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Abstract

In this paper, the rate of convergence of Cesaro means of the double Fourier series of a
2m-periodic function in each variable and of generalized bounded variation, is estimated. The
result obtained is a generalization of a result of S. M. Mazhar for a single Fourier series and of
our earlier result for a function of two variables.
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1. Introduction

The Dirichlet-Jordan theorem (see [11] or [17, p. 57|) asserts that the Fourier series of a 27-
periodic function f of bounded variation on [—m, 7] converges at each point and the convergence
is uniform on closed intervals of continuity of f. Bojani¢ [4], and Bojani¢ and Mazhar [6] have
quantified this result by estimating the rate of convergence of the Fourier series and of Cesdro means
of the Fourier series at each point, respectively. Also, Bojani¢ and Waterman [5], and Mazhar [13]
have generalize the results of Bojani¢ [4], and Bojani¢ and Mazhar [6], respectively, for functions
of generalized bounded variation. Hardy [10| proved the extension of the Dirichlet-Jordan theorem
from single to double Fourier series. Similar to Bojanit [4], and Bojani¢ and Waterman [5], Moritz
[14] and, Bera and Ghodadra [7| have quantified the result of Hardy, by estimating the rate of
convergence of double Fourier series of functions of bounded variation and of generalized bounded
varition, respecctively. Here we shall give an estimate of the rate of convergence of Cesaro means of
the double Fourier series of a function f, 2m-periodic in each variable and of generalized bounded
variation. Our result of this paper is a generalization of a result of Mazhar [13] for a single Fourier
series and of our earlier result [7] for a double Fourier series.

2. Single Fourier Series

Here we shall recall certain results for pointwise convergence and rate of convergence of a single
Fourier series. We need the following definitions.

DEFINITION 1. Let f : R — C be a 2w-periodic function, which is Lebesque integrable over
T := [—m, 7). The Fourier series of f, denoted by S(f,x), is defined by

S(f,x) = i e

n=—oo

where

1 " ’
Cn = — fu)e™"™du, n € Z.

T on o

The n'" symmetric partial sum of the Fourier series of f, denoted by Sy (f,z), is defined as

n

Sp(f,z) = Z cjeijz, n=20,1,2,....

j=—n
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DEFINITION 2. The (ordinary) oscillation of a function h : [a,b] — C over a subinterval J of
[a,b] is defined as
oscy(h, J) = sup{|h(t) — h(t")| : t,t' € J}.
In the sequel, we will distinguish the subintervals of the non-negative half of the one-dimensional
torus T = [—m, 7] : [jm = [0jm,0j+1,m], Where 0;,, = -2 for j=0,1,2,...m;m € NU{0}.

DEFINITION 3. Let f be a real-valued function defined on an interval [a,b] and A = {\,}72 be
a non-decreasing sequence of positive numbers such that ﬁ diverges. Then the function f is said
to be of A-bounded variation (f € ABV) on [a,b] if there exists a positive constant M such that

Zn: |f(ak:));f(bk)| <M
k=1

for every choice {I;} of non-overlapping intervals with Iy, = [ax,bx] C [a,b], k = 1,...,n. If
f € ABV [a,b], the A-variation of f is defined by

VA(f, [a,0]) = supzv(ak))\_kf(bk”’

where the supremum is extended over all sequences {1} as above.

Note that for A = {1}, ABV=BYV, the set of all functions of bounded variation on [a, b]. Also,
note that if f is of A-bounded variation, then f(x +0) and f(z — 0) exist at every point z of [a, b]
(see, e.g., [16, Theorem 4]). We define, for x € [a, b],

s(f.) = 5L+ 0) + flz = 0)} (1)

and
G2(t) = flx+t) + flx—t) = 2f(x), t € [a,b]. (2)
Jordan [11] proved that if f is a 27-periodic function of bounded variation on [—, 7], then its

Fourier series converges to s(f,x) at each point of z. This result was quantified by Bojanit [4] by
estimating the rate of convergence of the Fourier series of f at x by proving the following theorem.

THEOREM 1. If f is a 2w-periodic function and is of bounded variation on [—7, x|, then for all

x and n we have .
Sf2) = st < 2 32V (e [0.7])

R. Bojani¢ and D. Waterman [5] have generalized this result for the larger class ABV, where
A = {n"}, 0 < v < 1, and denoted that class by 7BV and the corresponding variation by
Vy(f, [a,b]). Their result (including their Lemmas 1 and 2) is as follows.

THEOREM 2. Let f € yBV(T), 0 < v < 1, and let Vy(¢z,u) denote the generalized variation of
¢z on [0,u]. Then
5 <o 1 s "1 - ™
’ n(fy.f) — S(f7$)| S k‘Jr 1OSCl (¢x’ k,n) X n+ 1 —’y Zk? ¥ <¢xa %) )

k=0 k=1

where s(f,x) and ¢5(t) are as in (1) and (2), respectively.

In order to obtain a result for Cesaro means, we first recall the following definition and properties,
which can be found in ([17, pp. 94-95], [13, Theorem 1], or [6]).
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DEFINITION 4. Let K3 (t) denote the (C,«) kernel and o (f,x) the (C,a) mean of S(f,x) for
-1 <a<0. Then

I Ko
K0 = 42 > A5 Du(d),
" y=0

oaha) == [ fla+ K@,

—T

and

rit) = st = 1 [ onKz O Q

where D, (t) and AS are defined as

v

1 g in (v+ 3)t
DYURE D S L U 5)
j=—v

and

n+a Fn+a+1)
a_ 1 A0 — — N.
0= 4 n <n> T+ )liat1) "<

Some properties of K (t) are as follows:

2 T
2 Ko(t)dt =1, (4)
m™Jo "
o 1
9k+1,n Cl
ek,n
and
o Co
/ Kn(u)du| < oo (7)

where Cq and Cy are constants.

