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AnHoTanusa

Bajaun 0 pacipeesleHnd TOYEK € PallMOHAJbHBIMU KOODIUHATAMU SIBH-
JINCh €CTECTBEHHBIMU ODODOIIMEHUSIMI 337849 O IIEJIBIX TOYKAX B BBIIYKJILIX 00-
JIACTAX. OHGHKI/I CBEPXY M CHU3Y JJId KOJIMYECTBa PAIMOHAJIBHBIX TOYEK Ha
OKPY?KHOCTH OBIJIN MCIIOJIb30BAHBI B 3a/1a9e O pa3sMepHOCTH Xaycaopda MHO-
2KeCTBa TOYEK OKPY?KHOCTHU C 3aJJaHHBIM ITOPAIKOM HpI/I6.HI/I)KaeIVlbIX TOYKaMU
C palMoHAJbHBIMY KOOPJAMHATAMHU. 3a nociennue 15 jier B paborax M. Xakc-
s, B. U. Bepuuka, B. B. Bepecuepuua, C. Benanu, P. Borana O6bLiu HaiigeHb!
JIBYXCTOPOHHWE aCUMIITOTUIECKIE OIIEHKH JIJIsT KOJTMIECTBA PAIHOHAIBHBIX TO-
yeK BOJIM3U IVIQJIKUX KPUBBIX U IOBEPXHOCTE.

[Iycrs I = [a,b] € R — mekoropslit uarepsat, y = f(x) — aBaxibl Helpe-
pbiBHO AuddepennupyeMast (GyHKIINA, KOTOpas Ipu co > ¢1 > 0 yaoBieTBo-
psieT HepaBeHCTBY

e < |f"(z)] < e

st Beex x € 1. i npounssosbaoro 7y, 0 < v < 1 u J0cTaTOYHO GOJIBIIIOTO

@ o6o3naunm vepe3 Ar(Q,7y) MHOXKECTBO PAIMOHATBHBIX TOUEK ' = (%1, %2),

aq < p; <bg, 1 <q<Q, 1jis1 KOTOPBIX BBIOJIHIETCSI HEPABEHCTBO

p\_p
()5

MuoxkectBo Ar(Q,7y) COCTOUT U3 TOYEK BHYTPH IIOJIOCHI IMIUPUHBI 2Q) ~7 BII0JIb
kpusoit y = f(z), x € I. EcrectBenno oxunarb, uro Besmunna #A7(Q,y)
mMeeT TopsIoK Q377, 9TO B KOHIIE KOHIIOB GBLIO JIOKA3aHO C UCIIOJIL30BAHIEM
METOJIOB '€OMETPHUU “UCEeJI U METPUIECKON Teopuu Juo(daHTOBBIX TPUOIUKE-

<@

HUM.

HenaBro [1| 6buin 1moJsiydeHbl OIEHKU CHU3Y JIJIsl KOJMYECTBA TOYEK BHU-
ma a = (a1,a2) € R2 e aj, a9 — CONpsKeHHbIE IeHCTBATETbHbIE aares-
pamdecKye 4nC/a IIPOM3BOJbLHON cremenu degay = degas = M M BBICOTHI

!PaBora mepBOro u BTOPOro aBTOPOB BLIIOIHEHA 10 rpanTy BPODU ©14P-034. Pa6ora Tpe-
ThEro aBTopa BhIIoJHEHA 110 TpanTy PODU 14-01-90002 Besr-a.
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H(ay) = H(a2) < Q, B nostoce mupusoit ¢(n)Q7, 0 < v < %, Q > Qo(n)
oKoJI0 JTI0boi riaskoit kpusoit y = f(x). B mannoit pabore mosydeHbl HO-
BbIE PE3YJIBTATHI O PACIIPEJIEIEHUN TOUEK C AIredPanIeCKUMU COTPSIXKEHHBIMU
JefCTBUTE/IbHBIMI ¥ KOMILIEKCHBIMI KOOpAUHATaMU. B d9acTHOCTH, IIOJIyYeHO
0000ITIeHre U BBIIEYKA3aHHOTO pedyiibrara. OCHOBY JIOKA3aTeIhCTBA COCTAB-
JITET MeTpHUYecKas TeopeMa O JMO(pAHTOBLIX NPUOIMKEHUsAX B objactax G
Mmasioit Mepel G < co(n)Q~", 0 <y < %

Karouesvie caosa: muodanTossl npubimkenus, Mepa Jlebera, anredpantie-
CKHe COTMPSKEHHBIE YNCTIa, BBICOTA aIredpamIeckoro Inuca.

Bubauoepagua: 16 nazsanuii.

DISTRIBUTION OF ALGEBRAIC POINTS IN
DOMAINS OF SMALL MEASURE AND NEAR
THE SURFACES

V. L. Bernik, A. G. Gusakova (Minsk, Belarus),
A. V. Ustinov

Abstract

Some questions about distribution of the points with rational coordinates
are natural generalizations of problems about integer points in convex domains.
Upper and lower bounds for the quantity of rational points on the circle were
used in the study of Hausdorff dimension of the set of the point on circle which
are approximated with a given order of accuracy by the points with rational
coordinates. During the last 15 years in the papers of M. Huxley, V. I. Bernik,
V. V. Beresnevich, S. Velani, R. Vaughan double sided asymptotic estimates
for the quantity of rational points near the smooth curves and surfaces were
found.

