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AnHOTanusa

OCHOBHOI 1IEJIBIO ITOM PYKOMUCH sABJIseTCs pabora Haa npukaaaHoi actbio CVMS. B sroit
pabore MbI TPOJIEMOHCTPUPOBAJIA HEKOTOPbIE 00IIHe (DUKCHPOBAHHBIE PE3YILTATHI, 8 3ATEM MbI
UMeEM JIEJI0 B OCHOBHOM C JIByMsl YaCTsAMHU pusioxkenuii, yacroio (I) koMiuiekcHo3HauHOHN Bepcun
CYIIIECTBOBAHUS ¥ OOIIMM DEIeHneM HEeJIMHEHHON KpaeBoil 3a/1a49u BTOPOTrO TOPSIKA, C UCTOJIb-
3oBanueM ¢yukiun ['puna,

W' (x) = Im(z, p(x), ' (x)), when z €[0,7],7>0
:U’(‘rl) = M1,
w(z2) = pa, when z1,z9 € [0, T].

vgacrb (II) IIpumenenue pesdysbraToB ¢ BDUKCUPOBAHHOM TOYKON Jijisi MHOIO3HAYHOIO OTOOpAa-
JKEHUsl IPU HACTPONKE BUPTYAJbHbBIX MAIIWH 063 UCHOJIb30BaHUs HOHATUS HElPEPbIBHOCTH. B
KOHIIE KOHIIOB, IIJIsi TIOATBEP>KIE€HUsT HAIIEro OCHOBHOTO PE3yJIbTaTa MPEICTABIEHO HECKOJIHKO
SKBUBAJIEHTHBIX PE3YJIbTATOB U MPUMEPOB.

Kumouesvie caosa: Kommuiekcnosuagnoe merpudeckoe npocrpancrso (CVMS), Obuias nwero-
JIBU2KHAs TOYKA, KpaeBas 3aJa4a, mociaefoBaresbHocTs Ko, MHOro3HauHOE OTOOparKeHue,
cBoiicTBo g.1.b., yciioBue cxkaTus u mosHOTA.
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Abstract

The main aim of this manuscript is to work on the application part of CVMS. In this work
we have demonstrated some common fixed results and then we deal primarily with two parts
of applications,
part(I) Complex valued version of existence and common solution for second order nonlinear
boundary value problem using greens function,

W'(@) = Im(z, u(x), 1 (z)), when @ € [0,7],7> 0

p(z1) = p,
p(wa) = pz, when x1,z2 € [0, 7).

part(IT) Application of fixed point results for multivalued mapping in setting of CVMS without
using notion of continuity. Eventually several equivalent results and examples are presented to
sustain our Main result.

Keywords: Complex valued metric space(CVMS), Common fixed point, Boundary value
Problem, Cauchy sequence, Multivalued Mapping, g.l.b. property, Contractive condition and
completeness.
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1. Introduction

Banach contraction mapping theorem [1] is a prominent tool for solving problem in nonlinear
analysis, Calculus, Fuzzy Theory and so on. This principle used to establish existence and uniqueness
of common solution for nonlinear integral equation and several other fields, many authors generalized
this theorem [2, 3, 4] in different metric spaces within that In 2011 Azam, Khan and Fisher present
the notion of complex valued metric space [5] and given some result for pair of mapping which
is contraction condition satisfying a rational expression. After this establishment Rouzkard and
Imdad [6] generalized some common fixed point theorems involving certain rational expressions. In
2013 Ahmad, Klin eam and Azam |7] studied multivalued mapping under generalized contractive
condition subsequently Azam, Al Rawashden proved a common fixed point for multivalued mapping.
Ahmad, Klin-eam, Azam [7] & Azam,Ahmad,Kumam [8] defined generalized Housdorff metric
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function in the setting of CVMS and established common fixed point result for multivalued mapping.
Das and gupta [9] generalized banach contraction principle for rational type contractive inequality
in fixed point metric space. Afterwards several researchers generalized and extended the aforesaid
work with the help of different rational contraction under self and multivalued mapping in the
context of CVMS for instance |7, 10, 11, 12|, in addition Sinthunavarat et.al. [13, 14] studied a
common solution to the Urysohn integral equation under CVMS. In this paper we studied results
from [13, 14| and so on, afterward we generalized Result 10 from literature given by Azam, Jamshaid
Ahmad, Klin-Eam [15] as following,

TrOPEMA 1. [15] Consider the complete complex valued metric space (©,0) and the function
(,§: 0 — CB(0) be multivalued mappings having global property such that,

12-0(v, §v).0(p, Cu) + 130 (v, (pn)-0(p, Ev)
140(p,v)

[1m1-0(p, v) + ] € w(Cp,&v)

for every p,v € © and n1,m2,m3 are non negative real number with 1 +n2 +n3 <1 Then (, & have
a common fized point.

