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Аннотация

В этой статье оценивается скорость сходимости средних Чезаро двойного ряда Фурье
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Abstract

In this paper, the rate of convergence of Cesàro means of the double Fourier series of a
2𝜋-periodic function in each variable and of generalized bounded variation, is estimated. The
result obtained is a generalization of a result of S. M. Mazhar for a single Fourier series and of
our earlier result for a function of two variables.
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1. Introduction

The Dirichlet-Jordan theorem (see [11] or [17, p. 57]) asserts that the Fourier series of a 2𝜋-
periodic function 𝑓 of bounded variation on [−𝜋, 𝜋] converges at each point and the convergence
is uniform on closed intervals of continuity of 𝑓 . Bojanić [4], and Bojanić and Mazhar [6] have
quantified this result by estimating the rate of convergence of the Fourier series and of Cesáro means
of the Fourier series at each point, respectively. Also, Bojanić and Waterman [5], and Mazhar [13]
have generalize the results of Bojanić [4], and Bojanić and Mazhar [6], respectively, for functions
of generalized bounded variation. Hardy [10] proved the extension of the Dirichlet-Jordan theorem
from single to double Fourier series. Similar to Bojanic̀ [4], and Bojanić and Waterman [5], Moric̀z
[14] and, Bera and Ghodadra [7] have quantified the result of Hardy, by estimating the rate of
convergence of double Fourier series of functions of bounded variation and of generalized bounded
varition, respecctively. Here we shall give an estimate of the rate of convergence of Cesàro means of
the double Fourier series of a function 𝑓 , 2𝜋-periodic in each variable and of generalized bounded
variation. Our result of this paper is a generalization of a result of Mazhar [13] for a single Fourier
series and of our earlier result [7] for a double Fourier series.

2. Single Fourier Series

Here we shall recall certain results for pointwise convergence and rate of convergence of a single
Fourier series. We need the following definitions.

Definition 1. Let 𝑓 : R → C be a 2𝜋-periodic function, which is Lebesgue integrable over
T := [−𝜋, 𝜋). The Fourier series of 𝑓 , denoted by 𝑆(𝑓, 𝑥), is defined by

𝑆(𝑓, 𝑥) =

∞∑︁
𝑛=−∞

𝑐𝑛𝑒
𝑖𝑛𝑥,

where

𝑐𝑛 =
1

2𝜋

∫︁ 𝜋

−𝜋
𝑓(𝑢)𝑒−𝑖𝑛𝑢𝑑𝑢, 𝑛 ∈ Z.

The 𝑛𝑡ℎ symmetric partial sum of the Fourier series of 𝑓 , denoted by 𝑆𝑛(𝑓, 𝑥), is defined as

𝑆𝑛(𝑓, 𝑥) =
𝑛∑︁

𝑗=−𝑛
𝑐𝑗𝑒

𝑖𝑗𝑥, 𝑛 = 0, 1, 2, . . . .
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Definition 2. The (ordinary) oscillation of a function ℎ : [𝑎, 𝑏] → C over a subinterval 𝐽 of
[𝑎, 𝑏] is defined as

osc1(ℎ, 𝐽) = sup{|ℎ(𝑡)− ℎ(𝑡′)| : 𝑡, 𝑡′ ∈ 𝐽}.

In the sequel, we will distinguish the subintervals of the non-negative half of the one-dimensional
torus T̄ = [−𝜋, 𝜋] : 𝐼𝑗,𝑚 = [𝜃𝑗,𝑚, 𝜃𝑗+1,𝑚], where 𝜃𝑗,𝑚 = 𝑗𝜋

𝑚+1 , for 𝑗 = 0, 1, 2, . . .𝑚;𝑚 ∈ N ∪ {0}.

Definition 3. Let 𝑓 be a real-valued function defined on an interval [𝑎, 𝑏] and Λ = {𝜆𝑛}∞𝑛=1 be
a non-decreasing sequence of positive numbers such that

∑︀ 1
𝜆𝑛

diverges. Then the function 𝑓 is said
to be of Λ-bounded variation (𝑓 ∈ ΛBV) on [𝑎, 𝑏] if there exists a positive constant 𝑀 such that

𝑛∑︁
𝑘=1

|𝑓(𝑎𝑘)− 𝑓(𝑏𝑘)|
𝜆𝑘

⩽𝑀

for every choice {𝐼𝑘} of non-overlapping intervals with 𝐼𝑘 = [𝑎𝑘, 𝑏𝑘] ⊂ [𝑎, 𝑏], 𝑘 = 1, . . . , 𝑛. If
𝑓 ∈ Λ𝐵𝑉 [𝑎, 𝑏] , the Λ-variation of 𝑓 is defined by

𝑉Λ(𝑓, [𝑎, 𝑏]) = sup
𝑛∑︁

𝑘=1

|𝑓(𝑎𝑘)− 𝑓(𝑏𝑘)|
𝜆𝑘

,

where the supremum is extended over all sequences {𝐼𝑘} as above.