Let I = [a,b] € R is an interval, y = f(z) is twice continuously differenti-
able function which satisfies the inequality

c1 < |f"(z)] < eo

for co > ¢; > 0and for all x € I. For arbitrary v, 0 < v < 1 for sufficiently large

@ we denote by A7(Q, ) the set of rational points I' = (%1, %), aq < p1 < bg,

1 < ¢ < Q, for witch the following inequality holds

i(2)-

q q
The set A7(Q,y) consists from points lying inside the strip width of 2Q ™7 near
the curve y = f(x), x € I. It it natural to expect that #A;(Q, ) is a value of
the order Q377. It was proved using the methods of geometry of numbers and
metric theory of Diophantine approximations.

Recently [1] new estimates of the quantity of points & = (a1, as) € R2,
where a7, ao are conjugate real algebraic numbers of arbitrary degree deg ay =

<Q 1.
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degas = n and of the height H(a1) = H(ae) < @, in the strip width of
c(n)Q, 0 < v < %, @ > Qo(n) near the smooth curve y = f(z) were
obtained. In our paper some new results about distribution of points with
conjugate real and complex algebraic coordinates were obtained. In particular
generalization of result mentioned above was obtained. The main idea of the
proof is based on metric theorem about diophantine approximations in the
domains G of small measure uG < c(n)Q™ 7, 0 < 7 < 3. Keywords:

Diophantine approximations, Lebesgue measure, conjugate algebraic numbers,
height of algebraic number.

Bibliography: 16 titles.

1. BBeaenne

[Iycts 3asano wekoropoe ¢ > 1 w muwmuap T = [ x K, tne I C [—%; %} —
unaTepBas juHel |[| = Q77 K C B(0,1) — kpyr pajuyca ()~ B KOMILUIEKCHOI
wiockocrn, 0 < v < 1. Takxke cunraem, aro T'N {|Im 2| < §} = &, tge § —
HEKOTOpas MaJjiasi BeJIMINHA.

PacemorpuM 11e/109UCIEHHBIN HETPUBOAUMBIH MHOTOWIEH

P(z) = apz™ + ap12™ ...+ a1z + ag

¢ yemosuem HO/l(aq, ..., a,) = 1 crenenu deg P = n u Boicorsl H(P) < @, rue

H(P) = max |a;|. Kopau o Takoro mejiodncieHHOro MHOrodieHa P(x) sBIIAOT-
0<j<n
e anrebpamdeckumu gduciaamu crernenn dega = deg P = n u Boicotel H(a) =

= H(P) < Q. Muorowren P(z) Ha3bIBaeTCsd MAHIMAIBHBIM MHOTOYICHOM ajrebpa-
HYECKOTO 9UC/Ia, (V.

Baeck u gasee ¢;, i = 1,2, ... ABAAIOTCS BEJIUINHAMI, 3aBUCANIAMEA TOJIBKO OT
CTeIeHN MHOTOYJIeHA.

Touky («, ), @ € R, 5 € C 6yem HazbiBaTh agrebpandeckoil, ecim o u 3 KOpHE
oziHOTO MHOTOWIeHa P € Z[z].

Moo JoKa3aTh, 9T0 ajrebpamdecKue TOYKU BCIOLY IUIOTHBI B IPOCTPAHCTBE
R x C, omnako, ecim Bocrosb3oBaTbest MetogoM [IIvuara [2], To Mepbl 1uinHIpoB
T okaxKyTcst 3HAIUTENIBHO Gobie, deM c3Q . B [3] mokazano, uro neficteuTess-
HblE a/IrebpanIecKue Tuca 00s3aTeIbHO TONaIAloT B MHTEPBAJIb JIIMHBL ¢4Q ™! npu
JI0CTATOYHO GOJIBINON Besimanue ¢4. B mocsenee BpeMsi ObLIO MOy YeHO HECKOIBKO
HOBBIX PE3Y/IBTATOB O PACIPeJeJIeHIN aaredpandecKuX Iucesl, X JTUCKPUMUHAHTOB
U pe3yIbTanToB [4]—[8]. D1u pe3yIsTaTh! IBUINCH €CTECTBEHHBIM 0000IIeHIEM 38,184
0 PaCIpeIeJIeHIN TOUEK ¢ PAIMOHATIBHBIMI KOODIMHATAME BOJIM3HU [IAIKUX KPUBBIX

[12]{16].

2. Pacnpenenenne anredopamdeckux TodekK B R x C

,HOK&)KGM HECKOJIBKO T€OpEM O pacClIpeJde/JICHUN aJIFe6paI/I‘{eCKI/IX Touek B R x C.
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TEOPEMA 1. Jlasa awbvix namypasvhor QQ un = 3 cywecmsyem yusundp T
obvema T = csQ3, enympu vomopozo nem anzebpauneckuzr mouex (a, 3) cmenenu
dega = deg S < n u svcomw H(a) = H(B) < Q.