With inspiring all above results form literature, we prove common fixed point solution to the
multivalued mapping and second order nonlinear boundary value problem. In our first section we
go through some important results and definition from literature.

2. Preliminaries

DEFINITION 1. [5] Suppose a partial order = defined on a complex number(C) as,
pv
iff Real part of (u) < Real part of (v) ; Imaginary part of (1) < Imaginary part of (v). It follows,
p<v
e Real part of (u)<Real part of (v) ; Imaginary part of (u) < Imaginary part of (v).
e Real part of (1) = Real part of (v) ; Imaginary part of (u) = Imaginary part of (v).
e Real part of (1) < Real part of (v) ; Imaginary part of (u) = Imaginary part of (v).

e Real part of (1) = Real part of (v) ; Imaginary part of (u) < Imaginary part of (v).

DEFINITION 2. [5] Let © be non emply set & assume that the self-mapping 0 : © — © said to
be complex valued metric if O satisfy following condition,

1. 0 20(p,v) every p,v € © and d(u,v) =0 if and only if p = v
2. 0(p,v) =0(v, pu) every p,v € ©

3. 0(p,v) 3 0(u,p) +9(p,v) for every p,v,p € O, Then (©,0) is called complex valued metric
space.

BAMEYAHUE 1. Suppose © = C and the mapping 3 : © x © — C which has O(p,v) = | p—v |
Where, o € [0, 5], Then (©,0) be complex viaued metric space.

SAMEYAHUE 2. Assume © = C and the mapping 0 : C x C — C defined as following
o(p,v) = ;1 —g2 | +¢ | 1w —12 | Where, uw = j1 + 111 v = 32 + wa. Then (0,0) be complex
vlaued metric space.



Kommekcuosuadnbril moax0/ K CHCTEME HEJIUHEHHBIX KPAEBBIX 3334 BTOPOrO mopsaka ... 215

DEFINITION 3. [5] Assume {u,} be a sequence in a complex valued metric space (©,0)
and p € O, Then p is a limit point of {u,} if every e € C there exist o € N such that
o{pr},r) < €,Vr = rg that is limr — oo, p, = r.

DEFINITION 4. [5] Assume {p,} be a sequence in a complex valued metric space (©,0) and
pw € O, Then {u,} is a cauchy sequence if for any € € C there exist ro € N such that
O(pors pirys) < €,¥r =19 and s € N .

DEFINITION 5. [5] Assume {p,} be a sequence in a complex valued metric space (©,0) and
€ O, Then (©,0) is said to be a complete compler valued metric space if every Cauchy sequence
is convergent in (©,0).

PROPOSITION 1. [5] Suppose (©,0) be a complex valued metric space. Then the sequence {u,}
in © Converges to p if and only if | (pr, ) |— 0 as r — oc.

PROPOSITION 2. [5] Suppose (©,0) be a complex valued metric space. Then the sequence {p,}
in © is a cauchy sequence if and only if | Oy, pir+s) |— 0 as v — oo where s € N.

3. Main Results

DEFINITION 6. [7] Let (©,0) be a Complex valued metric space with distance 0 then CB(O)
represent family of all Bounded, nonempty, Closed subset of ©.

127 2) = Upey 8(0.0) = Uyey £ € C:8(10) < €}, Fa € CB(O) & ue C
for F1,F 2 € CB(O), we write

w(F1,F2) = (Nuer, @ F2)) NNy, Wi, F2))

1. £ € C & suppose F1,F2 € CB(O),u € F1ifl € w(F1,F2) then ¢ € w(u, F2) for every u € F1
or £ € w(F1,v) Vv € Fo which given by Ahmed et. el. as a notion of multivalued mapping.

2. Let p,v € C. If u < v, then w(v) C w(u).
3. Assume f € © and F € N(©). If 0 € w({, F), then ¢ € F.

DEFINITION 7. [7] Consider (©,0) be a Complex valued metric space with distance 0 and CB(O)
represent family of all Bounded, nonempty, Closed subset of ©. Let ( : © — CB(0O) be a multivalued
mapping for £ € © & F € CB(0),

Qe(F)={0(t,p) e F}
forl,v € ©,
QZ(CV) = {8(67 M) YIS CV}

DEFINITION 8. [7] Assume (©,0) be a Complex valued metric space and multivalued mapping
(: 0 — CB(0) said to have g.l.b. property on (0©,0) if for all p,v € ©, Q,(Cv) exists, and we used

O, Cv) by the g.l.b. of Q,(Cv),
6(:“7 Cy) = an{6(:u7£) RAS Cl/}

DEFINITION 9. [7] Let (©,0) be a Complex valued metric space and multivalued mapping
¢ : 0 — 2C is said to be bounded below if, for each £ € © 3 € C,

b, < J forall J € (.
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DEFINITION 10. [7] Let (©,0) be a Complex valued metric space. A subset F of © called bounded
below if 3¢ € © such that ¢ < p for every pu € F.