Note that for Λ = {1}, ΛBV=BV, the set of all functions of bounded variation on [𝑎, 𝑏]. Also,
note that if 𝑓 is of Λ-bounded variation, then 𝑓(𝑥+ 0) and 𝑓(𝑥− 0) exist at every point 𝑥 of [𝑎, 𝑏]
(see, e.g., [16, Theorem 4]). We define, for 𝑥 ∈ [𝑎, 𝑏],

𝑠(𝑓, 𝑥) =
1

2
{𝑓(𝑥+ 0) + 𝑓(𝑥− 0)} (1)

and
𝜑𝑥(𝑡) = 𝑓(𝑥+ 𝑡) + 𝑓(𝑥− 𝑡)− 2𝑓(𝑥), 𝑡 ∈ [𝑎, 𝑏]. (2)

Jordan [11] proved that if 𝑓 is a 2𝜋-periodic function of bounded variation on [−𝜋, 𝜋], then its
Fourier series converges to 𝑠(𝑓, 𝑥) at each point of 𝑥. This result was quantified by Bojanic̀ [4] by
estimating the rate of convergence of the Fourier series of 𝑓 at 𝑥 by proving the following theorem.

Theorem 1. If 𝑓 is a 2𝜋-periodic function and is of bounded variation on [−𝜋, 𝜋], then for all
𝑥 and 𝑛 we have

|𝑆𝑛(𝑓, 𝑥)− 𝑠(𝑓, 𝑥)| ⩽ 3

𝑛

𝑛∑︁
𝑘=1

𝑉
(︁
𝜑𝑥,
[︁
0,
𝜋

𝑘

]︁)︁
.

R. Bojanić and D. Waterman [5] have generalized this result for the larger class Λ𝐵𝑉 , where
Λ = {𝑛𝛾}, 0 ⩽ 𝛾 < 1, and denoted that class by 𝛾𝐵𝑉 and the corresponding variation by
𝑉𝛾(𝑓, [𝑎, 𝑏]). Their result (including their Lemmas 1 and 2) is as follows.

Theorem 2. Let 𝑓 ∈ 𝛾𝐵𝑉 (T̄), 0 ⩽ 𝛾 < 1, and let 𝑉𝛾(𝜑𝑥, 𝑢) denote the generalized variation of
𝜑𝑥 on [0, 𝑢]. Then

|𝑆𝑛(𝑓, 𝑥)− 𝑠(𝑓, 𝑥)| ⩽ 2

𝑛∑︁
𝑘=0

1

𝑘 + 1
osc1 (𝜑𝑥, 𝐼𝑘,𝑛) ⩽

2(2− 𝛾)

(𝑛+ 1)1−𝛾

𝑛∑︁
𝑘=1

1

𝑘𝛾
𝑉𝛾

(︁
𝜑𝑥,

𝜋

𝑘

)︁
,

where 𝑠(𝑓, 𝑥) and 𝜑𝑥(𝑡) are as in (1) and (2), respectively.

In order to obtain a result for Cesàro means, we first recall the following definition and properties,
which can be found in ([17, pp. 94–95], [13, Theorem 1], or [6]).



О скорости сходимости средних Чезаро двойного ряда Фурье. . . 41

Definition 4. Let 𝐾𝛼
𝑛 (𝑡) denote the (𝐶,𝛼) kernel and 𝜎𝛼𝑛(𝑓, 𝑥) the (𝐶,𝛼) mean of 𝑆(𝑓, 𝑥) for

−1 < 𝛼 ⩽ 0. Then

𝐾𝛼
𝑛 (𝑡) =

1

𝐴𝛼
𝑛

𝑛∑︁
𝜈=0

𝐴𝛼−1
𝑛−𝜈𝐷𝜈(𝑡),

𝜎𝛼𝑛(𝑓, 𝑥) =
1

𝜋

∫︁ 𝜋

−𝜋
𝑓(𝑥+ 𝑡)𝐾𝛼

𝑛 (𝑡)𝑑𝑡,

and

𝜎𝛼𝑛(𝑓, 𝑥)− 𝑠(𝑓, 𝑥) =
1

𝜋

∫︁ 𝜋

0
𝜑𝑥(𝑡)𝐾

𝛼
𝑛 (𝑡)𝑑𝑡, (3)

where 𝐷𝜈(𝑡) and 𝐴
𝛼
𝑛 are defined as

𝐷𝜈(𝑡) =
1

2

𝜈∑︁
𝑗=−𝜈

𝑒𝑖𝑗𝑡 =
sin
(︀
𝜈 + 1

2

)︀
𝑡

2 sin 𝑡
2

and

𝐴𝛼
0 = 1, 𝐴𝛼

𝑛 =

(︂
𝑛+ 𝛼

𝑛

)︂
=

Γ(𝑛+ 𝛼+ 1)