,HJIH JO0Ka3aTe/IbCTBa TE€OPEMbDI 1 mam HOHa,ZLO6I/ITC$1 cJleAyroiiasd JeMMa.

JIEMMA 1. IIpu arobom nabope koprel oy, ..., , 1 < s < n, MHO204AEHA
P(z) = a,a™ + ... 4+ a1z + ag cnpasediuso nepasercmeo

[T lew,| < (n+1)2"H(P)|an|™".
j=1

Jlemma 1 noxaszana B [9)].
JOKABATEJILCTBO. Paccmorpum nmmunap 17 = [; X Ky, roe I; — uATEpBas
BUJA (%1 — Q7Y }1 + cﬁQ_l), a K — Kpyr B KOMILJIEKCHOH IIJIOCKOCTH BH/Ia

1 1. _
B (§+§Z,C7Q 1> .

[Iycrs cymectByer anrebpandeckast Touka («, ) € T} ¢ MUHUMAJIbHBIM MHOTOYJIE-
nom Pi(7) = apa® + ap_ 12" 1+ ...+ a1z + ap, k < n. PacemorpuM pesysbTaHT
muorowtenos Py(x) u Py(z) = (4 — 1)(222 — 22 + 1). Tak xak muorowienst Py (z)
u Py(x) He mMeroT 06X KOpHEii, TO

1 < |R(Py, ). (1)

C npyroit CTOpOHBI

|R(Py, Po)| = 8 - |ay|* -

o

|

=~ =
o)
|
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+

N —
~.
N——
™
|
N
| —
|
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Oéj - =" H
e

Tak xak (o, 3) € 11 u k < n uMeeM CJICIYOIYIO OIEHKY

1
Oéj—z" H

k
[R(Py, Py)| < 8" |axf? - cs2Q7° - ] |
=2

11 oneHKn TpoM3Be/IeHN BOCIIOIb3yeMcs JIeMMO 1 1 ITOJTyYuM cJiefytoriee Hepa-
BEHCTBO

|R(P1? P2)| <8"- "%‘3 : Cﬁch_3 ) (k + 1) .
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<2+ 1) i < 1

npu ¢z = cgc2 = 279" 1(n + 1)73. lannoe nepasenctso nporusopeunt (1). O
Bgejem ksacc MHOrO11€HOB

P3(Q) = {P(z) € Zlz], deg P = 3, H(P) < Q}.

JlokazkeM CJIeIYIONIYI0 TeopeMy 2, KOTOpas MO3BOJISET CBA3ATH KOJUIECTBO aJl-
rebpalvecKnX TOYEK TPEThEil CTeleHN U BBICOTHI, He MPeBOCXoadIeil () ¢ 06beMoM
munuaapa 1.

TEOPEMA 2. Ilpu docmamouro 6oavwom Q > Qg u docmamouno 6oavwux
seaununaT cg u ¢y A060t yuaundp T = I x K, 20e pul > cgQ™7, ulK > cogQ 727, 0 <
v < %, codeporcum ne menee, wem croQuT areebpauneckux mouex (o, ) cmenenu
dega = deg f =3 u svicomn H(a) = H(B) < Q.

B xoze nokazarenberBa TeOpeMbl 2 TakzKe OY/JIET MOCTPOEHA PeryJ/isipas CHCTEMa
ajredpandecKux TO4YeK.

Jlpyrum mHTEpPECHBIM BOITPOCOM SIBJISIETCSI BOTIPOC O KOJINIECTBE aaredpandecKux
TOYEK BO3JI€ HEKOTOPOW IMOBEPXHOCTU. B JaHHOM cjlydae MOXKHO pPacCMaTpUBATH
HoJIoCy, MupuHoit nopsika Q1. V3 TeopeMbl 2 ciie/Iyer, 4To MbI He MOKeM OIeHUTD
KOJIMYECTBO aJIredpanvdecKnx TOUeK B IMUINHJIPaX 1', 00beM KOTOPBIX UMEET MOPSII0K
Q) % < v < 1, ogHako, J0Jid TaKuX IMUJINHAPOB MaJia. /lannbiii hakT 1m03BOJIAET
HaM JIOKa3aTh CJIEIYIONLYI0 TeOPEMY.

TEOPEMA 3. ITycmov y = f(Imz,Rez), y € R, z € C — nexomopas nenpe-
pueran Gynkyus, 3adannas na obaacmu D C C. Onpedeaum mroorcecmeo L(Q, N)
CAEYIOUWUM 06PA30M

L(Q,)\) ={(y,2),2 € C,y € R, |y — f(Imz, Rez)| < c17Q ™}

npu 0 < X\ < 1. Tozda xoaunwecmso anzebpauseckuxr movex (o, 3) cmenenu dega =
degf = 3 u swcomwn, H(a) = H(B) < Q, npunadsescawur L(Q,N), ne menvue,
wem cig(f, D)QY.

[lepeitnem K gokazaTebCTBY TeopeMbl 2. JIis1 jokasaTe/ibecTBa JJAHHON TeOPEMBI
UCIIOJIb3YEM CJIEJIYIONIYIO JIEMMY.

