜇0, 𝜉𝜇1)

1 + ð(𝜇0, 𝜉𝜇1)
]

(4)
using 𝑊𝜇[𝜉𝜈] and 𝑊𝜇[𝜁𝜈] and 𝜁𝜇0 = 𝜇1 & 𝜉𝜇1 = 𝜇2 ,

ð(𝜇1, 𝜇2) ≤ [𝜂1ð(𝜇0, 𝜇1) +
𝜂2ð(𝜇1, 𝜇2)ð(𝜇0, 𝜇1)

1 + ð(𝜇0, 𝜇1)
+
𝜂3ð(𝜇1, 𝜇1)ð(𝜇0, 𝜇2)

1 + ð(𝜇0, 𝜇2)
+
𝜂4ð(𝜇1, 𝜇1)ð(𝜇0, 𝜇2)

1 + ð(𝜇0, 𝜇2)
]

| ð(𝜇1, 𝜇2) |≤ [𝜂1. | ð(𝜇0, 𝜇1) | +
𝜂2. | ð(𝜇1, 𝜇2) | . | ð(𝜇0, 𝜇1) |

1+ | ð(𝜇0, 𝜇1) |
]
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Which gives,

| ð(𝜇1, 𝜇2) |≤ [𝜂1. | ð(𝜇0, 𝜇1) | +𝜂2. | ð(𝜇1, 𝜇2) | .
| ð(𝜇0, 𝜇1) |

1+ | ð(𝜇0, 𝜇1) |
]

That is,
| ð(𝜇1, 𝜇2) |≤ [𝜂1. | ð(𝜇0, 𝜇1) | +𝜂2. | ð(𝜇1, 𝜇2) |]

| ð(𝜇1, 𝜇2) | −𝜂2. | ð(𝜇1, 𝜇2) |≤ [𝜂1. | ð(𝜇0, 𝜇1) |]

| ð(𝜇1, 𝜇2) |≤
𝜂1

(1 − 𝜂2)
.[| ð(𝜇0, 𝜇1) |]

| ð(𝜇1, 𝜇2) |≤ 𝜆.[| ð(𝜇0, 𝜇1) |] (5)

Again likewise we take 𝜇2 ∈ 𝜉𝜇1,

[𝜂1ð(𝜇2, 𝜇1) +
𝜂2ð(𝜇1, 𝜉𝜇1)ð(𝜇2, 𝜁𝜇2)

1 + ð(𝜇2, 𝜇1)
+
𝜂3ð(𝜇1, 𝜉𝜇2)ð(𝜇2, 𝜉𝜇1) + 𝜂4ð(𝜇1, 𝜁𝜇2)ð(𝜇2, 𝜉𝜇1)

1 + ð(𝜇2, 𝜉𝜇1)
] ∈ 𝜔(𝜁𝜇2, 𝜉𝜇1) (6)

[𝜂1ð(𝜇2, 𝜇1) +
𝜂2ð(𝜇1, 𝜉𝜇1)ð(𝜇2, 𝜁𝜇2)

1 + ð(𝜇2, 𝜇1)
+
𝜂3ð(𝜇1, 𝜉𝜇2)ð(𝜇2, 𝜉𝜇1) + 𝜂4ð(𝜇1, 𝜁𝜇2)ð(𝜇2, 𝜉𝜇1)

1 + ð(𝜇2, 𝜉𝜇1)
]

∈
⋂︁

ℓ∈[𝜉𝜇1]

𝜔(ℓ, 𝜁𝜇2)

as we have 𝜇2 ∈ 𝜉𝜇1,

[𝜂1ð(𝜇2, 𝜇1) +
𝜂2ð(𝜇1, 𝜉𝜇1)ð(𝜇2, 𝜁𝜇2)

1 + ð(𝜇2, 𝜇1)
+
𝜂3ð(𝜇1, 𝜉𝜇2)ð(𝜇2, 𝜉𝜇1) + 𝜂4ð(𝜇1, 𝜁𝜇2)ð(𝜇2, 𝜉𝜇1)

1 + ð(𝜇2, 𝜉𝜇1)
] ∈ 𝜔(𝜇2, 𝜁𝜇2) (7)

By definition,

[𝜂1ð(𝜇2, 𝜇1) +
𝜂2ð(𝜇1, 𝜉𝜇1)ð(𝜇2, 𝜁𝜇2)

1 + ð(𝜇2, 𝜇1)
+
𝜂3ð(𝜇1, 𝜉𝜇2)ð(𝜇2, 𝜉𝜇1) + 𝜂4ð(𝜇1, 𝜁𝜇2)ð(𝜇2, 𝜉𝜇1)

1 + ð(𝜇2, 𝜉𝜇1)
]

∈
⋃︁

𝜌∈[𝜁𝜇2]

𝜔(ð(𝜇2, 𝜌))

This gives there exist 𝜇3 ∈ 𝜁𝜇2 such that,

[𝜂1ð(𝜇2, 𝜇1) +
𝜂2ð(𝜇1, 𝜉𝜇1)ð(𝜇2, 𝜁𝜇2)

1 + ð(𝜇2, 𝜇1)
+
𝜂3ð(𝜇1, 𝜉𝜇2)ð(𝜇2, 𝜉𝜇1) + 𝜂4ð(𝜇1, 𝜁𝜇2)ð(𝜇2, 𝜉𝜇1)

1 + ð(𝜇2, 𝜉𝜇1)
] ∈ 𝜔(ð(𝜇2, 𝜇3)) (8)

This gives,

ð(𝜇2, 𝜇3) ≤ [𝜂1.ð(𝜇2, 𝜇1) +
𝜂2.ð(𝜇1, 𝜉𝜇1).ð(𝜇2, 𝜁𝜇2)

1 + ð(𝜇2, 𝜇1)
+
𝜂3ð(𝜇1, 𝜉𝜇2)ð(𝜇2, 𝜉𝜇1) + 𝜂4ð(𝜇1, 𝜁𝜇2)ð(𝜇2, 𝜉𝜇1)

1 + ð(𝜇2, 𝜉𝜇1)
] (9)

using 𝑊𝜇[𝜉𝜈] and 𝑊𝜇[𝜁𝜈] and 𝜁𝜇2 = 𝜇3 & 𝜉𝜇1 = 𝜇2 ,

ð(𝜇2, 𝜇3) ≤ [𝜂1ð(𝜇2, 𝜇1) +
𝜂2ð(𝜇1, 𝜇2)ð(𝜇2, 𝜇3)

1 + ð(𝜇2, 𝜇1)
+
𝜂4ð(𝜇1, 𝜇3)ð(𝜇2, 𝜇2)