Γ(𝑛+ 1)Γ(𝛼+ 1)
, 𝑛 ∈ N.

Some properties of 𝐾𝛼
𝑛 (𝑡) are as follows:

2

𝜋

∫︁ 𝜋

0
𝐾𝛼

𝑛 (𝑡)𝑑𝑡 = 1, (4)

|𝐾𝛼
𝑛 (𝑡)| ⩽ 𝑛+

1

2
, 0 < 𝑡 < 𝜋, (5)

∫︁ 𝜃𝑘+1,𝑛

𝜃𝑘,𝑛

|𝐾𝛼
𝑛 (𝑡)|𝑑𝑡 ⩽

𝐶1

𝑘1+𝛼
, 𝑘 = 1, 2, . . . , 𝑛, |𝛼| < 1, (6)

and ⃒⃒⃒⃒∫︁ 𝜋

𝑡
𝐾𝛼

𝑛 (𝑢)𝑑𝑢

⃒⃒⃒⃒
⩽

𝐶2

(𝑛𝑡)1+𝛼
, (7)

where 𝐶1 and 𝐶2 are constants.
Mazhar [13] generalize the result of Bojanic̀ and Waterman [5] by proving the following more

general theorem (including their Lemmas 1 and 2).

Theorem 3. Let 𝑓 ∈ 𝛾𝐵𝑉 (T̄), 0 ⩽ 𝛾 < 1 and let 𝑉𝛾(𝜑𝑥, 𝑢) denote the generalized variation of
𝜑𝑥 on [0, 𝑢]. Then for 𝛼 > 𝛾 − 1, −1 < 𝛼 ⩽ 0,

|𝜎𝛼𝑛(𝑓, 𝑥)− 𝑠(𝑓, 𝑥)| ⩽ 𝐶𝛼

𝑛∑︁
𝑘=0

1

(𝑘 + 1)1+𝛼
osc1 (𝜑𝑥, 𝐼𝑘,𝑛) ⩽

(2 + 𝛼− 𝛾)𝐶𝛼

(𝑛+ 1)𝛼−𝛾+1

𝑛∑︁
𝑘=1

1

𝑘𝛾−𝛼
𝑉𝛾

(︁
𝜑𝑥,

𝜋

𝑘

)︁
, (8)

where 𝐶𝛼 =
(︁
1 + 21+𝛼

𝜋 𝐶1 +
21+𝛼

𝜋2+𝛼𝐶2

)︁
, and 𝑠(𝑓, 𝑥) and 𝜑𝑥(𝑡) are as in (1) and (2), respectively.
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3. Double Fourier Series

In this section, we shall recall certain results for pointwise convergence and rate of convergence
of a Double Fourier series. We need the following definitions.

Definition 5. Let 𝑓 : R2 → C be a function, 2𝜋-periodic in each variable and integrable over
T2. The double Fourier series of 𝑓 is defined by

𝑆(𝑓, 𝑥, 𝑦) =

∞∑︁
𝑗=−∞

∞∑︁
𝑘=−∞

𝑐𝑗𝑘𝑒
𝑖(𝑗𝑥+𝑘𝑦), (9)

where

𝑐𝑗𝑘 =
1

4𝜋2

∫︁ 𝜋

−𝜋

∫︁ 𝜋

−𝜋
𝑓(𝑢, 𝑣)𝑒−𝑖(𝑗𝑢+𝑘𝑣)𝑑𝑢𝑑𝑣, 𝑗, 𝑘 ∈ Z. (10)

We consider the double sequence of symmetric rectangular partial sums

𝑆𝑚,𝑛(𝑓, 𝑥, 𝑦) =
𝑚∑︁

𝑗=−𝑚

𝑛∑︁
𝑘=−𝑛

𝑐𝑗𝑘𝑒
𝑖(𝑗𝑥+𝑘𝑦), 𝑚, 𝑛 = 0, 1, 2, . . . . (11)

The Cesàro (𝐶,𝛼, 𝛽)-means of the double Fourier series (9) for −1 < 𝛼, 𝛽 ⩽ 0 are defined (see,
e.g., [9, p. 106]) by

𝜎𝛼,𝛽𝑚,𝑛(𝑓, 𝑥, 𝑦) =
1

𝐴𝛼
𝑚

1

𝐴𝛽
𝑛

𝑚∑︁
𝜇=0

𝑛∑︁
𝜈=0

𝐴𝛼−1
𝑚−𝜇𝐴

𝛽−1
𝑛−𝜈𝑆𝜇,𝜈(𝑓, 𝑥, 𝑦), 𝑚, 𝑛 = 0, 1, 2, . . . .