JIEMMA 2. O6osnavum uepes L = L(Q, 8, T) — muoorcecmeo mouex (x,z) € T,
ONA KOMOPOIT CUCTEMA HEPAGEHCE

[Py(a)] < 2Q73,
‘Pg(Z)‘ < 2@75,
min{|P3(2)], |P5(2)]} < 0@,

umeem pewenue 6 nosunomar Py € P3(Q). Tozda npu docmamourno manrom oy u
docmamoyro 6oAbWUT Cg U Cg UMEEM

(2)

1
L < -uT
M 4M

ons scex T =1 x K ¢ yeaosuamu pl > cgQ™7, pkK > cg@Q 2, 0 < v < %
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Cdopmynnpyem Bcriomoraresbhyto jemmy. 1lyers aq, g, ..., o, KOpHEH MHOTO-
wiena P(z). C KaxK/pIM KOpHEM «; OyIeM CBA3BIBATH MHOXKECTBO

Sla)) ={zeR: |z — ] = 1I<n]1£1 |z — o4}

Besze nasee momaraem, 4to i = 1 u Kopan MHOrOWIeHa P(X) yHOPSIOUEHBI OTHOCH-
TEJIbHO (/1
lag —an] < |lag —as] < ..o < ag — ay.

JIEMMA 3. IIyemo x € S(ay). Toeda

2 lPW)
ol S ) @
ol <2 3

. nj |P(@)] I
|z — | < 215%1{(2 J\P’(a1)||&1 — ol ... | — aj : (5)

npu ycaosuu, wmo |P'(x)| # 0, |P'(aq)| # 0.

Hepasenctso (3) cieayer n3 Tox/IecTBa

Pz) & 1
P(x) a Z T —ay

i=1

a nepaserctsa (4), (5) mokazaust B [10, 11].

JIOKABATEJILCTBO. Paccmorpum cucremy HepaBeHCTB (2) W HaiiJieM OIEHKH
crmusy s npousBoaubix |Py(a)| u |Py(B)|, tme o« € R — meiicTBuTeIbHBIN KOPEHD
muorowtena P3(z), a /1 € C — KoMIuteKcHbIil KOpeHb MHorowiena Ps(z).

Bocrosibayemest JIeMMO# 3 1 [OJTyYUM CJIJIYTOILY IO OIEHKY

|z — oy Smin{( ‘53(( ))||| —61|) (’\]53(( ))|||a1 Billea — 61|)1/3}

OTKY/Ia CJIEJIyeT, 9TO

2 — aul < |Py(a) a2 < 21, 6)
Anasormano
’.T — 51‘ < 2@—1/9. (7)
U3 ycnosus |Imz| > §, a Takxke u3 nepasencts (6) u (7) nupu @ > Qo cremnyer,
qTo

0 ) - 5
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I/ICHOHbSyH JaHHbIe HEPpaBEHCTBa HaXOJIUM OICHKU

/ a0
|Py(a)] = las] - | = B] - |l = B > —[as],

2
PO =lasl 18— al- 18~ Bl > * lasl

Ot (2) mepexo M K pacCMOTPEHHIO CHCTEMbl HEPABEHCTB

|Py(z)| < 2Q75, |P3(2)] < 2Q75,
as| < |Py(a)] < 2e11Q,

§|a3| < |P3(B)] < 2c12Q,
min{cn,clg} = 50.

U3 cucremsr (8) ciremyer, 9to
|as| < 4606 %Q. (9)

Bocrnonibzyemcest jiemmoit 3 1 paccMOTPHUM ITUJIAHIPBI

2 —a < 50 ag] !
P — 9 1 ’ 10
o(P) {|z—6|§5%62‘3|a3!‘1, (10)

rie P € P3(Q). Ormernm, uro obbem mmmunapa po(P) < 54w 5Q 1 az|™ <
csCo@Q ™ < T, mpu ocTATOYHO GOJIBIION BEJIMUUHE Cg * Cg.

BbIumc/ MM KOJIMIeCTBEO MHOTOUICHOB P3(1) = azx®+asx?+ay2+ag, 118 KOTOPBIX
cytecTByer Touka (x, z) € T, yaosaersopsitomnias cucreme (8). s sroro npu duk-
CUPOBAHHOM 3HAYEHWU (3 BBIYMCJIUM KOJUYECTBO BO3MOMKHBIX TPOEK #(asg,aq, o)
ko3 durenToB Mmuorowiena Ps(x).

[Iycts dy — uentp unrepsana I, a do — mentp kpyra K. Ouenum 3uadenue
muorowrena P3(z) B Toukax dy u da.

Taxk kak d; — nentp uaTEepBaJia I, TO JIIOOYIO TOUKY T € I MOXKHO IPEJICTABUTD,
Kak £ = dy + 01 - csQ77, 01| < % n

|P3(ZE)| = |P3(d1) + 06, - CSQ_’Y('Yagd% + 3aqdy + a1)|.
Tora, UCIIOIB3YsT CUCTEMY HEpaBEHCTB (8), nmeeM

|P3(dh)| < [P3(z)] + |as|es@Q@ 77 - ca3]01] < cslas|Q77|&i ()], (11)

rje & (r) — HeKoTopasi orpaHuYeHHasi QYHKIHs, 3aBUCSIIAS TOJBKO OT .