Mazhar [13] generalize the result of Bojanit and Waterman [5] by proving the following more
general theorem (including their Lemmas 1 and 2).

THEOREM 3. Let f € yBV(T), 0 <~y < 1 and let V,(¢z,u) denote the generalized variation of
¢z on [0,u]. Then fora>~v—1, -1 < a <0,

« - 1 (2—|—Oé—
’Un(f7$)_5(f7$)|<Cﬂékzo(k+1)l+aoscl (be,lk,n)g ( +1 a—vy+1 Zk'y a ’Y(QZ)I’ >7 ()

21+a 21+

Cr+ WHZ C’g), and s(f,x) and ¢, (t) are as in (1) and (2), respectively.

where C,, = (1 +
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3. Double Fourier Series

In this section, we shall recall certain results for pointwise convergence and rate of convergence
of a Double Fourier series. We need the following definitions.

DEFINITION 5. Let f : R? — C be a function, 2m-periodic in each variable and integrable over
T2. The double Fourier series of f is defined by

S(f,x,y) Z Z cjre ITTRY) (9)
Jj=—00 k=—o0
where

1 ™ ™ o
Cjk = 47r2/_ 3 f(u,v)e ) qudn, j. k € Z. (10)

We consider the double sequence of symmetric rectangular partial sums

S (f,z,y) = Z che WGrtky) mon=0,1,2,.... (11)

j=—mk=—n

The Cesaro (C,a, B)-means of the double Fourier series (9) for —1 < a, 8 < 0 are defined (see,
e.g., [9, p. 106]) by

(fax y AO‘ Aﬁ ZZAS@ 1;1,‘42 i Hyl/(f’w7y)a man:07172a""
" 4=0v=0

DEFINITION 6. A function f defined on a rectangle R := [a,b] X [c,d] is said to be of bounded
variation in the sense of Vitali, in symbol, f € BVy(R), if

sup ZZ |f(@j,u6) — f(@j-1,96) — fzg, y6-1) + f(@-1, yp—1)| < 00, (12)

771><'sz 1 k=1
where the supremum is extended over all partitions
Piia=xpg<z1 < <Tm=band Po:c=yg<y1 < --<yp=4d

of [a,b] and [c,d] respectively. The supremum in (12) denoted by V(f,[a,b],[c,d]) is called the total
variation of f over R.

If a function f € BVy(R) is such that the marginal functions f(-,c) and f(a,-) are of bounded
variation over the intervals [a,b] and [c,d] respectively, then f is said to be of bounded variation in
the sense of Hardy and Krause, in symbols, f € BVu(R).

DEFINITION 7. The rectangular oscillation of a function f : [a,b] x [c,d] — C over a subrectangle
J x K of [a,b] X [c,d] is defined as

OSCZ(fa J, K) = sup{]f(u,v) - f(u',v) - f(ua U/) + f(u/>vl)| P u, u' e J,U,’Ul S K}
We also recall that the modulus of continuity of a function f on T? is defined by

w(f7 517 (52) = sSup ’f(uv ’U) - f(u’,v) - f(u7v/) + f(u’,v/)\,

lu—u'|<d1, |[v—v'|<d2

the partial moduli of continuity of f are defined by

wo(f,0) == sup |f(u,0) — f(u',v)],

|lu—u'|<d1, vET
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and

Wy(f, 5) = sup ’f(uv U) - f(uvvl)‘v

|[v—v’|<d2, u€T
and also

wz‘(fﬁz‘):‘Slllp {If(x+hi) — f(z)] : 2€T"}, i=1,2,...,n.
hi|<d;

DEFINITION 8. Let f(x + 0,y +0) := limg_,0+ 40+ f(x + s,y +t) be the limiting value of f as

(x,y) is approached along any path lying north and east of (x,y). The other three quadrant limits
flx—=0,y+0),f(x+0,y—0) and f(z — 0,y — 0) can be defined analogously.

Hardy [10] proved that if f is function of bounded variation (in the sense of Hardy and Krause)
on T?, 27-periodic in each variable, then its Fourier series (9) converges to s(f,z,y) at each point
of (z,y).

Moritz [14] quantified Hardy’s result by estimating the rate of convergence of double Fourier
series of f at (z,y) by proving following theorems.

THrEOREM 4 ([14, Theorem 2]). If f is a bounded, measurable function on T?, 2w-periodic in
each variable, such that the four limits f (x 0,y £0) exist at a certain point (x,y), and the four
limit functions f (x +£0,-) and f (-,y £0) exist, then for any m,n > 0 we have

IV & 1
[Smn(fy2,y) — s(f,7,y)] < <1 + W) ZZ moscz(%yalj,m,%n)
0

=0 k=0

r
1) = 1
+ (1 + 77> ]Z; G 1)osc1(¢xy(-,0),zj,m)
1 1 Y L 0 I
+< +7T> r (k+1)OSC1(¢1’y( 7')7 k,”)?
where
S(f,m,y)=i[f(ac—i-O,y—&-O)—l—f(x—O,y—i-O)+f(:c+0,y—0)+f(x—0,y—0)] (13)
and
fla+tuy+v)+ flx —u,y+v)+ f(z+u,y—0)
+f($_u,y—v)_43(f,x,y), Zf U,’U>O;
flz+0,y+v)+ fz -0,y +v)+ fz+0,y —v)
Gay(u,v) =< +f(x — 0,y —v) —4s(f, z,y), if u=0 and v > 0 (14)
flz+u,y+0)+ flx —u,y+0)+ f(x + u,y — 0)
+f(x —u,y —0) —4s(f,z,y), if u>0 and v=0;
0, if u=v=0.