1 + ð(𝜇2, 𝜇2)
+
𝜂4ð(𝜇1, 𝜇3)ð(𝜇2, 𝜇2)

1 + ð(𝜇2, 𝜇2)
]

ð(𝜇2, 𝜇3) ≤ [𝜂1.ð(𝜇2, 𝜇1) +
𝜂2.ð(𝜇1, 𝜇2).ð(𝜇2, 𝜇3)

1 + ð(𝜇2, 𝜇1)
]

| ð(𝜇2, 𝜇3) |≤ [𝜂1. | ð(𝜇2, 𝜇1) | +𝜂2. | ð(𝜇2, 𝜇3) | .
| ð(𝜇2, 𝜇1) |

1+ | ð(𝜇2, 𝜇1) |
]

| ð(𝜇2, 𝜇3) |≤ [𝜂1. | ð(𝜇2, 𝜇1) | +𝜂2. | ð(𝜇2, 𝜇3) |]

| ð(𝜇2, 𝜇3) | −𝜂2. | ð(𝜇2, 𝜇3) |≤ [𝜂1. | ð(𝜇2, 𝜇1) |]
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| ð(𝜇2, 𝜇3) |≤
𝜂1

(1 − 𝜂2)
| ð(𝜇2, 𝜇1) |

| ð(𝜇2, 𝜇3) |≤ 𝜆 | ð(𝜇2, 𝜇1) |

and hence we write a sequence {𝜇𝑛} in Θ as,

| ð(𝜇1, 𝜇2) |≤ 𝜆 | ð(𝜇0, 𝜇1) |, | ð(𝜇2, 𝜇3) |≤ 𝜆2 | ð(𝜇0, 𝜇1) |, | ð(𝜇𝑛, 𝜇𝑛+1) |≤ 𝜆𝑛 | ð(𝜇0, 𝜇1) | .

for every 𝑛 ∈ N. and use triangle inequality, for every 𝑚 > 𝑛

| ð(𝜇𝑛, 𝜇𝑚) |⪯| ð(𝜇𝑛, 𝜇𝑛+1) | + | ð(𝜇𝑛+1, 𝜇𝑛+2) | +...+ | ð(𝜇𝑚−1, 𝜇𝑚) | (10)

≤ [𝜆𝑛 + 𝜆𝑛+1 + ...+ 𝜆𝑚−1]. | ð(𝜇0, 𝜇1) | .

≤ [
𝜆𝑛

1 − 𝜆
]. | ð(𝜇0, 𝜇1) | .

| ð(𝜇𝑛, 𝜇𝑚) |≤ [
𝜆𝑛

1 − 𝜆
]. | ð(𝜇0, 𝜇1) |→ 0,⇒ 𝑚,𝑛→ ∞

Hence which implies {𝜇𝑛} is a cauchy sequence in Θ. Since Θ complete, there exist 𝜇* ∈ Θ such
that 𝜇𝑛 → 𝜇* as 𝑛→ ∞ now we show that 𝜇* ∈ 𝜁𝜇* and 𝜇* ∈ 𝜉𝜇* with the help of condition (1),

[𝜂1ð(𝜇2𝑛, 𝜇*) +
𝜂2ð(𝜇*, 𝜉𝜇*)ð(𝜇2𝑛, 𝜁𝜇2𝑛)

1 + ð(𝜇2𝑛, 𝜇*)
+
𝜂3ð(𝜇*, 𝜉𝜇2𝑛)ð(𝜇2𝑛, 𝜉𝜇*)

1 + ð(𝜇2𝑛, 𝜉𝜇*)
+
𝜂4ð(𝜇*, 𝜁𝜇2𝑛)ð(𝜇2𝑛, 𝜉𝜇*)

1 + ð(𝜇2𝑛, 𝜉𝜇*)
]

∈ 𝜔(𝜁𝜇2𝑛, 𝜉𝜇*)

[𝜂1ð(𝜇2𝑛, 𝜇*) +
𝜂2ð(𝜇*, 𝜉𝜇*)ð(𝜇2𝑛, 𝜁𝜇2𝑛)

1 + ð(𝜇2𝑛, 𝜇*)
+
𝜂3ð(𝜇*, 𝜉𝜇2𝑛)ð(𝜇2𝑛, 𝜉𝜇*)

1 + ð(𝜇2𝑛, 𝜉𝜇*)
+
𝜂4ð(𝜇*, 𝜁𝜇2𝑛)ð(𝜇2𝑛, 𝜉𝜇*)

1 + ð(𝜇2𝑛, 𝜉𝜇*)
]

∈
⋂︁

ℓ∈[𝜁𝜇2𝑛]

𝜔(ℓ, 𝜉𝜇*)

as we know, 𝜇2𝑛+1 ∈ 𝜁𝜇2𝑛

[𝜂1ð(𝜇2𝑛, 𝜇*) +
𝜂2ð(𝜇*, 𝜉𝜇*)ð(𝜇2𝑛, 𝜁𝜇2𝑛)

1 + ð(𝜇2𝑛, 𝜇*)
+
𝜂3ð(𝜇*, 𝜉𝜇2𝑛)ð(𝜇2𝑛, 𝜉𝜇*)

1 + ð(𝜇2𝑛, 𝜉𝜇*)
+
𝜂4ð(𝜇*, 𝜁𝜇2𝑛)ð(𝜇2𝑛, 𝜉𝜇*)

1 + ð(𝜇2𝑛, 𝜉𝜇*)
]

∈ 𝜔(𝜇2𝑛+1, 𝜉𝜇*)

[𝜂1ð(𝜇2𝑛, 𝜇*) +
𝜂2ð(𝜇*, 𝜉𝜇*)ð(𝜇2𝑛, 𝜁𝜇2𝑛)

1 + ð(𝜇2𝑛, 𝜇*)
+
𝜂3ð(𝜇*, 𝜉𝜇2𝑛)ð(𝜇2𝑛, 𝜉𝜇*)

1 + ð(𝜇2𝑛, 𝜉𝜇*)
+
𝜂4ð(𝜇*, 𝜁𝜇2𝑛)ð(𝜇2𝑛, 𝜉𝜇*)

1 + ð(𝜇2𝑛, 𝜉𝜇*)
]

∈
⋃︁

𝜌∈[𝜉𝜇*]

𝜔(ð(𝜇2𝑛+1, 𝜌))

This gives there exist 𝜇𝑛 ∈ 𝜉𝜇* such that,

[𝜂1ð(𝜇2𝑛, 𝜇*) +
𝜂2ð(𝜇*, 𝜉𝜇*)ð(𝜇2𝑛, 𝜁𝜇2𝑛)