AnajioruvHo, Tak Kak dy — 1meHTp Kpyra K, To jjis o0y ToUKy 2z € K MOXKHO
IPEACTABATE, KaK 2z = dy + 02 - c9Q~7, 62| < 3, TO mcmomb3ys mepasencTsa (8),
nMeeM

| P3(da)| < colas|Q7[€2(2)], (12)
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rie &o(z) — HeKoTOpas orpaHuvdeHHas (bYHKIHsI, 3aBUCSIIAS TOJIBKO OT Z.
Hepasencrea (11) u (12) npuBojgaT HAC K cucTeMe ypaBHEHUIT

{ asd} + axd? + ardy + ao = li(2), (13)

asd% + CLng + ardy + ag = lo(2),

e |h(2)] < cslas|Q77[& ()], [l2(2)] < colas|@77[€x(2)].

[Tpu durcupoBanHoM as paccMorpuM cucreMy (13) jyist ABYX pasjindaHbix HabO-
poB KO3 DUIUEHTOB (a9 1, 1,1, 0o,1) 1 (2,2, G1,2, Ag,2), TOLJIA

{ (a1 — a2,2)d% + (a11 — a1 2)dq + (ap1 — ao2) = li(x1) — li(x2) = Ki(21,22),
(agq — a2,2)d§ + (a11 — a1 2)dy + (ap1 — ap2) = la(z1) — la(29) = Ka(21, 22).

[Tpumenum meton Kpamepa. g sToro npejacraBuM cuCTEMY B CJIETYIONIEM BUJIE

(agq — ag2)d} + (a1,1 — a12)dy + (aoy — aoz) = K1(1, 22),
(azl — a272)<R62d2 — IdeQ) + (CL171 — (1172)R,ed2 + (CL()J — (1072) = Reﬁg(zl, ZQ),
(a271 — dgg)QRGdQImdQ + (al,l — al,g)lmdg = ImKQ(Z’l, 2’2).

Brerancimm OolpeJe/InTe/Ib CUCTEMBI

& d 1
A = R62d2 — Im2d2 Redg 1l =46- |d1 — d2|2 > 53.
2Red21md2 ImdQ 0

AnanornaunimM 06pa30M, HCIIOJIb3Y4d OILICHKU

k121, 22)| < 2csas|Q [y (x)| < as|Q™!

|Ka(21, 22)| < 2c0]as|Q ™ &a(2)] < |as|Q77,

nMeeM
|A;| < c14]as|Q77, i =0,1,2.

Torma |a;1 — a; 2| < c1402|az|Q™", i =0,1,2 u npu HUKCHPOBAHHOM a3 KOJIHYE-
CTBO TPOEK (ag, a1, @) MOKHO OIEHUTH KaK

0 asPuT, as| > Q7,

15, las| < Q. (14)

#(az, a1, a9) < {

Ouennnm cymmapHyto Mepy MHOKecTB (10)
Y pe(P)< Y po(P).
PeP3(q) as,a2,a1,a0

Bocnonbsyemcs ornenkamu (9) u (14) u paccMOTpuM JiBa Cirydas.
1) 467260Q > las| = Q7,
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TOrIa,

Yo oue(Py< > D 546 0Q  as| Tt <

a3,a2,a1,a0 las3|=>Q7 az,a1,a0

1
< 54med, 6P QT uT Z las|?|as| ™ < 2207673 douT < guT (15)

las|>Q
upu 6o = 27105V e 2t
2) ’a?)’ < Q’Ya
TOT A

Y ouo(P)< > > 54w tQ  as| T <

a3,a2,a1,a0 laz|<Q7 a2,a1,a0
1
< 5dmed 0QT Y fag| P < 276 0Q ! < ShT (16)
lag|<QY

IIpU CgCy > 2107TC155_6 n0< v < %

> po(P) <
PeP3(q)
O
[Ipexke, yeM MBI TIepeiijieM K J0Ka3aTeIbCTBY TEOPEMbBI 2 BBEJIEM IOHATHE Pe-
I'YJIAPOR CUCTEMBI JIJId TOYEK C OJIHOY KOMILJIEKCHON M OJHOM JICCTBUTEJILHON KOOP-
JUHaTaMU.

ONPEAEJEHUE 1. I[Tycemo I' — cuemmnoe mmooicecmeo mouek (y1,72) € R x C
u N : I' = R — nonoorcumenvras gynruua. apy (I', N) nazoseém pezyasap-
HOU cucmemoti, ecau cywecmsyem nocmoannas c1g = ci16(I, N) > 0, makas
wmo das aobozo yusundpa T C R x C mnatidemea docmamouno boavwoe wuc-
10 My = My(T,N,T) > 0, wmo npu aobom M > My moocro ewbpamsd mouku
(71,mM2), - (1. m2) € INT ¢ yeaosuamu
1) N(Wip,vi2) < M, 1<i<t,
2) yuarundpol
{ |z — yia] < M3,
|2 —yi2|l < M75,

WIF Wl

2de 1 < i <t He nepecexaromces,
3) t> chMuT.