THEOREM 5 ([14, Theorem 3|). If f(z,y) is 2m-periodic in each variable and of bounded variation
over T? in the sense of Hardy and Krause, then for all m,n > 0, we have

Snf2.9) — (/. thZi v (6 0.7] 0.7])
2m+1 iv(% »o3)

T (#00.[07)).
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where s(f,x,y) and ¢zy(u,v) are as in (13) and (14), respectively.
In [20], Zhizhiashvili have proved the following theorem for function of several variables.

THEOREM 6. (a) If f € C(T") and

wi(f,éi):O{<log;) } (6i—0,i=1,2,....n), €>0,

then the Fourier series of f is uniformly convergent in the sense of Pringsheim.

(v) If )
wi(f,éi):0{<log;> }(5i—>0,z’:1,2,...,n),

then the Fourier series of the function f is uniformly convergent in the sense of Pringsheim.

Moritz [15] have also proved the similar type of result for function of two variables, which is as
follows

TuroreM 7 ([15, Corollary 1.2]). If f is continuous on T2,

W(f,01,05) = {<1og511>1 <log;1>l} (61,85 — 0),
wx(f,é)—o{<log(1s>1} (60, and wy(f;a)—o{oog;)l} (6 = 0),

then the Fourier series of the function f is uniformly convergent in the sense of Pringsheim.

In [9], D’yachenko have constructed a continuos function of 2m variables (m € N) with modulus

of continuity
wilf,6) = O ((log <§)>m> (15)

and its Fourier series is divergent almost everywhere in the Pringsheim sense based on example of
Bakhbukh and Nikishin [8]. Similar results for A-divergent Fourier series are also constructed by
Bakhvalov (see [1],[2]).

DEFINITION 9. Let f be a measurable function defined on the rectangle |a,b] x [c,d] and
A = {2, and A’ = {)\ 122, be non-decreasing sequences of positive numbers such that
Ay AL — 00 and 3 4 s > - diverges. Then the function f is said to be of (A, A')-bounded variation
(f € (A,A")BV) on [a,b] X [¢,d], if
)
)

(1
(2

f(-y¢) € ABV]a,b] and f(a,-) € N'BV]c,d], and

if Il and Lo are the sets of finite collections of non- overlappmg intervals I; = [aj,b;],
j=12,....m, and Ji = [ck,di], kK = 1,2,...,n, in [a,b] and [c,d] respectively, and
f(I % Jk) = f(ajack) — f(aj,di) — f(bj,Ck:) + f(bj,dk:), theﬂ

AN
117I23 1 k=1 Ik

(16)

We denote the supremum in (16) by Vip an(f,[a,b], [c, d]).
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Here we shall consider the class (A,A’) BV, where A = {n?} and A’ = {n°}, for 7,6 > 0,
v+ 0 < 1; denote this class by (v,6)BV and the corresponding variations by V,(f(-,¢),[a,b]),
Vs(f(a,-),[c,d]) and Vi5(f,[a,b],[c,d]) respectively. The present authors have proved (see |7,
Theorem 7|) that if f(z,y) € (7,8)BV(T?), then all the four limits f(x 4 0,y + 0) exist at every
point (x,y). They have also generalized Theorem 5 of Moritz and proved the following (see |7,
Theorem 8§]).

THEOREM 8. Let f € (v,8)BV(T?), 7,6 > 0, v+8 < 1, and let Va(¢ay (-, 0), 1), Vs(duy(0, )
and Vys5(¢zy,u,v) denote the generalized variation of ¢z on [0,u], [0,v] and [0,u] x [0,],
respectively. Then

1 2—Y)(2-0) e~ 1 T
‘Sm,n(fax7y)_8(f7xay)’<( * ) ( /Y ZZ]V]&VWS( my’j’k)

(m+ 1) (n+1)1-9

7j=1 k=1
1+ 2-7m& 1 ™
+ (m I 1)1—7 Z j,yvfy (szy ])

1 2 — 5

where s(f,z,y) and ¢zy(u,v) are as in (13) and (14), respectwely.

We note that if the four quadrant limits f(x + 0,y 4 0) exist at each point (z,y), then in view
of (10) and (11), we have the representation

(f,a: y)—s(f,x,y) = //qﬁzyuv () E(U)dudv. (17)

Zhizhiashvili (see [18, Theorem A] or [19, p. 233|) redicovered this result with the supplement that
if f is continuous on a rectangle R, then its Fourier series (9) converges to f(x,y) uniformly on any
rectangle Ry inside R. He also proved that Hardy’s result remains valid if convergence is replaced
by (C, «, 8)-summability, where o, 8 > —1 are fixed real numbers. Bakhvalov [3| generalized the
Zhizhiashivli’s theorem for larger class of several variable function (see [3, Theorem 1]). In particular,
Bakhvalov proved the following theorem (see [3, Corollary 1]).

THEOREM 9. Let o, B € (—%,O) and v = a+ 1, § = B+ 1. Then, for any function
f € (v,8)BV(T?), its Fourier series is (C,ca, B)-summable to s(f,z,y) and the summability is
umform on any compact set in the neighborhood of which the function is continuous.

4. Main Results

The main results of this paper are as follows.

THROREM 10. If f is a bounded, measurable function on T?, 2m-periodic in each variable, such
that the four limits f(x £ 0,y £ 0) ezist at a certain point (z,y), and the four limit functions
f(x£0,-) and f(-,y £0) exist, then for any m,n >0 and —1 < o, f < 0, we have

1
SA(Fy) = s(f.2.9)| <Ca CBZO;) j+1)1+0‘(k+1)1+50862(¢$y’ Lioms Ti)
+C, Z 1+a0801(¢xy( 0), Ljm)

1
- CB Z moscl(¢my(ov s Ik’,n)a (18)
k=0
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where constants Co, and Cg are as in Theorem 3.
Our second result, which is a particular case of Theorem 10, reads as follows.