In this Section, we present a new fixed point result under CVMS with suitable examples, Result &
finally two folds of the application part.

TEOPEMA 2. Consider (©,0) be a complete Complex valued metric space with distance 0 and
v e X — [1,00) be a map such that their exist a function (,§ : © — 7(0) satisfying g.L.b.

property, for each p € © and (], [£.] € CB(O) there exist non negative real number ni,m2,13, M4
withm +n2+n3+m1 <1 and X(1 —n2) =m, 0 < X <1, for every p,v € O, if we take py € O,
limyy, p—soo Y(tns m)A < 1 such that,

12.0(v, €v).0(p, () N n3-0(v, €p)-0(p, §v) + 1a.0(v, (p)-0(, §v)
1+9(p,v) 1+9(u, &)

Then their exist px € © such that px € (u*) N (§ux)

J €w(Cu,&v) (1)

[171-0(p, v) +

PROOF. Suppose po be an arbitrary point in ©. By assumption we easily find py € ((po) so we
replace [u = po, v = p1] in inequality (1),

720 (1, €p11)0 (o, (o) n N30 (1, §110)0 (o, Ep11) + nad (1, (p0)0(pro, Epr)

14 9(po, 1) 1+ 3(po, 1) | € w(Cpo, )

[m0(po, p1) +

m20(p11, £41)0 (o, Co) | 1150(p1, €410)0(p0, Ep11) + n45(M1aCﬂo)5(M07§M1)]
1+ 0(po, 1) 1+ 0(po0, §p1)

€ ﬂ w(l, &)

Le[Cpo]

[m10(po, 1) +

as we have pu1 € Cuyo,

720 (1, €p11)0 (o, (o) N 73011, E120)0( 0, 1) + 1ad(p1, Cpro)0(po, En )

1+ 0(po, p1) 1+ 0(po, Ept1) ] € wp, Epr) (2)

[md(po, p) +
By definition,

n20(p1, &) (1o, Chio) 7735@1,5#0)5(#0,5#1)+7745(M1,CM0)5(M0,§M1)]
14 0(po, 1) 14 0(p0, &)

€ U O(p1,p

pEEp)

[mO(1o, p1) +

This gives there exist ps € uy such that,

m20(p1, §p11)0 (40, Co) n35(u1,£uo)5(uo,ﬁul)+7745(u1,c,uo)5(,u075m)
1+ 0(po, p1) 1+ 0(po, Ep1a) J€w@(m,p2)) ()

[m0(po, p1) +

This gives,

020 (g1, §p1)0 (o, Chio) 7735(N17§N0)5(M07§N1)+n45(M1aCNO)5(MO>£N1)]

O(p1, p2) < [m0(po, pa)+
(11, p2) < [mB(po, 1) 1+ 0(k0, 1) 1+ 0(p0, ) "
4

using W, [v] and W, [C(v] and Cuo = p1 & Epa = pa

120(pe1, p2)d(po, 1) m30(p1, p1)0(po, 2)  Ma0(p1, p1)0(po, p12)
14 0(po, p1) 14 0(po, p2) 14 0(po, p2)

(1, p2) < [m0(po, 1) +

no. | O(p1, p2) | - | (o, p11) I]
1+ | 0(po, p1) |

| O(per, p2) |< [ | O(po, p1) | +
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Which gives,

’5(,“0,#1) ’

< Iny. . IR Bk 1 st Y/
| O(per, p2) |< [1- | O(po, per) | 4m2. | 0(pa, p2) | &+ 1 9(u0, 0 |

That is,
| O(pr, p2) |< [n- | O(po, per) | +m2. | 0(p1, p2) |[]

| O(p1, p2) | —m2- | O(per, p2) |< 1. | 9(po, p1) |]

|81, 12) 12 2l ko, ) |

| 0(p1, p2) |< A1 0o, ) |] (5)
Again likewise we take o € £,

030 (1, Ep2)0(p2, Epa) + nad(p1, (pa)0(p2, Epr)
1+ 0(p2, Epn)

n20(p1, §p1)0(p2, (o)
1+ 0(p2, u1)

[mO(p2, pa) + + ] € w(Cuz,ép1)  (6)

020 (g1, Ep1 )0 (2, Cpa2) n n30(p1, Ep2)0(p2, §r) + 7745(u174u2)5(u2,§u1)]
1+ 0(u2, p1) 1+ O(p2,pn)

€ ﬂ w(l, Cp2)

Le[Epa]

(M0, 1) +

as we have s € £u1,

120(p1, §p1)0(pa, Cpa) + N30 (1, Ep2)0(p2, Epa) + nad(p1, Cpa)0(pa, Epr)
1+ 0(pa, 1) 1+ 0(p2, §pr)