3. Jloka3aTe/ibCTBO TeOpeMbIl 2

Bocnosbayemest pesynbratamu jgemmbr 2. Pacemorpum muoxkectso B = T\ L. U3
JIEMMBI 2 CJIeJTyeT, YTO

3
uB > ZMT (17)
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upu @@ > Qo. Pacemorum touky (z1,21) € B. CymecrByer muorowren Pj(z) €
P3(Q), yIOBIETBOPSIONINI CHCTEMe HEPABEHCTB

{ |Pi(z1)] < 2Q73, |Pi(=1)] < 2Q75,
|Pl(z1)] = 60Q, |Pi(21)| = 0@,

Pacemorpum Kopru oy, 8 Muorowtena Py (x). Io semme 3 nmeem

o1 — o] < 36,'Q73,
18
{ |21—51|§%551Q_%- (18)

Breibepem makcumasbiyto cucremy Todek I = (11, 712),- -+, (Ve1, Ve2)), Yio-
BJIETBOPSIONIUX YCJIOBUSIM

H(vin) = H(vi2) < Q,
3
2
U3 nepasencrsa (18) u onpenenenns I' ciesyer, aro st 060it Touku (x1,21) € B
Haiijercs Takasd TouKa (7Y;1,7%.2) € L', 110

{ |21 — yia] <365'Q°
le

|21 — Yi2| < 30g

3
’%1-0&1’>§561Q7% Wi ‘21—61’> (5071Q7%, 1< <t

Wl ol

)
Tormna nMmeem

t
BC | {1, 21) € Tt oy — 7ial <3051Q75, |21 — mial < 365'Q 73},

=1

u u3 HepasencTsa (17) cieayer, 9To

A~

t-2776,°Q " > uB > ~uT.

TaxkumM 06pasoM, UMeeM
t > c10Q' T

O

N3 paHHBIX paccyKJIeHNN TaKxKe CJIe/IyeT, 9TO aJredpandecKiue TOUYKu 00pa3yIoT
peryssipuyto cucremy B R x C ¢ dynkuueit N(a, 3) = H(a)* = H(B)*.

B 3azauge, koTopyio OyueM pemarh jgajee, IMala3od N3MEHEHNs Y PACIIAPUM JI0
0<y <1

Uccmemyem Borpoc o pacipejiesieHnn ajrebpandeckux Touek (a, ) BOam3m mo-
BEPXHOCTEl U JIOKaXKeM TeopeMmy 3 00 OlleHKe CHU3Y KOJUYECTBa aaredpamdecKux
TOYEK OKOJIO IJIaJKOl moBepxHocTh. Jjis toKkasaTesibecTBa JaHHONH TeopeMbl UCIIO b
3yeM CJICAYIONIUI BCIIOMOraTeIbHbIA Pe3yJIbTar.
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Pacemorpun mmmaapsl T = I x K, pl = ¢19Q77, uK = cp0Q ™, % <7 <1,
He cojiepxkaiiue To9eK (x,z) € R x C, 111 KOTOPBIX CYIIECTBYeT MHOTOUIeH P3

€ P3(Q), yIOBIETBOPSIONIHI CHCTEME

Py(e)| < 3074,
|P3(2)] < 3Q73,
|CL3| < 6(]@’7

Cupase/yinBa cJIe/IyIomast JeMMa.
L1(Q, 00, T) — mmoorcecmeo mouex (z,z) €

JIEMMA 4. Ob6osnavwum wepes L =
€T, 0rn KOMOPHLIT CUCTNEME HEPABEHCTNE

|Py(x)| < 3Q73,|Py(2)| < 3
min{| P3(z il B2} < 6000,

|a3| > (50@2’Y

umeem pewenue 6 nosunomar Py € P3(Q). Tozda npu docmamouro manrom oy u

docmamouro 6oAbWUT Clg U Cap UMEEM

Q 3,
(19)

1
L < -uT
2 4M

ona scex T = I x K ¢ yeaosuamu pl = ci9Q7, uK > co0Q %, % <~v <1

JIOKABATEJILCTBO. lIpoBoist paccyKieHus, aHaJOTHYHBIE JI0KA3aTEHCTBY
JIEMMBI 2, CBOAMM cucreMy HepaBeHcTB (19) K ciejyrommei

@) <3075, PG <307t
2Jas| < |Pi(o)] < 201Q, Flas] < [P < 200, 0
‘Clg‘ > (50Q77
min{cyy, caa} = do.
U3 cucremsr (20) cremyer, 9To
’CLg’ 450 2@. (21)

BOCHOHBBY@MC?[ JIeMMO 3 n pacCMOTPpUM IMUJIMHIPbI
-1
|x_&’ < 52Q ‘(lg' ) (22)

o(P) = { _
2= B < $Q73as| ™,
rae P € P3(Q). Bamerum Takxke, 910 00beMbl IMIMHAPOB o (P) He NpPeBbIIaT

obbeM tmmHpa 1’
po(P) < 6°7w6°Q as| ™ < uT

upu @ > Q.
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[To amasormm ¢ J0Ka3aTeJbCTBOM JIEMMbI 2  BBIYHCIUM  KOJMYECTBO
Tpoek (as,ay,ag) Koaddunuentor Muorowiena Ps(z) = azx® + axx® + a1x + ao,
yaosJsieTBopsttoriero cucreme (20), npu bUKCHPOBAHHOM ag3.