THEOREM 11. Let f € (v,8)BV(T?), 7,6 > 0, v+ < 1, and let V, (¢uy(-,0),u),
Vs (¢2y(0,),v), and Vs (day,u,v) denote the generalized variation of ¢y on [0,u], [0,v] and
[0,u] x [0,v], respectively. Then fora>~vy—1,>6—1, and -1 < o, <0,

o (2—|—a M2+ 5 —9)CuC
Unifq(f,%y)—s(f,ﬂ%y) ( +1)a V'H(n—l—l 5 5+1/BZZ P O‘k‘5 B 7(5 <¢azy>ﬂ:7ﬂ-)

(2+a—7)Cq = 1 ™
+ 02> 7<<z>xy< 0.7)

+1
(m+1)*7 j=1

(2+B8-9)C T
t (n+1)8- 5+1ﬁzka 5%<¢zy( )7%)7 (19)

where constants Co, and Cg are as in Theorem 3.
In particular, taking v = 0 = 0 in Theorem 11, we get the following corollary.

COROLLARY 1. Let f € BVy(T?), and let V(¢zy(-,0),u), V(¢zy(0,-),v), and V(¢zy,u,v)
denote the variation of ¢y on [0,u], [0,v] and [0,u] x [0,v], respectively. Then for —1 < o, 3 <0,
we have

O_a,ﬁ i (2+OZ)(2+,8)C C@ AR 1 < E 71')
m,n(fﬂx7y) s(f,x,y) <(m+1)a+1(n+1)ﬁ+1 ZZ y 4 ¢Iy?ja

p 2ra)lan 1, (qbzy(-, 0), 7)

(m + 1)a+1

where constants C, and Cg are as in Theorem 3.
Also, we can derive the following corollary from Theorem 10.

COROLLARY 2. Let o, B € (—1,0).
(i) If
W(f,81,05) = o (5;0555) (61,85 — 0),
we(f101) =0 (57%) (61 = 0), and wy(f;02) = o (5*5) (62 — 0),

then the Fourier series of the function f is uniformly (C,«,3)- summable in the sense of
Pringsheim.

(ii) If f € C(T?) and
walf,01) = O (5727 and w,(f;02) = O (5;25“) (i=1,2), ¢>0,

then the Fourier series of the function f is uniformly (C,«,3)- summable in the sense of
Pringsheim.



O ckopocTu cxoauMocTu cpeganx dezapo npoiiaoro psiga Oypee. . . 47

(iii) If
walf,01) = 0 (672) md%ﬁﬁﬂ:o@fﬂ(@ﬁai:L%,

then the Fourier series of the function f is uniformly (C,«, 3)- summable in the sense of
Pringsheim.

(iv) there exists a continuous function on T? satisfying
wel£.61) = 0 (67%) (51— 0) and w,(£.6) =0 (5,°) (}2—0), (1)

and its (C, a, B)-mean of Fourier series diverges almost everywhere in restricted sense.

BAMEYAHUE 2. Our Theorem 10 is more general than the Theorem 4 of Moritz (except for
exact constants). Our Theorem 11 is a two-dimensional analogue of Theorem 3 and in a particular
case, we provide a quantitative version of Theorem 9. Also, setting & = 8 = 0 in Theorem 11, we get
our earlier result Theorem 8 (except for exact constants). In Corollary 1, we provide a quantitative
version of Zhizhiashvili’s result (see [18, Theorem A| or [19, p. 233]) for (C, a, §)-summability, for
a, B > —1. Our Corollary 2 is more general than the Theorem 7 and also for the case of function
of two variable in Theorem 6.

5. Proofs

We need the partial summation formulas for single and double sequences, which are as follows.

n

LEMMA 1. Consider n € N. For j =0,1,...,n, let a; and b; be real numbers. Let Bj = _ by,
k=j
for7=0,1,2,....n, and Bpy1 = 0. Then

n

n
Z ajbj = Z ((Ij — aj_l) Bj + CL()Bl.
j=1 j=1

LEMMA 2 ([12, Proposition 7.37]). Consider (m,n) € N2?. For j = 0,1,...,m and
m n
k=0,1,...,n, let aj; and b;, be real numbers, and let By, = > > bjr. Then

=0 k=0
m n m—1n—1
> D aikbjk = GmnBmn + (ajk = aj1k — @jk+1 + aje1k+1) Bjk
7=0 k=0 j=0 k=0
m—1 n—1
+ E (@jn — ajyin) Bjn + E (@mk — W k+1) B k- (22)
=0 k=0
m n
Also, if we assume that Bj, = > > by and Byyiny1 = Bjny1 = Bmyp = 0, for
=i K=k

7=0,1,...,m, k=0,1,...,n, then

m n m n
Z Z ajrbjr = Z Z (@jr — jr—1 — @Gj—1k + @j—1k—1) Bjx
=1 k=1 =1 k=1
m n
+ Y (a;0—a;-10)Bj1+ > _(aok — aok-1)Bix + ao0B1 1. (23)
= k=1
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The proof of our Theorem 10 is similar to that of a result of Moritz [14, Theorem 2| and the
proof of Theorem 11 is similar to that of our earlier result |7, Theorem §|.