Definition 6. A function 𝑓 defined on a rectangle 𝑅 := [𝑎, 𝑏] × [𝑐, 𝑑] is said to be of bounded
variation in the sense of Vitali, in symbol, 𝑓 ∈ BVV(𝑅), if

sup
𝒫1×𝒫2

𝑚∑︁
𝑗=1

𝑛∑︁
𝑘=1

|𝑓(𝑥𝑗 , 𝑦𝑘)− 𝑓(𝑥𝑗−1, 𝑦𝑘)− 𝑓(𝑥𝑗 , 𝑦𝑘−1) + 𝑓(𝑥𝑗−1, 𝑦𝑘−1)| <∞, (12)

where the supremum is extended over all partitions

𝒫1 : 𝑎 = 𝑥0 < 𝑥1 < · · · < 𝑥𝑚 = 𝑏 and 𝒫2 : 𝑐 = 𝑦0 < 𝑦1 < · · · < 𝑦𝑛 = 𝑑

of [𝑎, 𝑏] and [𝑐, 𝑑] respectively. The supremum in (12) denoted by 𝑉 (𝑓, [𝑎, 𝑏], [𝑐, 𝑑]) is called the total
variation of 𝑓 over 𝑅.

If a function 𝑓 ∈ BVV(𝑅) is such that the marginal functions 𝑓(·, 𝑐) and 𝑓(𝑎, ·) are of bounded
variation over the intervals [𝑎, 𝑏] and [𝑐, 𝑑] respectively, then 𝑓 is said to be of bounded variation in
the sense of Hardy and Krause, in symbols, 𝑓 ∈ BVH(𝑅).

Definition 7. The rectangular oscillation of a function 𝑓 : [𝑎, 𝑏]×[𝑐, 𝑑] → C over a subrectangle
𝐽 ×𝐾 of [𝑎, 𝑏]× [𝑐, 𝑑] is defined as

osc2(𝑓, 𝐽,𝐾) = sup{|𝑓(𝑢, 𝑣)− 𝑓(𝑢′, 𝑣)− 𝑓(𝑢, 𝑣′) + 𝑓(𝑢′, 𝑣′)| : 𝑢, 𝑢′ ∈ 𝐽, 𝑣, 𝑣′ ∈ 𝐾}.

We also recall that the modulus of continuity of a function 𝑓 on T2 is defined by

𝜔(𝑓, 𝛿1, 𝛿2) := sup
|𝑢−𝑢′|⩽𝛿1, |𝑣−𝑣′|⩽𝛿2

|𝑓(𝑢, 𝑣)− 𝑓(𝑢′, 𝑣)− 𝑓(𝑢, 𝑣′) + 𝑓(𝑢′, 𝑣′)|,

the partial moduli of continuity of 𝑓 are defined by

𝜔𝑥(𝑓, 𝛿) := sup
|𝑢−𝑢′|⩽𝛿1, 𝑣∈T

|𝑓(𝑢, 𝑣)− 𝑓(𝑢′, 𝑣)|,
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and
𝜔𝑦(𝑓, 𝛿) := sup

|𝑣−𝑣′|⩽𝛿2, 𝑢∈T
|𝑓(𝑢, 𝑣)− 𝑓(𝑢, 𝑣′)|,

and also
𝜔𝑖(𝑓, 𝛿𝑖) = sup

|ℎ𝑖|⩽𝛿𝑖

{|𝑓(𝑥+ ℎ𝑖)− 𝑓(𝑥)| : 𝑥 ∈ T𝑛}, 𝑖 = 1, 2, . . . , 𝑛.

Definition 8. Let 𝑓(𝑥+ 0, 𝑦 + 0) := lim𝑠→0+,𝑡→0+ 𝑓(𝑥+ 𝑠, 𝑦 + 𝑡) be the limiting value of 𝑓 as
(𝑥, 𝑦) is approached along any path lying north and east of (𝑥, 𝑦). The other three quadrant limits
𝑓(𝑥− 0, 𝑦 + 0),𝑓(𝑥+ 0, 𝑦 − 0) and 𝑓(𝑥− 0, 𝑦 − 0) can be defined analogously.