1 + ð(𝜇2𝑛, 𝜇*)
+
𝜂4ð(𝜇*, 𝜁𝜇2𝑛)ð(𝜇2𝑛, 𝜉𝜇*)

1 + ð(𝜇2𝑛, 𝜉𝜇*)
+
𝜂4ð(𝜇*, 𝜁𝜇2𝑛)ð(𝜇2𝑛, 𝜉𝜇*)

1 + ð(𝜇2𝑛, 𝜉𝜇*)
]

(11)
∈ 𝜔(ð(𝜇2𝑛+1, 𝜇𝑛))

This gives,
ð(𝜇2𝑛+1, 𝜇𝑛) ⪯

𝜂1ð(𝜇2𝑛, 𝜇*) +
𝜂2ð(𝜇*, 𝜉𝜇*)ð(𝜇2𝑛, 𝜁𝜇2𝑛)

1 + ð(𝜇2𝑛, 𝜇*)
+
𝜂3ð(𝜇*, 𝜉𝜇2𝑛)ð(𝜇2𝑛, 𝜉𝜇*) + 𝜂4ð(𝜇*, 𝜁𝜇2𝑛)ð(𝜇2𝑛, 𝜉𝜇*)

1 + ð(𝜇2𝑛, 𝜉𝜇*)
(12)
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Hence the g.l.b. property for 𝜉,
ð(𝜇2𝑛+1, 𝜇𝑛) ⪯

𝜂1ð(𝜇2𝑛, 𝜇*) +
𝜂2ð(𝜇*, 𝜇𝑛)ð(𝜇2𝑛, 𝜇2𝑛+1)

1 + ð(𝜇2𝑛, 𝜇*)
+
𝜂3ð(𝜇*, 𝜇2𝑛+1)ð(𝜇2𝑛, 𝜇𝑛) + 𝜂4ð(𝜇*, 𝜇2𝑛+1)ð(𝜇2𝑛, 𝜇𝑛)

1 + ð(𝜇2𝑛, 𝜇𝑛)
(13)

by triangle inequality,
ð(𝜇*, 𝜇𝑛) ⪯ ð(𝜇*, 𝜇2𝑛+1) + ð(𝜇2𝑛+1, 𝜇𝑛) (14)

and by using (14),

| ð(𝜇*, 𝜇𝑛) |⪯| ð(𝜇*, 𝜇2𝑛+1) | +[𝜂1 | ð(𝜇2𝑛, 𝜇*) | +
𝜂2 | ð(𝜇*, 𝜇𝑛) || ð(𝜇2𝑛, 𝜇2𝑛+1) |

1+ | ð(𝜇2𝑛, 𝜇*) |
]+

[
𝜂3 | ð(𝜇*, 𝜇2𝑛+1) || ð(𝜇2𝑛, 𝜇𝑛) | +𝜂4 | ð(𝜇*, 𝜇2𝑛+1) || ð(𝜇2𝑛, 𝜇𝑛) |

1+ | ð(𝜇2𝑛, 𝜇𝑛) |
] (15)

Letting as 𝑛→ ∞ then | ð(𝜇*, 𝜇𝑛) |→ 0, Using lemma (1) we say 𝜇𝑛 → 𝜇*. as we have 𝜉𝜇* closed,
which gives 𝜇* ∈ 𝜉𝜇*. similar we get 𝜇* ∈ 𝜁𝜇*. Hence we have 𝜇* ∈ (𝜁𝜇*) ∩ (𝜉𝜇*).

Замечание 3. Define map ð : Θ × Θ → C & ð(𝜇, 𝜈) = 𝑒𝑖
𝜋
6 . | 𝜇− 𝜈 | and Θ = [0, 1] Then we

say (Θ,ð) is a complete complex valued metric space, assume 𝜁, 𝜉 : Θ → 𝐶𝐵(Θ) with 𝜁𝜇 = [0, 𝜇4 ]
and 𝜉𝜈 = [0, 𝜈4 ] for all 𝜇, 𝜈 ∈ Θ. Now we need to follow the function, 𝜂𝑖 : Θ → [0, 1] for all 𝑖 ∈ [1, 4]
as,

𝜂1(𝜇) = 𝜇+1
3 , 𝜂2(𝜇) = 𝜇

20 , 𝜂3(𝜇) = 𝜇
10 , 𝜂4(𝜇) = 𝜇

50 .

Step (I) 𝜂1 + 𝜂2 + 𝜂3 + 𝜂4 < 1 which means 𝜇+1
3 + 𝜇

20 + 𝜇
10 + 𝜇

50 < 1 for all 𝜇 ∈ [0, 1)

Step (II) Now we calculate different values to the main result,

ð(𝜇, 𝜈) = 𝑒𝑖
𝜋
6 . | 𝜇− 𝜈 |

ð(𝜈, 𝜉𝜈) = 𝑒𝑖
𝜋
6 . | 𝜈 − 𝜈

4 |

ð(𝜇, 𝜉𝜈) = 𝑒𝑖
𝜋
6 . | 𝜇− 𝜈

4 |

𝜔(𝜁𝜇, 𝜉𝜈) = 𝜔.(𝑒𝑖
𝜋
6 . | 𝜇4 − 𝜈

4 |)

ð(𝜇, 𝜁𝜇) = 𝑒𝑖
𝜋
6 . | 𝜇− 𝜇

4 |

ð(𝜈, 𝜁𝜇) = 𝑒𝑖
𝜋
6 . | 𝜈 − 𝜇

4 |

ð(𝜇, 𝜁𝜈) = 𝑒𝑖
𝜋
6 . | 𝜇− 𝜈

4 |

By main result,

[𝜂1 | ð(𝜇, 𝜈) | +
𝜂2 | ð(𝜈, 𝜉𝜈) || ð(𝜇, 𝜁𝜇) |

1+ | ð(𝜇, 𝜈) |
+
𝜂3 | ð(𝜈, 𝜉𝜇) || ð(𝜇, 𝜉𝜈) | +𝜂4 | ð(𝜈, 𝜁𝜇) || ð(𝜇, 𝜉𝜈) |

1+ | ð(𝜇, 𝜉𝜈) |
]

as we have consider,

𝜂1(𝜇) = 𝜇+1
3 , 𝜂2(𝜇) = 𝜇

20 , 𝜂3(𝜇) = 𝜇
10 , 𝜂4(𝜇) = 𝜇

50 ,∀𝜇, 𝜈 ∈ [0, 1]

| 𝜇
4
− 𝜈

4
|≤ [(

𝜇+ 1

3
) | 𝜇− 𝜈 | +

( 𝜇
20
) | 𝜈 − 𝜈

4
|| 𝜇− 𝜇

4
|

1+ | ð(𝜇, 𝜈) | +
( 𝜇
10
) | 𝜈 − 𝜇

4
|| 𝜇− 𝜈

4
|| +( 𝜇

50
) | 𝜈 − 𝜇

4
|| 𝜇− 𝜈

4
|

1+ | 𝜇− 𝜈
4
| ] (16)