PrROOF OF THEOREM 10. Let m,n € N be fixed. We start with the representation (17) of the
difference of O'g{’%(f, z,y) and s(f,z,y). By writing ¢ instead of ¢y, in view of (4), it is clear that

O-gq,’,ﬁn(fvxay) - S(f,fL', y)

_iﬂﬂuv—u— OYEE (WK (0)dudw
- 2/0/0{¢<,> 8(1,0) — 9(0, )} K, () KE ()dud

s
s

d(u, 0) Ky (u)du + — / »(0,v)K
= Amn —I—Bm + C,, say. (24)

Defining g(u,v) = ¢(u,v) — ¢(u,0) — ¢(0,v), we decompose the double integral defining A, as

7r2Amn—/ / g(u,v)K%(u)Kg(v)dudv
I()m I()n

+Z/7 {g(u,v) = 9(8jm, v) } K7, (u) K7} (v)dudv

n IOn
m
Y / / G(05m, 0) K () P (0)
j=1 Ijm JIon

+ kzl /Io,m Ik?n{g(u,v) — g(u, O ) JKS (w) K2 (v) dudv

+Z/ / 9(u, O ) K2 (u) K2 (v)dudv
k=17 To,m JIgn

+ Z Z/ {g(u,v) — g(u, 0) — 90> 0) + 9(0j.ms Opn) YK () KL (v)dudv

j=1 k=1"Lim Jikn

+ Z Z/I | {9(0j.m,v) — g(0jm, gk,n)}K%(u)Kﬁ(v)dudv
k= j,m k,n

+ZZ/ . Im{g(u,ek,n)—g(ej,m,ekyn)}KgL(u)Kg(v)dudv

7=1 k=1
ZZ/ / (O.ms O ) S (u) K (v) dudv
7=1 k=1 ]m Ikn
= A;+ Ay + -+ Ay, say. (25)

To estimate A; and Ay, from (5) and by definition of g(u,v), as ¢(0,0) = 0, we have
A< [ et K K @) dud
IO,'m IO,n

:/1 /] |6 (u,v) = d(u,0) — $(0,v) + (0, 0)|| Ky, (u)|| K (v) | dudv

1 1
< osca(P, Io.ms Lo.n) / / <m + > (n + > dudv
IO,m IO,n 2 2

< TI'QOSCQ((Z)a Io,m7 Io,n) (26)



O ckopocTu cxoauMocTu cpeganx dezapo npoiiaoro psiga Oypee. . . 49
and using (6), we have
m
IAy| = Z/I /I (901, 0) = g(B;m, 0) VO (u) KB (0) dud
‘: j,m 0,n
S [ 100) = 600) = 80im00) + 8010, 011G 00|20
]_1 j m I
m
Cq 1
< 0s¢2(@, Ij.m, 1o, / —du / (n + ) dv
3 s ) ( S ([ (v
1
< Z m0502(¢> Ij,mv Io,n)
j=1
m
< m2tee Z Y Haoscm,fj,m, Ton). (27)
0
Similalry, we can get
n
1
1+
Ay| < w2100y kz_o o9 Joams kn): (28)
Next, we estimate Ag. Put
s
R]O‘m:/ K7 (u)du, j=0,1,...,m+1 (29)
0;
and -
Rf’n:/ KP(v)dv, k=0,1,...,n+1. (30)
Then by (4) and (7), we have
92 14+a T
|RS | < Cg( ]> ,Ji=1,2,....m; Rg‘,m:? mt1m =0 (31)
and similarly
8 2\ g _T 5B
’kal’gCQ <7‘(‘k> s k:1,2,...,n; R07n:§, Rn+1n:O (32)

Now, by definition of As, we have

As = Z/ /1 0.ms V) K (u) KB (v)dudv

m

_ /10 ;g(ej7m,v) / K2 (u)du S K5 (v)dv

Ijm

m

_ /] S 9030 0) (B — RO410) § KD (0)do.
0,n

J=1
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Using the partial summation formula of Lemma 1 with a; = g(0;m,v) and b; = R$,, — RS\
j=0,1,...,m, we have

ra= [ {Z e ®) — 9051 0)) (RS — RO 1)
0,n

for

T 9B 0) (R — Ror ) }Kﬁ (v)dv

Ms

/[ { ] my V) — (ej,rm 0) - qb(ej*l,ma U) + ¢(9j71,m, O)) R‘im} Kg(v)dva (33)
0,n j:l

because g(ej,mu U) - g(ej—l,ma U) = ¢(6] ms ’U) - ¢(9j ms O) - ¢(0j—1,m7 U) + ¢(0j—1,m7 0)7 g<607m7 U) =
= g(0,v) = 0 by definition of g(u,v), and Ry, ,,, =0 by (31).
From (5), (31), and (33), we conclude that

|As| < /1 {Z |6(0.m,v) = ¢(05m; 0) = (0j-1,m,v) + ¢(9j17ma0)R?,m} K (v)]dv
on | j=1

C21te I8 1 1
< 21+O¢ Z Ty 05c2(@, Ij—l,maIO,n)/ (TH‘) dv
m J Tom 2

7=1

Cp2l+a
S e Z% (G +1) 1+O<OSC2<¢’ Lim: Ton)- (34)

J:

Analogously, now using (32) instead of (31), we can see that

Co2B L 1
|As| < e Z 0T 1)1+BOSC2(¢> Iom, Ip)- (35)
k=0

Next we estimate Ag. By definition of g(u,v), we have

g(u,v) — g(u, ek,n) - g(ej,mv v) + g(aj,my ek,n)
= (u,v) = ¢(u, Ok n) — ¢(0m, v) + A(0.m, Ok ), (36)

and hence by definition of Ag and (6), we have

|Ag| = ZZ/ i {9(u,v) — g(t, O.n) — G(O0jm»v) + 9(05.m, Op.n) YK S (u) KE (v)dudv
j=1k k,n
< ZZ /I ] 1000) = 0B = 0080000 + 08001 0] [0t

=1 k=
n

Emikizi @t Te) [ 10 0 |20

=1 1

.