Hardy [10] proved that if 𝑓 is function of bounded variation (in the sense of Hardy and Krause)
on T̄2, 2𝜋-periodic in each variable, then its Fourier series (9) converges to 𝑠(𝑓, 𝑥, 𝑦) at each point
of (𝑥, 𝑦).

Moric̀z [14] quantified Hardy’s result by estimating the rate of convergence of double Fourier
series of 𝑓 at (𝑥, 𝑦) by proving following theorems.

Theorem 4 ([14, Theorem 2]). If 𝑓 is a bounded, measurable function on T̄2, 2𝜋-periodic in
each variable, such that the four limits 𝑓 (𝑥± 0, 𝑦 ± 0) exist at a certain point (𝑥, 𝑦), and the four
limit functions 𝑓 (𝑥± 0, ·) and 𝑓 (·, 𝑦 ± 0) exist, then for any 𝑚,𝑛 ⩾ 0 we have

|𝑆𝑚,𝑛(𝑓, 𝑥, 𝑦)− 𝑠(𝑓, 𝑥, 𝑦)| ⩽
(︂
1 +

1

𝜋

)︂2 𝑚∑︁
𝑗=0

𝑛∑︁
𝑘=0

1

(𝑗 + 1)(𝑘 + 1)
osc2(𝜑𝑥𝑦, 𝐼𝑗,𝑚, 𝐼𝑘,𝑛)

+

(︂
1 +

1

𝜋

)︂ 𝑚∑︁
𝑗=0

1

(𝑗 + 1)
osc1(𝜑𝑥𝑦(·, 0), 𝐼𝑗,𝑚)

+

(︂
1 +

1

𝜋

)︂ 𝑛∑︁
𝑘=0

1

(𝑘 + 1)
osc1(𝜑𝑥𝑦(0, ·), 𝐼𝑘,𝑛),

where

𝑠(𝑓, 𝑥, 𝑦) =
1

4
[𝑓(𝑥+ 0, 𝑦 + 0) + 𝑓(𝑥− 0, 𝑦 + 0) + 𝑓(𝑥+ 0, 𝑦 − 0) + 𝑓(𝑥− 0, 𝑦 − 0)] (13)

and

𝜑𝑥𝑦(𝑢, 𝑣) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝑓(𝑥+ 𝑢, 𝑦 + 𝑣) + 𝑓(𝑥− 𝑢, 𝑦 + 𝑣) + 𝑓(𝑥+ 𝑢, 𝑦 − 𝑣)

+𝑓(𝑥− 𝑢, 𝑦 − 𝑣)− 4𝑠(𝑓, 𝑥, 𝑦), if 𝑢, 𝑣 > 0;

𝑓(𝑥+ 0, 𝑦 + 𝑣) + 𝑓(𝑥− 0, 𝑦 + 𝑣) + 𝑓(𝑥+ 0, 𝑦 − 𝑣)

+𝑓(𝑥− 0, 𝑦 − 𝑣)− 4𝑠(𝑓, 𝑥, 𝑦), if 𝑢 = 0 and 𝑣 > 0;

𝑓(𝑥+ 𝑢, 𝑦 + 0) + 𝑓(𝑥− 𝑢, 𝑦 + 0) + 𝑓(𝑥+ 𝑢, 𝑦 − 0)

+𝑓(𝑥− 𝑢, 𝑦 − 0)− 4𝑠(𝑓, 𝑥, 𝑦), if 𝑢 > 0 and 𝑣 = 0;

0, if 𝑢 = 𝑣 = 0.

(14)

Theorem 5 ([14, Theorem 3]). If 𝑓(𝑥, 𝑦) is 2𝜋-periodic in each variable and of bounded variation
over T̄2 in the sense of Hardy and Krause, then for all 𝑚,𝑛 ⩾ 0, we have

|𝑆𝑚,𝑛(𝑓, 𝑥, 𝑦)− 𝑠(𝑓, 𝑥, 𝑦)| ⩽
4
(︀
1 + 1

𝜋

)︀2
(𝑚+ 1)(𝑛+ 1)

𝑚∑︁
𝑗=1

𝑛∑︁
𝑘=1

𝑉

(︂
𝜑𝑥𝑦,

[︂
0,
𝜋

𝑗

]︂
,
[︁
0,
𝜋

𝑘

]︁)︂

+
2
(︀
1 + 1

𝜋

)︀
𝑚+ 1

𝑚∑︁
𝑗=1

𝑉

(︂
𝜑𝑥𝑦(·, 0),

[︂
0,
𝜋

𝑗

]︂)︂

+
2
(︀
1 + 1

𝜋

)︀
𝑛+ 1

𝑛∑︁
𝑘=1

𝑉
(︁
𝜑𝑥𝑦(0, ·),

[︁
0,
𝜋

𝑘

]︁)︁
,
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where 𝑠(𝑓, 𝑥, 𝑦) and 𝜑𝑥𝑦(𝑢, 𝑣) are as in (13) and (14), respectively.