[Iycrs dy — uenrp unrepBana I, a dy — uenrp kpyra K. U3 cucrembr (20)
HOJIy UM CJIEJIYIOIINE ONEHKH

|P3(dy)| < crolas| Q@7 ()], (23)
| P3(d)| < caolas|Q7[62(2)],

rie & (x) u &(z) — HeKoTOpble OrpaHnvyeHHble (DYHKIUN.
Ucnonb3ys HepasencTsa (23) 3almIineM CHCTEMY ypaBHEHHIT

Clgdil)) + agd% -+ a1d1 —+ ag = ll(x),
a3d§ + agdg + aldg + ag = ZQ(Z),

e [l (7)] < cg19]as| Q&1 ()], [12(2)] < caolas|Q77]E(2)].

[Tpu GuKCUPOBAHHOM a3 PACCMOTPUM cucTeMy (23) Jyist JBYX Pa3InIHbIX HAGO-
poB K03 duIuenTos (as 1, a11,a0,1) 1 (a2, 1,2, Ao 2), TOLIA

(a2 — ag2)di + (a11 — a12)dr + (ap1 — ap2) = K1(x1, T2),
(CL271 — 0,272)(R82d2 — Ideg) + (al,l — am)Redg + (a,(),l — a072) = RGKQ(Zl, 2’2),
((1271 — a272)2Red21md2 + (CL171 — (1172)Imd2 = Imlﬁlg(zl, ZQ),

riae Iil(l’l, l’g) = 11(1’1) — ll(l‘g) nu Iig(Zh ZQ) = lg(Zl) — 12(22).
Penraga JaHHYIO CUCTEMY METOJ0M KpaMepa IIOJIy49UM, 9TO IIpU CbI/IKCI/IpOBaHHOM

@3 KOJIMYECTBO TPOEK
#(ag, a1, a9) < 30 |as|*uT. (24)

OrnenuM cyMMapHYIo Mepy MHOKecTB (22) u u3 onenok (21) u (24) mmeem

1
Z po(p) < Z po(P) < 4cs,0 T ouT < ZMT

PePs3(q) a3,a2,a1,a0
npu g = 2_551702_33019020. O

JIEMMA 5. Ilpu docmamouno 6oavuwom QQ > Qg u docmamouno 6osvwur ee-
MUMURAT Crg U Coo 10000 yuaundp T = I x K, 20e pl > c19Q ™7, pK > cp0Q ™2,
% < v < 1, codepoicum ne menee, wem coaQ T anzebpauneckuxr mouer (a, 3) cme-
nenu dega = deg 8 = 3 u swcomu H(a) = H(B) < Q.

JIOKABATEJILCTBO. /151 loKa3aTe/becTBa JIEMMbI 5 HCIIOJIB3YEM PE3YJIbTAT JIeM-
mbl 4. Pacemorpum muoxkectBo By = T'/Ly. U3 onpenenenust uauaapa T w0 JieMMbI
4 cnemyert, 9TO

3

pB1 2 T (25)

upu @ > Q.
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Pacemorpum Touky (21, 21) € By. Cymecrsyer muorouinen Pi(z) € P3(Q), yio-
BJICTBOPAIONINAN CACTEME

|Py(21)| < 3Q75, |Py(21)] < 2Q75,
min{| P} (z1)], [P (z1)] > 6@, (26)
las| > 6p@Q7.

N3 nemmbr 3 ciemyer, 9To

|J}1 — Oél| < 957162
|21 — B < 95 'Q-

rje o — JeHCTBUTEIbHBI KOpeHb MHOrowieHa Pi(x), /1 — KOMILIEKCHbI KOPEeHb

f (27)

muorowrena Py (z).
Hepes T; 0603HAINM MHOXKECTBO TOY€EK, YIOBJIETBOPSAIONINX HepaseHcTBaM (27),
TOTIA
wl < 5350_37TQ_4.

AnajornaHbIM 00pa3oM pacCMOTPUM TOUKY (Xg, 2) € By = By /T). lisa Hee cy-
mectByer MHOrOUIeH Po(x) € P3(Q), yaosiaersopstomuii cucreme (26), u cTponm

MHOZKECTBO \
|z — o] < 265'Q 73,
T = ( ) : 9 4
|z — Ba| < 500 Q- s,
riae ag € R, By € C — kopuu Muorounena Po(z) u puTy < 5350_ TQ 4.
[Tocrpoenne Tovek (v, 3;) MOKHO MIPOJOJIZKUT JIO TEX 110D, ToKa MHOXKecTBa T},
1 <4 <t me mokporor Bce MHO)KecTBO By. OTciofa u u3 HepasecTBa (25) cieyor

OIlEHKN
t
3
ST < pBy <) pTi < 5%, tmQ ™"
i=1
u
> Q' uT.
O

[Tposeiem moKa3aTETHCTBO TEOPEMBI 3, UCTIOJIL3YS PE3YIHTATHI TEOPEMBI 2 U JIEM-
MBI D.

4. Jloka3aTeJabCTBO TeOpPeEMbI 3

Pacemorpum pa cirydasi.