n

m
Z 1+ak1+6OSC2(¢> jmalkn)
7=1 :1

1
2+a+8 2
< 2%t 50 ZZ i1 )1+a(k+1)1+5osc2(¢’ Lim, Iim). (37)
7=0 k=0

Q
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To estimate Az, using notation (29) and the partial summation formula of Lemma 1 with

a; = g(0jm,v) — g(0jm,0kn) and b; = R;{m — R‘?‘_Hm for 7 =0,1,...,m, we obtain

J

ZZZ / {9(0.m,v) = 9(0j.ms Oren) Y2 (w) KB (v)dudv

j=1k=1 Tk
-y / i 0> ©) = 90, On)) (R — By 1,m) ¢ K (0)d
k=171kn | j=1
= y / { 3 05,msv) — 9(05.m, Ok,n)] — [9(0—1,m5v) — 9(05—1,m, Ok.n) ) (RS 1y — Rt )
-1 j=1
—wﬂwmm—gmmﬁm»mmf—%ﬂmﬁKﬁwm
= é/lk i(éﬁ(@j,mvv) — 3(O.m: Okn) — D(05-1,m:0) + G(05-1,m: Okn) ) RS ¢ KL (0)d,
1 en | 52

because g(0o,m,v) = g(0o,m,0kn) = 0 by definition of g(u,v), Ry, 1, = 0 by (31), and by (36)
with u = 6;_1 . Now, in view of (6) and (31), it follows that

|A7‘ < Z/I { Z ’¢(9j,m7 U) - Cb(ej,ma ek,n) - ¢(9j—1,m> ’U) + ¢(9j—1,ma 9k,n)\|R§im\}|K£(U)|dU
k=1"1kn =1

C1Co2M e I8 &
WZZ 1+ak1+50802(¢7 j=1ms Irn)

=1 k= l
C1Cy22Fo+8 T 1
S ) G D e (@ L Ten)- (38)
7=0 k=0

Similarly, using (32) instead of (31), we can estimate

C1Cy21 7P

|A8| Tﬁzz 1+C¥k1+ﬂ0862(¢’ ]maIk‘ 1n)
71=1 k= 1

010222+04+5 m

1
1+5 Z ' I+a 1+8 0302(¢, Ijm, Tim). (39)
™ e )k + 1)

n—1

Keeping notation (29) and (30) in mind, we may write
Ao =D 90im: On) (R = Bifern) (B — Ry ),

whence a double summation by parts (see (23) of Lemma 2) with a;r = ¢(0jm,0kn) and
bik = (R%,, — Ry ) (Ry  — Ry,y ) for j=0,1,... ,mand k=0,1,...,n, gives

= Z Z { ,ms Hk: n - g(gj,m7 Hk—l,n) - g(gj—l,my Qk’,n) + g(gj—l,my Qk—l,n)}

I 1 k=1
7,m m ,m Ek;’ lz ,n

=" 0O k) — S(Ojms Ok—1.0) — D051, Okn) + H(0j—1.m O—1.0) RS B
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because a;o = ag = 0 by definition of g(u,v), for all j =0,1,...,m and £k =0,1,...,n, by (31),
(32), and by (36) with u = 0;_1 ,, and v = Oj_1 .
Thus, from (31) and (32), it follows that

C22%tat+h

1
—raid Z WOSC2(¢va—1,m7 Iy—1,n)
j=1 k=1

|[Ag| <

02222+a+ﬁ m—1n—1 1

<= Z : 0s¢2(@, Ljm, Iin)- (40)
2+a+B It 115 s djms dkn
w7rats 20 2 D)+ )

Combining (25)—(28), (34)—(37), and (38)—(40) yields

n

1
(] + 1)1+a(k + 1)1+ﬂ

|Amn‘ < Cacﬁ Z
7=0 k=0

05¢2(@, Ljm, Ik ), (41)

where C) = (1 + 2270 4 3;—1’]702) for n = a, B.

In order to estimate B,, and C), in (24), it is enough to apply the first inequality of (8) of
Theorem 3 with the equality (3), which gives

1 [T o & 1 ‘
‘Bm’ = 27_[_/0 ¢(U,O)Km(u)du < Ca pr W0801(¢<',0),I]77n) (42)
and
|Cn| = 1/7r d(v,0) K> (v)dv| < C ” ¥OSC (6(0,+), I.n) (43)
n o 0 ) n = /Bk:O (k—‘y—l)“‘ﬁ 1 s ")y dkn).

Now, using (41)-(43) in (24), we get (18) to be proved. m
PROOF OF THEOREM 11. For fixed m and n in {0,1,2,...}, set

j k
1
M'k: 0sC ¢ aI', 7Il )

J
’ 1
M= ZZ; (i+1)Y(n+ 1)5OSC2 (Pwys Lims Inn)
and
" k 1
= Z(; (10 5 17 052 P Lonms D)

where j =0,1,...,m; k= 0,1,...,n. Then we have
Mj,k < V'yzs (¢wy7 Hj-‘rl,ma 9k+1,n) . (44)

Also, define functions M(u,v), M (1), and M (v) on the rectangle [mLH, 77) X {ni—i-l’ 7r>, and the

™

M s
intervals [TH’W> and [T—H’

77) respectively, by

™ ™

M(U,U) = M[(m-kl)u]_l’[(n-‘rl)v}_l’ (45)

!

M (u) = M{(mimu]fl,
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and
M (U):M[(n+1)v]_1‘ (47)
Note that
i+ 1 i+ 2 1
m+1 m—+ 1 T
1
= [(m+ )u]:jJrl.
T
Similarly,
k+1 k+2 1
€ [( o (k+ )77) — [("+ )v]:kJrl.
n-+1 n+1 T

Therefore, for each j = 0,1,...,m—1; k =0,1,...,n—1, and for each (u,v) in [UH)F UH)W) X

m+1 > m+l1l
o [ (k+2)7r>7 by (45), we have

n+l 7 n4l
M(u,v) = M. (48)
Now, using the double partial summation formula (see (22) of Lemma 2) with
ajJC = (j+1)1+a7—y1(k+1)1+g,5 and ij{; mOSCQ (Qbmy, Jyms Ik; n) fOI' ] = O, 1, cee MG
k=0,1,...,n, we get

n

1
1+a(k + 1)1+ﬂ

>3

7=0k

05¢2 (bays Ljm, Lim)