In [20], Zhizhiashvili have proved the following theorem for function of several variables.

Theorem 6. (a) If 𝑓 ∈ 𝐶(T𝑛) and

𝜔𝑖(𝑓, 𝛿𝑖) = 𝑂

{︃(︂
log

1

𝛿𝑖

)︂−𝑛−𝜖}︃
(𝛿𝑖 → 0, 𝑖 = 1, 2, . . . , 𝑛), 𝜖 > 0,

then the Fourier series of 𝑓 is uniformly convergent in the sense of Pringsheim.

(b) If

𝜔𝑖(𝑓, 𝛿𝑖) = 𝑜

{︃(︂
log

1

𝛿𝑖

)︂−𝑛}︃
(𝛿𝑖 → 0, 𝑖 = 1, 2, . . . , 𝑛),

then the Fourier series of the function 𝑓 is uniformly convergent in the sense of Pringsheim.

Moric̀z [15] have also proved the similar type of result for function of two variables, which is as
follows

Theorem 7 ([15, Corollary 1.2]). If 𝑓 is continuous on T2,

𝜔(𝑓, 𝛿1, 𝛿2) = 𝑜

{︃(︂
log

1

𝛿1

)︂−1(︂
log

1

𝛿1

)︂−1}︃
(𝛿1, 𝛿2 → 0),

𝜔𝑥(𝑓, 𝛿) = 𝑜

{︃(︂
log

1

𝛿

)︂−1}︃
(𝛿 → 0), and 𝜔𝑦(𝑓 ; 𝛿) = 𝑜

{︃(︂
log

1

𝛿

)︂−1}︃
(𝛿 → 0),

then the Fourier series of the function 𝑓 is uniformly convergent in the sense of Pringsheim.

In [9], D’yachenko have constructed a continuos function of 2𝑚 variables (𝑚 ∈ N) with modulus
of continuity

𝜔𝑖(𝑓, 𝛿𝑖) = 𝑂

(︃(︂
log

(︂
1

𝛿𝑖

)︂)︂−𝑚)︃
(15)

and its Fourier series is divergent almost everywhere in the Pringsheim sense based on example of
Bakhbukh and Nikishin [8]. Similar results for 𝜆-divergent Fourier series are also constructed by
Bakhvalov (see [1],[2]).

Definition 9. Let 𝑓 be a measurable function defined on the rectangle [𝑎, 𝑏] × [𝑐, 𝑑] and
Λ = {𝜆𝑛}∞𝑛=1 and Λ′ = {𝜆′𝑛}∞𝑛=1 be non-decreasing sequences of positive numbers such that
𝜆𝑛, 𝜆

′
𝑛 → ∞ and

∑︀ 1
𝜆𝑛
,
∑︀ 1

𝜆′
𝑛
diverges. Then the function 𝑓 is said to be of (Λ,Λ′)-bounded variation

(𝑓 ∈ (Λ,Λ′)𝐵𝑉 ) on [𝑎, 𝑏]× [𝑐, 𝑑], if

(1) 𝑓(·, 𝑐) ∈ Λ𝐵𝑉 [𝑎, 𝑏] and 𝑓(𝑎, ·) ∈ Λ′𝐵𝑉 [𝑐, 𝑑], and

(2) if ℐ1 and ℐ2 are the sets of finite collections of non-overlapping intervals 𝐼𝑗 = [𝑎𝑗 , 𝑏𝑗 ],
𝑗 = 1, 2, . . . ,𝑚, and 𝐽𝑘 = [𝑐𝑘, 𝑑𝑘], 𝑘 = 1, 2, . . . , 𝑛, in [𝑎, 𝑏] and [𝑐, 𝑑] respectively, and
𝑓(𝐼𝑗 × 𝐽𝑘) = 𝑓(𝑎𝑗 , 𝑐𝑘)− 𝑓(𝑎𝑗 , 𝑑𝑘)− 𝑓(𝑏𝑗 , 𝑐𝑘) + 𝑓(𝑏𝑗 , 𝑑𝑘), then

sup
ℐ1,ℐ2

𝑚∑︁
𝑗=1

𝑛∑︁
𝑘=1

|𝑓(𝐼𝑗 × 𝐽𝑘)|
𝜆𝑗𝜆′𝑘

<∞. (16)