[mO(pz, p1) + ] € w(pe, Cu2)  (7)

By definition,

n20(p1, & )0 (2, Ci2) . n30(pe1, §p2)0(p2, Epr) + n43(u1,€u2)5(u2,§u1)]
1+ 0(p2, p1) 1+ 0(u2,Ep1)

€ U O(pz2, p

pE[Cu2]

(M0, p1) +

This gives there exist us € (ug such that,

n20(p1, Ep1)0(pa, Cua) | m30(pr, Epa)d(pa, Epr) + nad(pa, Cp2)0(p2, Epr)
1+ 0(p2, p1) * 1+ 02, Emur) | € w(®(pu2,13))  (8)

[m0(p2, p1) +
This gives,

n2.0(p1, Ep)-0(p2, Cpa)
1+ 0(u2, p1)

using Wy, [€v] and W,[Cv] and Cuo = pg & §pn = pia

n30(p1, Epa2)0(p2, 1) + 1ad(pa, Cua)0(p2, ful)} (9)
1+ 0(p2, &)

O(u2, p3) < [m.0(p2, p1) + +

n20(pt1, p2)0(pa, p13)  1a0(p1, u3)0(pa, ) 1a0(p1, u3)0(p2, p2)
1+ 0(u2, pi1) 1+ O(pa, p2) 1+ O(pa, p2)

O(pa, n3) < [mo(p2, pn) +

772-5(M17M2)-5(/~62,M3)
1+ 0(p2, 1)

|5(M2,M1) |
1+ [ O(p2, p1) |

| O0(p2, ) [< [ [ O(ua, pa) | +m2. | 0(p2, p3) ]
| O(p2, p3) | —n2. | O(p2, p3) |< [m- | O(pa, p1) 1]

O(p2, p3) < [m.0(p2, p1) +

| O(p2, p3) |< [m- | O(p2, 1) | +m2. | 0(p2, p3) | -
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| O(p2, p3) [< (1271772) | O(p2s 1) |

| 02, p3) < A | O(p2, p1) |

and hence we write a sequence {y,} in © as,

| 0(p1, pi2) [ A 0(o, p1) |, | O(pz, p3) 1< A | 8o, 1) |, | O(ttns 1) | A™ | Do, 1) | -

for every n € N. and use triangle inequality, for every m > n

| O(ptns ) |21 O(ttn, pins1) |+ 1 O(ptna1, pnr2) |+t | O(ktm—1, pim) | (10)
< AT XL B 0, ) | -
)\n
< [1 ] | O(po, pu1) | -

n

A
<
|30, ) 1< (7

Hence which implies {u,} is a cauchy sequence in ©. Since © complete, there exist ux € © such
that p, — px as n — oo now we show that px € (u* and pux € {ux with the help of condition (1),

]' | 6(”07“1) |_> 07:>man_> oo

120 (g, Epx)0(p2n, Clizn) N 030 (1%, & fron ) O(fion, Epux) n 040 (1, Cuzn)i‘?(uzn,éu*)]
1+ 6(/142717 M*) 1+ 6(#277,’ fu*) 1+ 6(H2n7 gu*)

[7718(/~L2n7 :U’*) +

€ W(Clwmfﬂ*)
020k, Epk)0(pa2n, Clizn) N N30 (e, Epian )0 (pan, ) n45(u*,4uzn)5(uzn,£#*)]
1+ 6(N2n7 /«L*) 1+ 5(,“27” g,LL*) 1+ 6(#2717 g,u*)

€ ﬂ w(l, Eux)

L€[Cpan]

[0 (p2n, p*) +

as we know, popy1 € Clion

020k, Epk)0(fizn, Clizn) | 1301, Eizn)0(fi2n, Epk) n45(u*,Cuzn)5(uzn,£u*)]

O(pan, t*) +
[ (pizn, 1) 1+ B(tzn, %) 1+ O(ji20, €4%) 1+ Bz, &%)

€ w(p2nt1, Epx)
7726(“*75:“*)8(“2717<M2n) 7736(/“‘75#271)5(,“2717&-”*) n48(ﬂ*7<M2n)8(N2n7§N*)]
1+ 0(p2n, px) 1+ 0(p2n, €ux) 1+ 0(pn, %)

S U M2n+l s )

PE[Ep]

[7716<,U2m ﬂ*) +

This gives there exist pu, € u* such that,

m20( gk, Epx)0(pi2n, Cpian) | NaO(pk, Cpan)0(pan, Epx) n45(ﬂ*7CM2n)6(M2na§M*)]
1+ 6(,“27” H*) 1+ 6(,“27” 5#*) 1+ 5(”27” g,LL*)

[m10(p2n, p*) +

€ w(0(p2n+t1, fin))
This gives,
O(p2nt1, pn) =

20k, §p0%)0(pan, Cpizn) | 30k, Eian)0(pan, Eprx) + mad(px, Cpion)0(pan, Epix)
O(p2m, ) + +
MO (Han, p*) 1+ 0(tiam, %) 1+ 0(p2n, &u*)