Il
Sy

n

1 1
1+a 7(k+1)1+5 5(+1)7(k+1)

i

5 08C2 (¢zya Ij,m7 Ik,n)
0

m—1n—1 1 1
M,k< !
= M G R T G )

1 1
)

U
1 1
+ n+1 1+ﬁ 1 ZM]n < j+1)1+a77 B (j+2)1+a7>

1 nd 1 1
+—  N'M -
(m + 1)1+a7'y ;) m,k ((k + 1)1+ﬁ—§ (k + 2)1+B—5>
+ Mm,n

(m+ 1) (n 4 1)1HF70

=A+B+C+D, say. (49)

We will use properties of the Riemann-Stieltjes integral to estimate A, B, and C. First, we estimate
A. Since &« > v —1and 8 > § — 1, the functions —u~1=*"" and —v~1=#*% are continuous and
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nondecreasing for u,v > 0. Therefore, we have

1

3
s
|

A

Mo ((j - 1;“” e 2;”‘”> ((k = 1;1”‘5 (bt 21)1”“5)
j+2 k+2
M (/m 1)) (L, a(7)

Jj+2 k+2
j+1 JE+1

<

Il
L o
3 x>
=

3

I
LI
iiIM

[en]
o

=0

.

m—1n—1 ;

j+2 k+2
=(1+a-— 1+5—-9) Z ZMng (/ u—2—oc+'ydu> </ v—2—6+5dv> _ (50)
j+1 k+1

=0 k=0

du _ m+1.

——T,u—>j+1(:>s—>%,u—)j+2©s—>%.Therefore

Puts—

. (+2)m —2—
J+2 yratrgy = [ (m+1)s Y 41 ds
—l—a+ty (G+2)m
_(m+t]1 T —2-adty g
™ G+1)m
m—+1

(G+2)m

1+a—y
= m u_2_a+’7du (5]_)
(m + 1)1+a—~/ % .

Similarly,

k+2 146-6 (kt2)m
2465 _ T nL 246
/ v dv = Rz v dv. (52)
k+1 (et D)

n+1

Using (51) and (52) in (50), we get

G+2)m (k+2)m
1 _ 1 _ 5 2—|—0{+6 Y d m ln-1 m+1 n+1
A= (Lta-—y1+p5-0d)r [ i N M, w2y 2B dy .

(m + 1)IFa=7(n + 1)1+5-0

Jj+1)mw k+1)7‘r
] 0 k=0 m—+1 n+1

Since M(u,v) = M, for all (u,v) € [(;Ji);r? (]7:{_3)1”) X [(k;;ll)ﬂ, (’:fl)w), we get

(1 a1+ f = d)rred i R PO

o m—+41 n+1 —2—a+’y —2—6+6
A= (m + 1)1+a=7(n + 1)1+8-9 > e o M(u, v)u v dudv
] =0 k=0 n+1
_ (1+a—7)(1+4 B —g)p2tats=-0 M, -2 Ta-25 g,
(m + 1)1ta=7(n 4 1)1+8-9
m+1 n+1
Putu=7Tandv =7 Then % = —ms 2, @ = —mt %, u— Ty S samt+lLu—res—1,

v—= g e t—=n+l and v = 7t — 1. Therefore
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(1+a=9)(1+8 = gr>ati s
m+1)1+a “/(n—|—1)1+5 5

—2—a+y —2—pB+0
/ / —) (Z) 252t 2dsdt =
m~+1 Jn+1 3 t t

m+1

A=

N (ml:l;[l“Y )v(( e 1+65 5/1 ! M( - a’7t5*5dsdt:
T A A R
L G

= (7751_,_4_1)0414__& l(( +5)1+56) iiM (;Z> jOVEBd (53)

1 k=1

.
Il

Now, we estimate B. Proceeding as above, we have

m—1
B M, < ! ! )
(n+ )P0 Gt (e
1 T’f < i+2 ( 1 a—l—'y)
B ([ i)
(n+ 1)1+8=9 = "\ S
1 m-1 J+2 ot
(n + 1)1-‘1—6—5 = ( J,m ]) 41
1 G+2)m
— (1+a—q)rtte LS mH 2ty
= (m+1)1+06 5 n+1 11569 Z jyn—1 + ) (j+1)17r u du (54)
j= met

Note that if u € {%, %) and v = +1,

) = M, ,—1. Also, for u € [(i:i)l , (ﬂfr), [(mil)“} —1 =4, so that M'(u) = M.

then as [("JFTI)U} = [”T“ . %] = n, by (48), we

have M (u,
n+1
So from (54), we get

(G+2)m

e BT (o) ) e
:(anSzl—%LifﬁLa5/%1(@TC%H?H)—+M%w>u—%ﬂ+wu

T m+ 1>(11+j3<; 1)1>1+H /lmﬂ (M (7;7 o 1> M (D) s
G Z/ (o(55) ()

(1+a—7) “ T T o
< M| = =7, 55
(m+ D (n + )5 & jn+1 7)) )7 (55)




56 P. K. bepa, B. JI. Tomaapa

and similarly, we can prove

n

s (1) @) @

In view of (44)-(47), we have

and

-1

3

1
) 2 ) (Dzy> Lisms L1,n)

=0 =

1
+ 08C2 (Pzys Lim, In,
20 Gy pper o fum o)

1
= 5 0SC2 (¢xya Ii,mIl,n)
Z.z; = (t+1) (l+1)

< ny& <¢xy’ ;.-777) . (58)

In a similar way, we can prove the inequalities
mmT T " ( ) < < z)
M<m+1 k:) + M A < Vs %yﬂf,k (59)

Mm,n < nyé (¢my7 T, 71—) . (60)
Using (57) into (53), (58) into (55), (59) into (56), and then the results and (60) into (49), we get

and

n

m
1

Z ] +1 1+a(k+ )1+BOSCQ (¢:cy71j7m,fk,n)
Jj=

(1+a— Y1+B8-0) & s T
< E/‘E:avkﬁ V. s — s —
S(m + D)o (n + 1)1+5- 631;“] 26\ Pav 50

(I+a—7) oy .
+ (m+ 1)1+a—’y(n + 1)1-{—5 K ZJ V’Y(S ¢my7 j’

(1+B-9) 55 ™
" (m 4+ 1)1+e=7(n 4 1)1+5=0 ; R Vs (%y’”’ k)

1
(- e (n ¢ 1yreas 0 (Ge 7).