It’s easier to get the following step,

| 𝜇4 − 𝜈
4 |≤ (𝜇+1

3 ). | 𝜇− 𝜈 |, ∀𝜇 ∈ Θ
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as we observe (27) we get, every term from right hand side non negative ∀𝜇 ∈ Θ,

[𝜂1.ð(𝜇, 𝜈) +
𝜂2.ð(𝜈, 𝜉𝜈).ð(𝜇, 𝜁𝜇)

1 + ð(𝜇, 𝜈)
+
𝜂3.ð(𝜈, 𝜉𝜇).ð(𝜇, 𝜉𝜈) + 𝜂4.ð(𝜈, 𝜁𝜇).ð(𝜇, 𝜉𝜈)

1 + ð(𝜇, 𝜉𝜈)
] ∈ 𝜔(𝜁𝜇, 𝜉𝜈)

all conditions of the main theorem satisfied. Hence 𝜁, 𝜉 admits 𝜇 = 0 as a common fixed point.

If we consider single valued function that is, 𝜁 = 𝜉 in 2 we get the following result,

Proposition 3. Consider (Θ,ð) be a complete Complex valued metric space with distance ð
and 𝛾 : 𝜙 × 𝜙 → [1,∞) be a map such that their exist a function 𝜁 : Θ → 𝜏(Θ) satisfying g.l.b.

property, for each 𝜇 ∈ Θ and [𝜁𝜇] ∈ 𝐶𝐵(Θ) there exist non negative real number 𝜂1, 𝜂2, 𝜂3, 𝜂4 with
𝜂1 + 𝜂2 + 𝜂3 + 𝜂4 < 1 and 𝜆(1 − 𝜂2) = 𝜂1, 0 ≤ 𝜆 ≤ 1, for every 𝜇, 𝜈 ∈ Θ, if we take 𝜇0 ∈ Θ,
lim𝑚,𝑛→∞ 𝛾(𝜇𝑛, 𝜇𝑚)𝜆 < 1 such that,

[𝜂1.ð(𝜇, 𝜈) +
𝜂2.ð(𝜈, 𝜁𝜈).ð(𝜇, 𝜁𝜇)

1 + ð(𝜇, 𝜈)
+
𝜂3.ð(𝜈, 𝜁𝜇).ð(𝜇, 𝜁𝜈) + 𝜂4.ð(𝜈, 𝜁𝜇).ð(𝜇, 𝜁𝜈)

1 + ð(𝜇, 𝜁𝜈)
] ∈ 𝜔(𝜁𝜇, 𝜁𝜈) (17)

Then their exist 𝜇* ∈ Θ such that 𝜇* ∈ (𝜁𝜇*)

By using 𝜂4 = 0 in main result 2 we come under following Result,

Proposition 4. Suppose (Θ,ð) be a complete Complex valued metric space with distance ð
and 𝛾 : 𝜙× 𝜙→ [1,∞) be a map such that their exist a function 𝜁, 𝜉 : Θ → 𝜏(Θ) satisfying g.l.b.

property, for each 𝜇 ∈ Θ and [𝜁𝜇], [𝜉𝜇] ∈ 𝐶𝐵(Θ) there exist non negative real number 𝜂1, 𝜂2, 𝜂3, 𝜂4
with 𝜂1 + 𝜂2 + 𝜂3 < 1 and 𝜆(1 − 𝜂2) = 𝜂1, 0 ≤ 𝜆 ≤ 1, for every 𝜇, 𝜈 ∈ Θ, if we take 𝜇0 ∈ Θ,
lim𝑚,𝑛→∞ 𝛾(𝜇𝑛, 𝜇𝑚)𝜆 < 1 such that,

[𝜂1.ð(𝜇, 𝜈) +
𝜂2.ð(𝜈, 𝜉𝜈).ð(𝜇, 𝜁𝜇)

1 + ð(𝜇, 𝜈)
+
𝜂3.ð(𝜈, 𝜉𝜇).ð(𝜇, 𝜉𝜈)

1 + ð(𝜇, 𝜉𝜈)
] ∈ 𝜔(𝜁𝜇, 𝜉𝜈) (18)

Then their exist 𝜇* ∈ Θ such that 𝜇* ∈ (𝜁𝜇*) ∩ (𝜉𝜇*)

By using 𝜂3 = 0 in main result 2 we come under following Result,

Proposition 5. Consider (Θ,ð) be a complete Complex valued metric space with distance ð
and 𝛾 : 𝜙 × 𝜙 → [1,∞) be a map such that their exist a function 𝜁, 𝜉 : Θ → 𝜏(Θ) satisfying

g.l.b. property, for each 𝜇 ∈ Θ and [𝜁𝜇], [𝜉𝜇] ∈ 𝐶𝐵(Θ) there exist non negative real number 𝜂1, 𝜂2, 𝜂4
with 𝜂1 + 𝜂2 + 𝜂4 < 1 and 𝜆(1 − 𝜂2) = 𝜂1, 0 ≤ 𝜆 ≤ 1, for every 𝜇, 𝜈 ∈ Θ, if we take 𝜇0 ∈ Θ,
lim𝑚,𝑛→∞ 𝛾(𝜇𝑛, 𝜇𝑚)𝜆 < 1 such that,

[𝜂1.ð(𝜇, 𝜈) +
𝜂2.ð(𝜈, 𝜉𝜈).ð(𝜇, 𝜁𝜇)

1 + ð(𝜇, 𝜈)
+
𝜂4.ð(𝜈, 𝜁𝜇).ð(𝜇, 𝜉𝜈)

1 + ð(𝜇, 𝜉𝜈)
] ∈ 𝜔(𝜁𝜇, 𝜉𝜈) (19)

Then their exist 𝜇* ∈ Θ such that 𝜇* ∈ (𝜁𝜇*) ∩ (𝜉𝜇*)

Замечание 6. Let (Θ,ð) be a complete Complex valued metric space with distance ð. If we
use C = R, then we get (Θ,ð) be a metric space with distance ð. Moreover for A,B ∈ 𝐶𝐵(Θ),
H(A,B) = 𝑖𝑛𝑓(A,B) known as Hausdorff distance induced by ð.