(12)
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Hence the g.l.b. property for &,
8(#271-‘,—17 ,Ufn) =

20 (1%, fin)O(fi2n s fiont1) N n30( %, p2n+1)0(Han, fin) + 1a0(pwk, t2n11)0(f2n, tin)

7716([/62717 M*) +

1+ 6(#2717 H*) 1+ 6(;“/271’ Mn)

(13)

by triangle inequality,
O, fan) = O(px, prant1) + 0(H2n+1, fin) (14)

and by using (14),
72 | 6(:“’*?“”) H 6(:“27”,“’2714—1) |
8 y Mn j 5 9 n 6 Uzl
| Ok, pin) |21 0(pwts panga) | +lm | Opan, px) | + 15 90, ) | J+

[773 ‘ 5(/"*7/1271-&—1) H 5(/"2717”71) ‘ +774 | 6(”*7#271-1—1) H 6(”217,’/1%) |] (15)

1+ | O(pan, fin) |

Letting as n — oo then | 8(u*, i,) |— 0, Using lemma (1) we say u, — u*. as we have ux closed,
which gives px € {ux. similar we get ux € (ux. Hence we have px € (Cux) N (€u%).

3AMEYAHUE 3. Define map ©: O x © — C & d(u,v) = €'6. | p—v | and © = [0,1] Then we
say (©,0) is a complete complex valued metric space, assume ¢, & : © — CB(O©) with (u = [0, §]
and v = [0, Y] for all p,v € ©. Now we need to follow the function, n; : © — [0,1] for all i € [1,4]
as,

mp) =B ma(p) = £, n3(p) = &, m(p) = &.

Step (I) m + n2 + n3 +na < 1 which means ”TH+2“—0+1%+% <1 for all p €10,1)
Step (II) Now we calculate different values to the main result,

O(p,v) =6 | p—v|

o(v,&v) = i . lv—1 |
B, Ev) = €'6.
w(Cpyv) = w.(e'
O(p, (p) = €'s .|
B(v,Cp) = €'s.
B, Cv) = €'s.

By main result,

=
|

SN

|
[N
N—

o=
| |
IS NN NG SN

=
\

n2 | 0w, &v) [ 0(p, Cp) | E | 0(v, &p) || (e, Ev) | 4na | O(v, Cu) || O(p, Ev) |
I+ | 0(p,v) | I+ 0(p, &) |

)

[m [ 0(u,v) | +

as we have consider,

m(p) =552 () = 45, m3(w) = 45, ma(p) = £,V v € [0,1]

(o) [v—Flln—51
153, ) | 1+ =
It’s easter to get the following step,

o p+1
Z_ 2| —
|- u-vl+

) lv=5le—5I+E lv-Fllp—%]
10 4 4 520 4 Ty (16)
1

|G =51 () n—v|Vueo
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as we observe (27) we get, every term from right hand side non negative Vu € O,

12.0(v, {v).0(p, (i) . 13-0(v, §).0(p, §v) + na.0(v, Cu).0(p, Ev)
1+ 0(p,v) 1+0(p, &)

all conditions of the main theorem satisfied. Hence ¢, & admits p =0 as a common fixed point.

[1m1-0(p, v) + ] € w(Cu,&v)

If we consider single valued function that is, ( = £ in 2 we get the following result,

PROPOSITION 3. Consider (0©,0) be a complete Complex valued metric space with distance 0
and 7y : ¢ X @ — [1,00) be a map such that their exist a function ¢ : © — 7(0©) satisfying g.1.b.
property, for each € © and [(,] € CB(O) there exist non negative real number ni,m2,13, M4 with
m+ne+n+n <1land A(1—mn2) =m, 0 < X< 1, for every p,v € O, if we take pg € O,
imyy, n—soo Y(tns m)A < 1 such that,

12-0(v, (v).0(p, ) L 100, Cp)-0(, Cv) + ma-0(v, () -0(p, (V)
14+9(p,v) 1+9(p,G)

Then their exist px € © such that px € ((,%)

[171.0(p, v) + ] € w(Cp,Cv) (17)

By using n4 = 0 in main result 2 we come under following Result,

PROPOSITION 4. Suppose (©,0) be a complete Complex valued metric space with distance O
and v : @ X @ — [1,00) be a map such that their exist a function ,§ : © — 7(0O) satisfying g.1.b.

property, for each p € © and (], [£.] € CB(O) there exist non negative real number ni,m2,13, M4
with n +m2+n3 < 1 and A(1 —n2) = n1, 0 < X < 1, for every p,v € O, if we take pg € O,
iy, p—soo Y(tns m)A < 1 such that,