We denote the supremum in (16) by 𝑉(Λ,Λ′)(𝑓, [𝑎, 𝑏], [𝑐, 𝑑]).
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Here we shall consider the class (Λ,Λ′)𝐵𝑉 , where Λ = {𝑛𝛾} and Λ′ = {𝑛𝛿}, for 𝛾, 𝛿 ⩾ 0,
𝛾 + 𝛿 ⩽ 1; denote this class by (𝛾, 𝛿)𝐵𝑉 and the corresponding variations by 𝑉𝛾(𝑓(·, 𝑐), [𝑎, 𝑏]),
𝑉𝛿(𝑓(𝑎, ·), [𝑐, 𝑑]) and 𝑉𝛾𝛿(𝑓, [𝑎, 𝑏], [𝑐, 𝑑]) respectively. The present authors have proved (see [7,
Theorem 7]) that if 𝑓(𝑥, 𝑦) ∈ (𝛾, 𝛿)𝐵𝑉 (T̄2), then all the four limits 𝑓(𝑥 ± 0, 𝑦 ± 0) exist at every
point (𝑥, 𝑦). They have also generalized Theorem 5 of Moric̀z and proved the following (see [7,
Theorem 8]).

Theorem 8. Let 𝑓 ∈ (𝛾, 𝛿)𝐵𝑉 (T̄2), 𝛾, 𝛿 ⩾ 0, 𝛾+𝛿 ⩽ 1, and let 𝑉𝛾(𝜑𝑥𝑦(·, 0), 𝑢), 𝑉𝛿(𝜑𝑥𝑦(0, ·), 𝑣),
and 𝑉𝛾𝛿(𝜑𝑥𝑦, 𝑢, 𝑣) denote the generalized variation of 𝜑𝑥𝑦 on [0, 𝑢], [0, 𝑣] and [0, 𝑢] × [0, 𝑣],
respectively. Then

|𝑆𝑚,𝑛(𝑓, 𝑥, 𝑦)− 𝑠(𝑓, 𝑥, 𝑦)| ⩽
(︀
1 + 1

𝜋

)︀2
(2− 𝛾)(2− 𝛿)

(𝑚+ 1)1−𝛾(𝑛+ 1)1−𝛿

𝑚∑︁
𝑗=1

𝑛∑︁
𝑘=1

1

𝑗𝛾𝑘𝛿
𝑉𝛾𝛿

(︂
𝜑𝑥𝑦,

𝜋

𝑗
,
𝜋

𝑘

)︂

+

(︀
1 + 1

𝜋

)︀
(2− 𝛾)

(𝑚+ 1)1−𝛾

𝑚∑︁
𝑗=1

1

𝑗𝛾
𝑉𝛾

(︂
𝜑𝑥𝑦(·, 0),

𝜋

𝑗

)︂

+

(︀
1 + 1

𝜋

)︀
(2− 𝛿)

(𝑛+ 1)1−𝛿

𝑛∑︁
𝑘=1

1

𝑘𝛿
𝑉𝛿

(︁
𝜑𝑥𝑦(0, ·),

𝜋

𝑘

)︁
,

where 𝑠(𝑓, 𝑥, 𝑦) and 𝜑𝑥𝑦(𝑢, 𝑣) are as in (13) and (14), respectively.

We note that if the four quadrant limits 𝑓(𝑥± 0, 𝑦 ± 0) exist at each point (𝑥, 𝑦), then in view
of (10) and (11), we have the representation

𝜎𝛼,𝛽𝑚,𝑛(𝑓, 𝑥, 𝑦)− 𝑠(𝑓, 𝑥, 𝑦) =
1

𝜋2

∫︁ 𝜋

0

∫︁ 𝜋

0
𝜑𝑥,𝑦(𝑢, 𝑣)𝐾

𝛼
𝑚(𝑢)𝐾𝛽

𝑛 (𝑣)𝑑𝑢𝑑𝑣. (17)

Zhizhiashvili (see [18, Theorem A] or [19, p. 233]) redicovered this result with the supplement that
if 𝑓 is continuous on a rectangle 𝑅, then its Fourier series (9) converges to 𝑓(𝑥, 𝑦) uniformly on any
rectangle 𝑅1 inside 𝑅. He also proved that Hardy’s result remains valid if convergence is replaced
by (𝐶,𝛼, 𝛽)-summability, where 𝛼, 𝛽 > −1 are fixed real numbers. Bakhvalov [3] generalized the
Zhizhiashivli’s theorem for larger class of several variable function (see [3, Theorem 1]). In particular,
Bakhvalov proved the following theorem (see [3, Corollary 1]).