Замечание 7. If we put 𝜂3 = 𝜂4 = 0 in main theorem 2 we get the Result (10) from literature
given by Azam, Jamshaid Ahmad, Klin-Eam [15] .

Замечание 8. With the help of mapping 𝜁, 𝜉 in Theorem 2 subsequently results 3, 4, 5 & point
dependent different control function like{𝜂𝑖, 1 ≤ 𝑤𝑒 ≤ 4 } one can deduce multitude of Result from
literature for multivalued mapping in CVMS including Banach contraction Result.
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4. Applications

4.1. Application Part.I

Now subsequently we demonstrating the application part of the main theorem. We use Result
5 for finding existence and common solution of Nonlinear 2𝑛𝑑 order Boundary value problem.⎧⎪⎨⎪⎩

𝜇′′(𝑥) = 𝐼𝑚(𝑥, 𝜇(𝑥), 𝜇′(𝑥)), when 𝑥 ∈ [0, ⊺],⊺ > 0

𝜇(𝑥1) = 𝜇1,

𝜇(𝑥2) = 𝜇2, when 𝑥1, 𝑥2 ∈ [0, ⊺].

(20)

Where 𝐼𝑚 : [0, ⊺]×𝜏(Θ)×𝜏(Θ) → 𝜏(Θ) is continuous and which equal to the integral type equation,

𝜇(𝑥) − 𝜆(𝑥) =

∫︁ 𝑋2

𝑥1

𝜒(𝑥, 𝜓).𝐼𝑚(𝜓, 𝜇(𝜓), 𝜇′(𝜓))𝑑𝜓,∀𝑥 ∈ [0, ⊺]. (21)

Where 𝜒(𝑥, 𝜓) is a greens function which is written as,

𝜒(𝑥, 𝜓) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
(𝑥2−𝑥)(𝜓−𝑥1)

(𝑥2−𝑥1) , when 𝑥1 ≤ 𝜓 ≤ 𝑥 ≤ 𝑥2

(𝑥2−𝜓)(𝑥−𝑥1)
(𝑥2−𝑥1) , when 𝑥1 ≤ 𝑥 ≤ 𝜓 ≤ 𝑥2

𝛾(𝑥) having 𝛾′′ = 0, 𝛾(𝑥1) = 𝜇1, 𝛾(𝑥2) = 𝜇2 and greens function 𝜒(𝑥, 𝜓) satisfies following property,∫︁ 𝑋2

𝑥1

𝜒(𝑥, 𝜓)𝑑𝜓 ≤ (𝑥2 − 𝑥1)
2

8∫︁ 𝑋2

𝑥1

𝜒𝑥(𝑥, 𝜓)𝑑𝜓 ≤ (𝑥2 − 𝑥1)

2

Throught application part , we use

Δ𝑖(𝜇(𝑥)) =

∫︁ 𝑋2

𝑥1

𝜒(𝑥, 𝜓).𝐼𝑚𝑖(𝜓, 𝜇(𝜓), 𝜇′(𝜓))𝑑𝜓,

Δ′
𝑖(𝜇(𝑥)) =

∫︁ 𝑋2

𝑥1

𝜒(𝑥, 𝜓).𝐼𝑚𝑖(𝜓, 𝜇(𝜓), 𝜇′(𝜓))𝑑𝜓,∀𝑥 ∈ [0,⊺]. (22)

we used [16, 17, 18] for more detailed understanding and defined the operator to prove existence &
uniqueness solution for integral,

𭟋1(𝜇)(𝑥) − 𝛾(𝑥) =

∫︁ 𝑋2

𝑥1

𝜒(𝑥, 𝜓).𝐼𝑚1(𝜓, 𝜇(𝜓), 𝜇′(𝜓))𝑑𝜓,∀𝑥 ∈ [0, ⊺].

𭟋2(𝜇)(𝑥) − 𝛾(𝑥) =

∫︁ 𝑋2

𝑥1

𝜒(𝑥, 𝜓).𝐼𝑚2(𝜓, 𝜇(𝜓), 𝜇′(𝜓))𝑑𝜓,∀𝑥 ∈ [0, ⊺]. (23)

Where 𝐼𝑚1, 𝐼𝑚2 ∈ ([0, ⊺] × 𝜏(Θ) × 𝜏(Θ), 𝜏(Θ) ), 𝜇 ∈ 𝐶 ′([0, ⊺], 𝜏(Θ)) & 𝛾 ∈ 𝐶([0,⊺], 𝜏(Θ))

Теорема 3. Consider integral equation 22, we assume following hypothesis satisfies for every
𝑥 ∈ [0, ⊺]:

1. 𝐼𝑚1, 𝐼𝑚2 : [0,⊺] × 𝜏(Θ) × 𝜏(Θ) → 𝜏(Θ) are nondecreasing to their 2𝑛𝑑 and 3𝑟𝑑 variables;
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2.

𝜇0(𝑥) − 𝛾(𝑥) ≤
∫︁ 𝑋2

𝑥1

𝜒(𝑥, 𝜓).𝐼𝑚𝑖(𝜓, 𝜇(𝜓), 𝜇′(𝜓))𝑑𝜓,∀𝑥1, 𝑥2 ∈ [0, ⊺].

and ∃ 𝜂1, 𝜂2 : C → [0, 1) has
(a) 𝜍, 𝜗 > 0 and 𝑥1, 𝑥2 ∈ [0,⊺],

𝜗.
(𝑥2 − 𝑥1)

2

8
+ 𝜍.

(𝑥2 − 𝑥1)

2
< 1 (24)

(b) for all 𝜇, 𝜈 ∈ Θ & 𝑥 ∈ [0,⊺],

| 𝐼𝑚1(𝑥, 𝜇(𝑥), 𝜇
′(𝑥))− 𝐼𝑚2(𝑥, 𝜈(𝑥), 𝜈

′(𝑥)) |⪯ 𝜂1( max
𝑥∈[𝑥1,𝑥2]

B𝜇𝜈(𝑥)) + 𝜂2( max
𝑥∈[𝑥1,𝑥2]

C𝜇𝜈(𝑥)) + 𝜂4( max
𝑥∈[𝑥1,𝑥2]

D𝜇𝜈(𝑥)) (25)

(c) 𝜂1 + 𝜂2 + 𝜂4 < 1 and mapping 𝜆 : C+ → [0, 1) defined as,

𝜆(𝜇) =
𝜂1(𝜇)

1 − 𝜂2(𝜇)
,∀𝜇 ∈ C+ (26)