172.0(v, §v).0(u, Cpu) N n3.0(v, Ep).0(p, Ev)
1+0(p,v) L+0(p &)

Then their exist px € © such that px € (u*) N (§ux)

[0, v) + | €w(Cu&v) (18)

By using 73 = 0 in main result 2 we come under following Result,

PROPOSITION 5. Consider (0©,0) be a complete Complex valued metric space with distance O
and v : @ X @ — [1,00) be a map such that their exist a function (,§ : © — T(©) satisfying
g.1.b. property, for each € © and [(,],[£,] € CB(O) there exist non negative real number n1,m2, 14
with m +m2+n4 < 1 and N1 —n2) = m, 0 < XN < 1, for every p,v € O, if we take ug € O,
imyy, n—soo Y(tns m )X < 1 such that,

12-0(v, €v).0(p, ) | 1a-0(v, Cpr)-B(ps, Ev)
14+9(p,v) 14+0(s, &)

Then their exist px € O such that px € (%) N (§u%)

[11.0(p, v) + ] € w(lp,&v) (19)

BAMEYAHUE 6. Let (©,0) be a complete Complex valued metric space with distance 0. If we
use C = R, then we get (©,0) be a metric space with distance 9. Moreover for A,{B € CB(0),
H(A,B) = inf(A,B) known as Hausdorff distance induced by 0.

BAMEYAHUE 7. If we put n3 = ng = 0 in main theorem 2 we get the Result (10) from literature
given by Azam, Jamshaid Ahmad, Klin-Eam [15] .

SAMEYAHUE 8. With the help of mapping ¢, € in Theorem 2 subsequently results 3,4,5 & point
dependent different control function like{n;,1 < we < 4 } one can deduce multitude of Result from
literature for multivalued mapping in CVMS including Banach contraction Result.



Kommekcuosuadabril 0ax0/1 K CHCTEME HEJMHEHHBIX KPAEBBIX 33134 BTOPOro mopsaaka ... 221

4. Applications

4.1. Application Part.I

Now subsequently we demonstrating the application part of the main theorem. We use Result
5 for finding existence and common solution of Nonlinear 2"¢ order Boundary value problem.

W'(z) = Iz, w(@), #(z)), when @ € [0,7],7 > 0
n(w1) = p, (20)
p(xs) = po, when z1,x9 € [0, T].

Where I'm : [0, 7] x7(©) x7(0) — 7(0©) is continuous and which equal to the integral type equation,

X2
() - Ax) = / 3, ) T, (), 1 (), ¥z € [0, 7], (21)

1

Where x(z,) is a greens function which is written as,

(v2—z1)

x(z,¢) =
) w, Whenx1§x§¢§x2

(w2—21)

~(x) having v = 0, v(x1) = p1, v(x2) = p2 and greens function x(x, 1) satisfies following property,

(22 — 1)

Xo
| xtawie < 2

1

Xo _
|t < 220

Throught application part , we use

A(pu() = / ) T, (), (),

Xo
Al(u(z)) = / (@, ) Tma (i, (), 1 (), ¥ € [0, 7). (22)

1

we used [16, 17, 18] for more detailed understanding and defined the operator to prove existence &
uniqueness solution for integral,

X2

F1(p) () —~(x) = / (@, ) Tma (9, u(), 1 ())dip, Ve € [0, 7).

1

Xo

Fa(p)(z) —~(z) = / X(@, ). Ima (¥, (), 1 () dp, Vo € [0, 7). (23)

1

Where I'my, Imz € ([0,7] x 7(©) x 7(0),7(0) ), p € C'([0, 7], 7(0)) & v € C([0, 7], 7(8))

TrEOPEMA 3. Consider integral equation 22, we assume following hypothesis satisfies for every
xz € [0,7]:

1. Imq,Imsy : [0,7] x 7(©) x 7(©) — 7(0) are nondecreasing to their 2" and 3" variables;
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Xa
Ho(x) — (x) < / X 0). T, p(), 1 (@), Va1, s € [0, 7).

1

and 3 m1,m2 : C — [0,1) has
(a) ¢,9 >0 and 1,z € [0, T],

Ty — x1)
s ST

19.( <1 (24)

(b) for all p,v € © & x € [0, 1],

| I (2, (@), 1 (2)) — Ima(z, v(x), v/ (2) [ m( max B, () + 2 max  Eu (@) +na( max Dy () (25)

z€ (w1 ,22] z€[zy,22] z€[z1,22]

(¢c) m +mn2+mn1 <1 and mapping A : CL — [0,1) defined as,

m (1)
A ——— VueCy 26
=1 n2(p)’ (26)
Where,
By (x) =9 | Arp(z) — Ao () | +6 | Ajp(z) — Abw(x) | V14 a2e™™
9 | Dav(@) = Agu(a) | +5 | Ap(a) — A () |
Culz) = x U | Aguv(x) — Agv(x
H ( ) 1+(maXz€[x1@2] SB;UJ(J:)) ‘ 2 ( ) 2 ( )‘
+¢ | Agu(w) — Agu(x) | V1 + a2t
_ _ /
Quu(x) _ % | ALU(:B) AQV(:U) | +< ’ A1M(9C) AQV(x) ’ % ‘ Al,u(x) _ Azl/(l‘) ‘