1)0<A< 3

[Tokpoem obmacts D kpyramu K; = B(z;, Q7), 1 < i < t Takum 06pa3om, 4To6HI
|z — 2;] = 2Q7*, Vi, j. B 9TOM cilydae KOJIMYECTBO TAKUX KPYI'OB MOXKHO OIEHUTD,

KaK
> D -27'Q™ (28)
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PacemorpuM i IpBI

Ty={(z,2): |z — | < cos(£)Q ™, |z — f(Imz;, Rez)| < 026(f)Q’)‘} , 1 <i<t,

takne, aro T; mosmmocThio comepkares B L(Q, N). Tax xak uT; < cor(f)Q™3Y, 0 <
<A< %, TO U3 TEOPEMBI 2 CJIeIYeT, UTO KayKJIbIi MUINHAD 1; CONEPXKUT He MeHee,
geM ¢10Q*uT; = cog(f)Q* 3 amrebpanueckux Touek. Torga ¢ yueToM HepaBeHCTBa
(28) mmeeM, ITO KOJMIECTBO ajarebpamtdecKuxX Touek, npuHaiekammx L(Q, A) mpu
0 < A < § He menee, gem ci5(f, D)Q*.

2) 3 <A<1

AHaIOrnIHO TIEpBOMY CJIydato MoKpoeM objiactb D Kpyramu K;  pacCMOTPHM
nmwmHApsl 1, 0 < ¢ < t. Berauc/jimM KOJIMYIecTBO MUJIMHIPOB, KOTOPBIE COJIEPXKAT
trouku (z',y') € R x C, myst Koropeix cymectByer muorowten Py € P3(Q), ymosie-
TBOPSIOIINI CHCTeMe HEPABEHCTB

(29)

Ucnonb3yst silemmy 3 u HepaBeHcTBO |Imz| < § umeem, uTo npu (bUKCHPOBAHOM MHO-
rowiene P3(z) = azz’+ayx®+a;r+ag Bee Touxu (2, y'), yJA0BIETBOPSIONITE CUCTEME
(29), comexkaTcst B IUIHH/IPE

r < 3 -1 -1
O’(P) — |£B/ Oé| = §Q713|a3| 17
‘Z _B|§§Q 3|a3‘_ )

e a € R, 5 € C - xopau mHOrOUIeHA P3(1).

Onennm koamvaecTBO IMHAPOB 13, 1 < 7 < ¢, KOTOpBIE IMEPECEKAIOTCS C IIUINH-
apom o(P). Hecitoxkuo 3ameTuTh, 4ro mmupuHa 1moaockl L((), \) HAMHOTO MeHbIIe
BbICOTHI nymHpa o(P). B cBs3u ¢ srum Kaxkbiii numaap o(P) nepecekaer He
6oiee, uem 4Q*2/3|as|"? unwmmnmpos T;.

Orcrona ciemyer, 94To obIIee KOJIMYECTBO IMJIMHAPOB T}, colmepsKallpe TOYKY
(2',2") MOXKHO OIEHNTH, KaK

D AQP T lagl P <AQPE BT sl <

PeP3(q) a3,a2,a1,a0

S 4@2/\72/3 Z ‘0/3’72 S 24@2)\72/3' (30)

|a3|<50Q’\

U3 onenku (30) caemyer, uro kosmuectBo m muiniapos 1;, 1 < i < t, yiaoBjerso-
PAIOIINX YCJAOBUIO JIEMMBI 5 HE MeHee,9eM

m > C(D)QQ)\ - 24@2)\—2/3 > %C(D)QQ)\ (31)
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upu Q > Q.

Toryia u3 jemmbl 5 u onenku (31) cieyer, 4To KOJIMIECTBO ajrebpandecKux

Touek, npuHaexkamux L(Q, \) upu % < A <1 ne menee, yem

5.

%C(D)Q% e (f)QY = eis(f, D)Q

SaKJII0UeHue

OcCHOBHBIE TEOPEMBI, TIOJIyIEHbIE B CTATHE, MOI'YT OBITH OOODIIEHBI B PA3JIMTHBIX

HanpaB/eHuax. KoHedHO, XOpoIio Obl JIOKa3aTh aHaJOT TeOPEeMbl 3 JIJId TOYKHU C
[IPOU3BOJILHBIM KOJIMYECTBOM JCHCTBUTEJBLHBIX U KOMILJIEKCHBIX CONPAYKEHHBIX KO-
opaunat. OHAKO, TaKas TeopeMa elle He JOoKa3aHa JiJis TOUYeK TOJBKO C JIeificTBU-

TE€JIbHBIMUA WJIX TOJIbBKO C KOMIIJIEKHBIMUA KOOpAHWHaTaMM!. B 9THUX CJIydadX B COBMECT-
HBIX JTHO(MAHTOBBIX NPUOIMKEHUAX HE YJIaeTCd MePEedTN K TPUOINKEHUIM C HEIIPU-
BOJMMBIMUA MHOI'OYJIEHAMM, 9TO JIETKO JeJlaeTCd B OJHOMEPHOM CJlyYac. PeLHeHI/Ie
YKa3aHHBIX MMPOOJIEM TO3BOJIUT MOJIYYUTEH 0000IIeHNne TeopeMBI 3.
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