Where,

B𝜇𝜈(𝑥) = 𝜗 | Δ1𝜇(𝑥) − Δ2𝜈(𝑥) | +𝜍 | Δ′
1𝜇(𝑥) − Δ′

2𝜈(𝑥) | .
√︀

1 + 𝑎2𝑒𝑖𝑡𝑎𝑛𝑎

C𝜇𝜈(𝑥) =
𝜗 | Δ2𝜈(𝑥) − Δ2𝜈(𝑥) | +𝜍 | Δ′

2𝜈(𝑥) − Δ′
2𝜈(𝑥) |

1 + (max𝑥∈[𝑥1,𝑥2]B𝜇𝜈(𝑥))
× 𝜗 | Δ2𝜈(𝑥) − Δ2𝜈(𝑥) |

+𝜍 | Δ′
2𝜈(𝑥) − Δ′

2𝜈(𝑥) |
√︀

1 + 𝑎2𝑒𝑖𝑡𝑎𝑛𝑎

D𝜇𝜈(𝑥) =
𝜗 | Δ1𝜇(𝑥) − Δ2𝜈(𝑥) | +𝜍 | Δ′

1𝜇(𝑥) − Δ′
2𝜈(𝑥) |

1 + 𝜗 | Δ1𝜇(𝑥) − Δ2𝜈(𝑥) | +𝜍 | Δ′
1𝜇(𝑥) − Δ′

2𝜈(𝑥) |
× 𝜗 | Δ1𝜇(𝑥) − Δ2𝜈(𝑥) |

+𝜍 | Δ′
1𝜇(𝑥) − Δ′

2𝜈(𝑥) |
√︀

1 + 𝑎2𝑒𝑖𝑡𝑎𝑛𝑎

then the nonlinear integral system,

𝜇(𝑥) − 𝛾(𝑥) =

∫︁ 𝑋2

𝑥1

𝜒(𝑥, 𝜓).𝐼𝑚𝑖(𝜓, 𝑥1(𝜓), 𝑥′1(𝜓))𝑑𝜓,∀𝑥 ∈ [0,⊺], 𝑖 ∈ {1, 2} (27)

admits a common solution in 𝐶 ′([𝑥1, 𝑥2], 𝜏(Θ)).

Proof. Let ℶ = 𝐶 ′
1([𝑥1, 𝑥2], 𝜏(Θ)) and ð : ℶ× ℶ → C defined as,

ð(𝜈, 𝜇) = max
𝑥∈[𝑥1,𝑥2]

(𝜗 | 𝜈(𝑥) − 𝜇(𝑥) |) + (𝜗 | 𝜈 ′(𝑥) − 𝜇′(𝑥) |).
√︀

1 + 𝛼2𝑒𝑖𝑡𝑎𝑛𝛼

Now we define operators for integral, 𭟋𝑖 : ℶ → ℶ, 𝑖 = 1, 2 as

𭟋𝑖(𝜇)(𝑥) − 𝛾(𝑥) =

∫︁ 𝑋2

𝑥1

𝜒(𝑥, 𝜓).𝐼𝑚𝑖(𝜓, 𝑥(𝜓), 𝑥′(𝜓))𝑑𝜓,∀𝑥 ∈ [0,⊺], 𝑖 ∈ {1, 2}

where as, 𝐼𝑚1, 𝐼𝑚2 ∈ 𝐶([0,⊺] × 𝜏(Θ) × 𝜏(Θ), 𝜏(Θ) ), 𝜇 ∈ 𝐶 ′([0, ⊺], 𝜏(Θ)) & 𝛾 ∈ 𝐶([0,⊺], 𝜏(Θ)) for
all 𝜇, 𝜈 ∈ Θ we get,

𭟋1(𝜇) = {𝜇1 ∈ [𝑥1, 𝑥2], 𝜇1(𝑥) =

∫︁ 𝑋2

𝑥1

𝜒(𝑥, 𝜓)𝐼𝑚𝑖(𝜓, 𝜇(𝜓), 𝜇
′(𝜓))𝑑𝜓,∀𝑥 ∈ [0, ⊺],𭟋𝑖(𝜇)(𝜇1) ≥ 𝛼}, 𝑖 = 1, 2
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ð(𝜇, 𝜈) = max𝑥∈[𝑥1,𝑥2](𝜗 | Δ1𝜇(𝑥) − Δ2𝜈(𝑥) | +𝜍 | Δ′
1𝜇(𝑥) − Δ′

2𝜈(𝑥) |).
√

1 + 𝛼2𝑒𝑖𝑡𝑎𝑛𝛼

ð(𭟋1𝜇, 𝜈) = max𝑥∈[𝑥1,𝑥2](𝜗 | Δ1𝜇(𝑥) − Δ2𝜈(𝑥) | +𝜍 | Δ′
1𝜇(𝑥) − Δ′

2𝜈(𝑥) |).
√

1 + 𝛼2𝑒𝑖𝑡𝑎𝑛𝛼

ð(𭟋2𝜇, 𝜈) = max𝑥∈[𝑥1,𝑥2](𝜗 | Δ2𝜈(𝑥) − Δ1𝜇(𝑥) | +𝜍 | Δ′
2𝜈(𝑥) − Δ′

1𝜇(𝑥) |).
√

1 + 𝛼2𝑒𝑖𝑡𝑎𝑛𝛼

ð(𝜇,𭟋1𝜈) = max𝑥∈[𝑥1,𝑥2](𝜗 | Δ1𝜇(𝑥) − Δ2𝜈(𝑥) | +𝜍 | Δ′
1𝜇(𝑥) − Δ′

2𝜈(𝑥) |).
√

1 + 𝛼2𝑒𝑖𝑡𝑎𝑛𝛼

ð(𝜈,𭟋2𝜈) = max𝑥∈[𝑥1,𝑥2](𝜗 | Δ2𝜈(𝑥) − Δ2𝜈(𝑥) | +𝜍 | Δ′
2𝜈(𝑥) − Δ′

2𝜈(𝑥) |).
√

1 + 𝛼2𝑒𝑖𝑡𝑎𝑛𝛼

ð(𝜇,𭟋1𝜇) = max𝑥∈[𝑥1,𝑥2](𝜗 | Δ1𝜇(𝑥) − Δ1𝜇(𝑥) | +𝜍 | Δ′
1𝜇(𝑥) − Δ′

1𝜇(𝑥) |).
√

1 + 𝛼2𝑒𝑖𝑡𝑎𝑛𝛼

For every 𝑥 ∈ [𝑥1, 𝑥2] and with the help of (25) we get,

| 𭟋1(𝜇)(𝑥) −𭟋2(𝜈)(𝑥) |=|
∫︁ 𝑋2

𝑥1

𝜒(𝑥, 𝜓).[𝐼𝑚1(𝜓, 𝜇(𝜓), 𝜇′(𝜓)) − 𝐼𝑚2(𝜓, 𝜈(𝜓), 𝜈 ′(𝜓))] | 𝑑𝜓

≤
∫︁ 𝑋2

𝑥1

| 𝜒(𝑥, 𝜓) || [𝐼𝑚1(𝜓, 𝜇(𝜓), 𝜇′(𝜓)) − 𝐼𝑚2(𝜓, 𝜈(𝜓), 𝜈 ′(𝜓))] || 𝑑𝜓

≤ (𝑥2 − 𝑥1)
2

8
.𝜂1.( max

𝑥∈[𝑥1,𝑥2]
B𝜇𝜈(𝑥)) + 𝜂2.( max

𝑥∈[𝑥1,𝑥2]
C𝜇𝜈(𝑥)) + 𝜂4.( max

𝑥∈[𝑥1,𝑥2]
D𝜇𝜈(𝑥)) (28)