T+ 9| Arp(e) — Aavle) | +< | Apu(w) — Ap(a) |

o | Alp(z) = Ar(a) [ V1 + ae™
then the nonlinear integral system,
X2
() —(x) =/ X (@, ¥)Imi(v, 21 (), 21 (¥))dy, Y € [0, 7], € {1, 2} (27)
1

admits a common solution in C'([x1, 2], 7(0)).

PRrROOF. Let 3 = C([z1,22],7(©)) and 0 : 3 x 3 — C defined as,

6(”7#) = max ('ﬁ | I/($) — Iu(.l‘) ’) + (19 ’ y/(x) — ,U/(.%') |).meitana

z€[r1,22]
Now we define operators for integral, F; : 3 — 3,1 =1,2 as

X2
Fi(p)(x) —~(x) = / X (@, ¥)Imi(¥, x(v), 2’ (¥))dy, Yz € [0, 7], € {1,2}

1

where as, Iy, Img € C([0,7] X 7(©) x 7(0),7(0) ), p € C'([0, 7], 7(0)) & v € C([0, 7], 7(O)) for
all u, v € © we get,

Fi(p) = {p € [z1,22], pa(z) = / : X(@, ) Imi (3, p(), 1 (¥))dap, Y € [0, 7], F () (a) > a},i = 1,2
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(3, v) = max,efe, 00 (0 | Arp(@) — Dov(@) | +¢ | Ajp(z) — Abp(z) |).v/1 + aZeitare
O(F 146, v) = MaXyey, 25) (0 | Arp(@) — Agv(z) | +¢ | Alp(z) — Abv(z) ).V1 + aZeitone

O(F 2pt, V) = MaXyey; 0] (0 | Aov(2) — Apu(z) | 4 | Abr(z) — Ajp(z) ). V1 + aetene
O, F1v) = MaXaele, o) (V| Arp(x) — Aov(a) | +¢ | Afp(z) — Aby(2) ). V1 + a2eme
(v, F 2v) = MaXye[y 2,] (U | Dov(x) — Agv() | +< | Abv(z) — Abv(x) [).V/1 + a2ettane

(s F1p) = maXyefn, ) (9 | Arpu(@) — Aypu(z) |+ | Ajp(a) — Alp(a) [).V1 + aZetone

\

For every x € [x1,x2] and with the help of (25) we get,

Xo
| Fi(p)(@) - Fa() (@) |=] / (@, ). (Ima (i, (), 1 () — Tma(ap, (), V' ()] | dp

X2
< / [ xa) || [Tma (8, (), 1)) — T, v(1), V' (@) || dip

To — x1)?
M.m.( max B, (x)) +n2.( max €, (x)) +ma.( max D,.(7)) (28)

- 8 xe[ml,xg] xe[:cl,xg} ZE[Il,IQ]

X2
| (F1(w) (z) = (F2(v)) (2) |=] / Xa(@, ). [T (¥, (), ' () = Ima (v, v (), V' (¥))] | dp

X2
< / | e ) || ma (e, (), 1 () — Tma(ap, v(s8), o/ ()] || d

Tro — T
<2 1

ni-( max By, (x)) +n2.( max €y (x)) +mu.( max D, () (29)

- 2 z€[z1,22] z€[z1,22 z€[z1,22]

With the help of (29),(28) we write

Ol Fa(p), Fa(v)(2) [) <

(79(332—3?1)2 +§($2—$1))
m( max B, (z))+ne( max €u(x)) +na( max Dy (7))

8 2 z€[z1,22] z€[z1,T2 z€[z1,22]

and equation (24) gives,

O(F1(p), Fo(v)(x)) <m( max By, (x)) +no( max € (x)) +na( max Dy, ()

z€[z1,22] z€[z1,22 z€[z1,22]

which mean,

m( max B, (z)) +1p( max & (2)) +m( max D, (r)) € @ 1(n), F2(v)(@)))

z€[z1,22] z€[x1,22] T€[x1,T2]

M0 (v, F2v)0(p, Fap) | mad(v, F1p)0(p F ov)
1+6(IU’7V) 1+6(:U‘7F2V)

[7716(/1’7 V) + } S W(F1N7 FQV)

then we write,

n20(v, Ev)0(p, Cpu) n n40(v, Cu)0(p, Ev)
1+ 9(p,v) 1+ 0(u, &)

[md(p,v) + ] € w(Cu,&v)
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Hence, application part of Result (2.4) gives, Inside © [ 1, [ 2 admits common fixed point.