+
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Note that
m T m n
S (¢) <3N, (¢ , )
j=1 J j=1k=1
n T m n
Vs (G ) < 20D 5TV (%, , k)
k=1 j=1 k=1
and

n

m
76 ¢ry777 7T Z

ca— _ m™ T
J Pykﬁ 5V'yz5 <¢$y7 ) k) .
J=lk=1 J

Therefore, from (61) we get

n

% 1
2 G+ Dok + 1) 2 (Pay, Ljm Lien)
7=0 k=0
2+a=7)C+8-0) <= amyiss o
S (m + 1)o7 (n + 1)1+5- 6223 kP Vos d)xy>37% . (62)

7=1 k=1

Second, in view of the second inequality of (8) of Theorem 3, we get the inequalities

m 1 2+
ZO Woscl (¢my(70)7jjvm) < (m+ 1041-1-3 ol Z J’y a 'Y (Gb:ry( ) ) (63)

J]=

and
n

n
1 24+p5—-6
)1—0—5 08C1 (Qb:ry(()» ')7 Ik,n) < (n + 1)1+B—5 —

:Jk+1
Using (62)-(64) in the Inequality (18) of Theorem 10 we get (19). This completes the proof of
Theorem 11. =

Vi (00, 7) 69

Proof of Corollary 2. For any 01 and 09 greater than zero, existence of positive integers m and

n satisfying #H <5 51 < m—_H and — +2 < STQT < n%rl respectively, implies that

OSC2(¢Q;y, Ij’m, Ik,n) g 4w(f, 51, 52),

Oscl(d)zy('ao)alj,m) < QWx(fa 51)7 and OSC1(¢)xy(0, ')aIk,n) < QWy(fa (52)

Also, for a € (—1,0), we have

m m

b =) i [ @
(7L 1)ite (i+ 1)+ [ =
S U (e

+
(]
k\)
s
~
RE
Q
S
|
—_
+
—
3
t
*
+
Q
=

Similarly for g € (—1,0), we have

3
—_

k=0
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Now, using the inequality of Theorem 10, we have

1

(faJU y) —s(f,z, y)‘ <4, Cﬁjz(:)kz;) (j +1)1+a(k+1)1+5 w(f,61,02)

1 = 1
+2C, Z T)Hawx(ﬁ 61) +2Cp Z mwy(ﬁ d2)  (65)
=0<6?6ﬁ> (£,61,82) + O3 Jwa (£, 01) + O(35 Jwy (. 82)- (66)
Now, if f satisfies conditions in (i), then from (66)

o%8 (f.2,y) — s(f.x,y)| = O(5865)0(6; %65 %) + O(68)0(6; %) + O(85)o(8; ")
= 0(1), as 51,52 — 0.

For the proof of (ii) and (iii), first we have

w(f,01,02) = sup | fu,v) = f(u',0) = f(u, o) + f(u',0)]
lu—u'|<01, |[v—v'|<d2
< sup | f(u,v) = f(u,v)| + sup |fu,v') = f(u )]
lu—u'|<d1, vET |lu—u/|<d1, v’ €T
= 2wl’(f7 61)7

similarly, we have w(f, d1,d2) < 2wy(f,d2), and

w(f,01,02) = \Jw(f,01,02) v/ w(f, 61,02) < 2¢/wa(f, 01)1/wy(f, 52).

Now, if f satisfies conditions in (ii), then by (65), we have

S 00) — U0 8Ca0s D03 v s Ve )

jOkO

+2Ca Z e f751+20ﬂ2mwy<f,52> (67

_O(éaéﬁ)o(é—aJre/Qé 5+6/2)+O(5Q)O(5—2a+6)+0(65)5 2B+
=0(51/%65) + 037 °7) + 0(6;°7) = 0(1), as 61,52 = 0.

Similarly, if f satisfies conditions in (iii), then by (67), we have

omin(f.y) = s(f,,y)| =0(6787)0(87%8; ") + O(67)o(67) + O(83)o(5, ™)

—o(1) + o(67®) + 0 (5;5) = o(1), as 81,05 — 0.

Finally, we will prove (iv) by contradiction. Suppose for any continuous function f on T? satisfying

(21), its Fourier series is (C, a, ) summable in restricted sense. Then it is (C,0,0)-summable in

the Pringsheim sense. Now, we will show that (21) implies (15) (for the case m = 2). First, we have
5—0{

%%W:O (> —1).
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Therefore for any fixed € > 0, there is §g > 0 such that for any 0 < d1,d2 < dg, we have

1)\ 1)\
0 <e <log <5>> and (52_5 <e <log <5>> .
1 2

Therefore, in view of (21), we have

wel(f,61) = 0 (6;%) = O <<log <;>>1> (60 > 61 — 0) (68)

and

wy(f,82) = O (52—5> ~0 <<log (512>>1> (60 = d2 — 0). (69)

That means, for any function f € C(T?) satisfying the conditions (68) and (69), its Fourier series
converges in the Pringsheim sense. Which contradicts the theorem of D’yachenko |9, Theorem 1.2.4].
This completes the proof. m
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