| (𭟋1(𝜇))′(𝑥) − (𭟋2(𝜈))′(𝑥) |=|
∫︁ 𝑋2

𝑥1

𝜒𝑥(𝑥, 𝜓).[𝐼𝑚1(𝜓, 𝜇(𝜓), 𝜇′(𝜓)) − 𝐼𝑚2(𝜓, 𝜈(𝜓), 𝜈 ′(𝜓))] | 𝑑𝜓

≤
∫︁ 𝑋2

𝑥1

| 𝜒𝑥(𝑥, 𝜓) || [𝐼𝑚1(𝜓, 𝜇(𝜓), 𝜇′(𝜓)) − 𝐼𝑚2(𝜓, 𝜈(𝜓), 𝜈 ′(𝜓))] || 𝑑𝜓

≤ 𝑥2 − 𝑥1
2

.𝜂1.( max
𝑥∈[𝑥1,𝑥2]

B𝜇𝜈(𝑥)) + 𝜂2.( max
𝑥∈[𝑥1,𝑥2]

C𝜇𝜈(𝑥)) + 𝜂4.( max
𝑥∈[𝑥1,𝑥2]

D𝜇𝜈(𝑥)) (29)

With the help of (29),(28) we write

ð(| 𭟋1(𝜇),𭟋2(𝜈)(𝑥) |) ≤

(𝜗
(𝑥2 − 𝑥1)

2

8
+ 𝜍

(𝑥2 − 𝑥1)

2
)𝜂1( max

𝑥∈[𝑥1,𝑥2]
B𝜇𝜈(𝑥)) + 𝜂2( max

𝑥∈[𝑥1,𝑥2]
C𝜇𝜈(𝑥)) + 𝜂4( max

𝑥∈[𝑥1,𝑥2]
D𝜇𝜈(𝑥))

and equation (24) gives,

ð(𭟋1(𝜇),𭟋2(𝜈)(𝑥)) < 𝜂1( max
𝑥∈[𝑥1,𝑥2]

B𝜇𝜈(𝑥)) + 𝜂2( max
𝑥∈[𝑥1,𝑥2]

C𝜇𝜈(𝑥)) + 𝜂4( max
𝑥∈[𝑥1,𝑥2]

D𝜇𝜈(𝑥))

which mean,

𝜂1( max
𝑥∈[𝑥1,𝑥2]

B𝜇𝜈(𝑥)) + 𝜂2( max
𝑥∈[𝑥1,𝑥2]

C𝜇𝜈(𝑥)) + 𝜂4( max
𝑥∈[𝑥1,𝑥2]

D𝜇𝜈(𝑥)) ∈ 𝜔(ð(𭟋1(𝜇),𭟋2(𝜈)(𝑥)))

[𝜂1ð(𝜇, 𝜈) +
𝜂2ð(𝜈,𭟋2𝜈)ð(𝜇,𭟋1𝜇)

1 + ð(𝜇, 𝜈)
+
𝜂4ð(𝜈,𭟋1𝜇)ð(𝜇,𭟋2𝜈)

1 + ð(𝜇,𭟋2𝜈)
] ∈ 𝜔(𭟋1𝜇,𭟋2𝜈)

then we write,

[𝜂1ð(𝜇, 𝜈) +
𝜂2ð(𝜈, 𝜉𝜈)ð(𝜇, 𝜁𝜇)

1 + ð(𝜇, 𝜈)
+
𝜂4ð(𝜈, 𝜁𝜇)ð(𝜇, 𝜉𝜈)

1 + ð(𝜇, 𝜉𝜈)
] ∈ 𝜔(𝜁𝜇, 𝜉𝜈)
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Hence, application part of Result (2.4) gives, Inside Θ 𭟋1,𭟋2 admits common fixed point.

𝜇(𝑥) − 𝛾(𝑥) =

∫︁ 𝑋2

𝑥1

𝜒(𝑥, 𝜓).𝐼𝑚𝑖(𝜓, 𝑥1(𝜓), 𝑥′1(𝜓))𝑑𝜓,∀𝑥 ∈ [0,⊺], 𝑖 ∈ {1, 2}

admits a common solution. Hence second order nonlinear boundary value problem admits a solution
in Θ.

In this second part we go through some fixed point Result for multivalued mapping as the
application part for the main result.

4.2. Application Part.II

Теорема 4. Consider (Θ,ð) be a complete CVMS with distance ð and 𝛾 : 𝜙×𝜙→ [1,∞) be

a map such that their exist a function 𭟋1,𭟋2 : Θ → 𝜏(Θ) satisfying g.l.b. property, for each 𝜇 ∈ Θ
and [𭟋1𝜇], [𭟋2𝜇] ∈ 𝐶𝐵(Θ) there exist non negative real number 𝜂1, 𝜂2, 𝜂3, 𝜂4 with
(a) 𝜂1 + 𝜂2 + 𝜂3 + 𝜂4 < 1 and 𝜆(1 − 𝜂2) = 𝜂1, 0 ≤ 𝜆 ≤ 1,
(b) for every 𝜇, 𝜈 ∈ Θ, if we take 𝜇0 ∈ Θ, lim𝑚,𝑛→∞ 𝛾(𝜇𝑛, 𝜇𝑚)𝜆 < 1 such that,

[𝜂1ð(𝜇, 𝜈) +
𝜂2ð(𝜈,𭟋2𝜈)ð(𝜇,𭟋1𝜇)

1 + ð(𝜇, 𝜈)
+
𝜂3ð(𝜈,𭟋2𝜇)ð(𝜇,𭟋2𝜈) + 𝜂4ð(𝜈,𭟋1𝜇)ð(𝜇,𭟋2𝜈)

1 + ð(𝜇,𭟋2𝜈)
] ∈ 𝜔(𭟋1𝜇,𭟋2𝜈)

(30)
Then their exist 𝜇* ∈ Θ such that 𝜇* ∈ (𭟋1𝜇*) ∩ (𭟋2𝜇*).