Xo
u(z) —y(x) = / X (@, ) Imi (v, 21 (), 21 (¢))dy, Yo € [0, 7],0 € {1,2}

1

admits a common solution. Hence second order nonlinear boundary value problem admits a solution
in ©.

In this second part we go through some fixed point Result for multivalued mapping as the
application part for the main result.

4.2. Application Part.I1

TrOPEMA 4. Consider (©,0) be a complete CVMS with distance @ and v : p X ¢ — [1,00) be
a map such that their exist a function F 1,F 2 : © — 7(©) satisfying ¢.1.b. property, for each u € ©
and [F1p], [F2u] € CB(O©) there exist non negative real number ny,n2,ns, Ny with
(@) mtm+tnt+m<landA1-n)=m 0<A<1,
(b) for every p,v € ©, if we take po € O, limy, oo Y(fin, m)A < 1 such that,

m20(v, I 2v)0(p, F 1/1) n n30(v, F 2p)0(u, F 2v) +na0(v, F 110)0(u, F 2v)

O,
I, v) + 1+9(p,v) 1+0(u, Fov)

]GW(F1M7F2V)

(30)
Then their exist px € © such that px € (F1p*) N (Fopux).

PROOF. Consider mapping Z1,Z9 : © — 7(0©) defined by following,

(,8, whent € Fip
0, whent¢ Fip

B, whente Faopu

Ea(u)(t) = (31)
0, whenté¢[Fou

Where 5 € (0,1] we get,
Ei(p) = {t : E1(w)(t) = B} = F1(p) & Eo(p) = {t : E2(u)(t) = B} = F2(p) Hence by theorem
(2.1) we get, px € © such that px € (2 (pux) NEa(p*)) = (F 1px) N (F 2px).

If we use single multivalued mapping then we get following result,

PROPOSITION 6. Consider (©,0) be a complete Complex valued metric space with distance O
and v :p X @ — [1,00) be a map such that their exist a function F : © — 7(0O) satisfying g.1.b.
property, for each p € © and F € CB(O) there exist non negative real number ny,n2, M3, N4 with
(@) m+m+ns+n<land A(1—-n2)=m, 0 <A<,

(b) for every p,v € O, if we take pg € O, limy, pn—y00 Y(fn, i )A < 1 such that,

20, Fv).8(p, b ) 030, F 1) Op, Fv) +madv, I 11).0(p. V)

B0 )+ T S () 1+ 0(u, F v)

Jew(pu v

(32)
Then their exist px € © such that ux € (F px).

By taking n4 = 0 in theorem 4 we come under following result,
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PROPOSITION 7. Consider (©,0) be a complete Complex valued metric space with distance O
and 7y : pXp — [1,00) be a map such that their exist a function F 1, F2 : © — 7(0©) satisfying g.1.b.
property, for each u € © and [F 1u], [F 2] € CB(O) there exist non negative real number ny,n2, 13
with
(a) m+m+n3<land N(1 —m2) =mn1, 0 <A< 1,

(b) for every p,v € ©, if we take po € O, limy, 100 ¥(fin, tm)A < 1 such that,

m2-0(v, F 2v).0(p, F1p) | n3-0(v, F 2pt)-0(p, F 2v)
140(p,v) 1+ 0(u, F2v)

[m-0(p, v) + | €w(Fip Fav) (33)

Then their exist ux € © such that ux € (F 1px) N (F opux)
By taking n3 = 0 in theorem 4 we get following Result,

PROPOSITION 8. Consider (0©,0) be a complete Complex valued metric space with distance O
and 7y : pXp — [1,00) be a map such that their exist a function F1,F2 : © — 7(0©) satisfying g.1.b.
property, for each p € © and [F1p], [F2u] € CB(O) there exist non negative real number 11,m2, M4
with
(a)m+m+m<land N(1 —n2) =mn1, 0< A< 1,

(b) for every p,v € ©, if we take po € O, limy, 1—y00 ¥(fin, tm)A < 1 such that,

n2.0(v, F ov).0(p, F 111) N 04.0(v, F 1p).0(p, F 2v)
1+5(/~La1/) 1+6(M7F2y)

[771'6(/1’7 V)+ ] EW(FLU,, FQV)

Then their exist px € © such that px € (F 1pu*) N (F 2pux).

5. Conclusion

It is proven fact the CVMS and its generalization in the setting of various topological spaces
can be applied to find fixed point solution in different fields including integral type equation,
differential equation, and many more. Through this work, we have established some new fixed-
point results in the setting of complex valued metric space. We provided some examples, results
and their assumption to sustain our main results. Subsequently in the application part we proved
following two fold:

e fold (I) Complex valued version of existence and common solution for second order nonlinear
boundary value problem using greens function;

e fold (II) Application of fixed point results for multivalued mapping in setting of CVMS.
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