Proof. Consider mapping Ξ1,Ξ2 : Θ → 𝜏(Θ) defined by following,

Ξ1(𝜇)(𝑡) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
𝛽, when 𝑡 ∈ 𭟋1𝜇

0, when 𝑡 /∈ 𭟋1𝜇

Ξ2(𝜇)(𝑡) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
𝛽, when 𝑡 ∈ 𭟋2𝜇

0, when 𝑡 /∈ 𭟋2𝜇
(31)

Where 𝛽 ∈ (0, 1] we get,
Ξ1(𝜇) = {𝑡 : Ξ1(𝜇)(𝑡) ≥ 𝛽} = 𭟋1(𝜇) & Ξ2(𝜇) = {𝑡 : Ξ2(𝜇)(𝑡) ≥ 𝛽} = 𭟋2(𝜇) Hence by theorem
(2.1) we get, 𝜇* ∈ Θ such that 𝜇* ∈ (Ξ1(𝜇*) ∩ Ξ2(𝜇*)) = (𭟋1𝜇*) ∩ (𭟋2𝜇*).

If we use single multivalued mapping then we get following result,

Proposition 6. Consider (Θ,ð) be a complete Complex valued metric space with distance ð
and 𝛾 : 𝜙 × 𝜙 → [1,∞) be a map such that their exist a function 𭟋 : Θ → 𝜏(Θ) satisfying g.l.b.

property, for each 𝜇 ∈ Θ and 𭟋 ∈ 𝐶𝐵(Θ) there exist non negative real number 𝜂1, 𝜂2, 𝜂3, 𝜂4 with
(a) 𝜂1 + 𝜂2 + 𝜂3 + 𝜂4 < 1 and 𝜆(1 − 𝜂2) = 𝜂1, 0 ≤ 𝜆 ≤ 1,
(b) for every 𝜇, 𝜈 ∈ Θ, if we take 𝜇0 ∈ Θ, lim𝑚,𝑛→∞ 𝛾(𝜇𝑛, 𝜇𝑚)𝜆 < 1 such that,

[𝜂1.ð(𝜇, 𝜈) +
𝜂2.ð(𝜈,𭟋𝜈).ð(𝜇,𭟋𝜇)

1 + ð(𝜇, 𝜈)
+
𝜂3.ð(𝜈,𭟋𝜇).ð(𝜇,𭟋𝜈) + 𝜂4.ð(𝜈,𭟋𝜇).ð(𝜇,𭟋𝜈)

1 + ð(𝜇,𭟋𝜈)
] ∈ 𝜔(𭟋𝜇,𭟋𝜈)

(32)
Then their exist 𝜇* ∈ Θ such that 𝜇* ∈ (𭟋𝜇*).

By taking 𝜂4 = 0 in theorem 4 we come under following result,
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Proposition 7. Consider (Θ,ð) be a complete Complex valued metric space with distance ð
and 𝛾 : 𝜙×𝜙→ [1,∞) be a map such that their exist a function 𭟋1,𭟋2 : Θ → 𝜏(Θ) satisfying g.l.b.

property, for each 𝜇 ∈ Θ and [𭟋1𝜇], [𭟋2𝜇] ∈ 𝐶𝐵(Θ) there exist non negative real number 𝜂1, 𝜂2, 𝜂3
with
(a) 𝜂1 + 𝜂2 + 𝜂3 < 1 and 𝜆(1 − 𝜂2) = 𝜂1, 0 ≤ 𝜆 ≤ 1,
(b) for every 𝜇, 𝜈 ∈ Θ, if we take 𝜇0 ∈ Θ, lim𝑚,𝑛→∞ 𝛾(𝜇𝑛, 𝜇𝑚)𝜆 < 1 such that,

[𝜂1.ð(𝜇, 𝜈) +
𝜂2.ð(𝜈,𭟋2𝜈).ð(𝜇,𭟋1𝜇)

1 + ð(𝜇, 𝜈)
+
𝜂3.ð(𝜈,𭟋2𝜇).ð(𝜇,𭟋2𝜈)

1 + ð(𝜇,𭟋2𝜈)
] ∈ 𝜔(𭟋1𝜇,𭟋2𝜈) (33)

Then their exist 𝜇* ∈ Θ such that 𝜇* ∈ (𭟋1𝜇*) ∩ (𭟋2𝜇*)

By taking 𝜂3 = 0 in theorem 4 we get following Result,

Proposition 8. Consider (Θ,ð) be a complete Complex valued metric space with distance ð
and 𝛾 : 𝜙×𝜙→ [1,∞) be a map such that their exist a function 𭟋1,𭟋2 : Θ → 𝜏(Θ) satisfying g.l.b.

property, for each 𝜇 ∈ Θ and [𭟋1𝜇], [𭟋2𝜇] ∈ 𝐶𝐵(Θ) there exist non negative real number 𝜂1, 𝜂2, 𝜂4
with
(a) 𝜂1 + 𝜂2 + 𝜂4 < 1 and 𝜆(1 − 𝜂2) = 𝜂1, 0 ≤ 𝜆 ≤ 1,
(b) for every 𝜇, 𝜈 ∈ Θ, if we take 𝜇0 ∈ Θ, lim𝑚,𝑛→∞ 𝛾(𝜇𝑛, 𝜇𝑚)𝜆 < 1 such that,

[𝜂1.ð(𝜇, 𝜈) +
𝜂2.ð(𝜈,𭟋2𝜈).ð(𝜇,𭟋1𝜇)

1 + ð(𝜇, 𝜈)
+
𝜂4.ð(𝜈,𭟋1𝜇).ð(𝜇,𭟋2𝜈)

1 + ð(𝜇,𭟋2𝜈)
] ∈ 𝜔(𭟋1𝜇,𭟋2𝜈)

Then their exist 𝜇* ∈ Θ such that 𝜇* ∈ (𭟋1𝜇*) ∩ (𭟋2𝜇*).

5. Conclusion

It is proven fact the CVMS and its generalization in the setting of various topological spaces
can be applied to find fixed point solution in different fields including integral type equation,
differential equation, and many more. Through this work, we have established some new fixed-
point results in the setting of complex valued metric space. We provided some examples, results
and their assumption to sustain our main results. Subsequently in the application part we proved
following two fold:

� fold (I) Complex valued version of existence and common solution for second order nonlinear
boundary value problem using greens function;

� fold (II) Application of fixed point results for multivalued mapping in setting of CVMS.
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