Theorem 9. Let 𝛼, 𝛽 ∈
(︀
−1

2 , 0
)︀
and 𝛾 = 𝛼 + 1, 𝛿 = 𝛽 + 1. Then, for any function

𝑓 ∈ (𝛾, 𝛿)𝐵𝑉 (T2), its Fourier series is (𝐶,𝛼, 𝛽)-summable to 𝑠(𝑓, 𝑥, 𝑦) and the summability is
uniform on any compact set in the neighborhood of which the function is continuous.

4. Main Results

The main results of this paper are as follows.

Theorem 10. If 𝑓 is a bounded, measurable function on T2, 2𝜋-periodic in each variable, such
that the four limits 𝑓(𝑥 ± 0, 𝑦 ± 0) exist at a certain point (𝑥, 𝑦), and the four limit functions
𝑓(𝑥± 0, ·) and 𝑓(·, 𝑦 ± 0) exist, then for any 𝑚,𝑛 ⩾ 0 and −1 < 𝛼, 𝛽 ⩽ 0, we have⃒⃒⃒

𝜎𝛼,𝛽𝑚,𝑛(𝑓, 𝑥, 𝑦)− 𝑠(𝑓, 𝑥, 𝑦)
⃒⃒⃒
⩽𝐶𝛼𝐶𝛽

𝑚∑︁
𝑗=0

𝑛∑︁
𝑘=0

1

(𝑗 + 1)1+𝛼(𝑘 + 1)1+𝛽
osc2(𝜑𝑥𝑦, 𝐼𝑗,𝑚, 𝐼𝑘,𝑛)

+ 𝐶𝛼

𝑚∑︁
𝑗=0

1

(𝑗 + 1)1+𝛼
osc1(𝜑𝑥𝑦(·, 0), 𝐼𝑗,𝑚)

+ 𝐶𝛽

𝑛∑︁
𝑘=0

1

(𝑘 + 1)1+𝛽
osc1(𝜑𝑥𝑦(0, ·), 𝐼𝑘,𝑛), (18)
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where constants 𝐶𝛼 and 𝐶𝛽 are as in Theorem 3.

Our second result, which is a particular case of Theorem 10, reads as follows.

Theorem 11. Let 𝑓 ∈ (𝛾, 𝛿)𝐵𝑉 (T̄2), 𝛾, 𝛿 ⩾ 0, 𝛾 + 𝛿 ⩽ 1, and let 𝑉𝛾 (𝜑𝑥𝑦(·, 0), 𝑢),
𝑉𝛿 (𝜑𝑥𝑦(0, ·), 𝑣), and 𝑉𝛾𝛿 (𝜑𝑥𝑦, 𝑢, 𝑣) denote the generalized variation of 𝜑𝑥𝑦 on [0, 𝑢], [0, 𝑣] and
[0, 𝑢]× [0, 𝑣], respectively. Then for 𝛼 > 𝛾 − 1, 𝛽 > 𝛿 − 1, and −1 < 𝛼, 𝛽 ⩽ 0,⃒⃒⃒

𝜎𝛼,𝛽𝑚,𝑛(𝑓, 𝑥, 𝑦)− 𝑠(𝑓, 𝑥, 𝑦)
⃒⃒⃒
⩽
(2 + 𝛼− 𝛾)(2 + 𝛽 − 𝛿)𝐶𝛼𝐶𝛽

(𝑚+ 1)𝛼−𝛾+1(𝑛+ 1)𝛽−𝛿+1

𝑚∑︁
𝑗=1

𝑛∑︁
𝑘=1

1

𝑗𝛾−𝛼𝑘𝛿−𝛽
𝑉𝛾𝛿

(︂
𝜑𝑥𝑦,

𝜋

𝑗
,
𝜋

𝑘

)︂

+
(2 + 𝛼− 𝛾)𝐶𝛼

(𝑚+ 1)𝛼−𝛾+1

𝑚∑︁
𝑗=1

1

𝑗𝛾−𝛼
𝑉𝛾

(︂
𝜑𝑥𝑦(·, 0),

𝜋

𝑗

)︂

+
(2 + 𝛽 − 𝛿)𝐶𝛽

(𝑛+ 1)𝛽−𝛿+1

𝑛∑︁
𝑘=1

1

𝑘𝛿−𝛽
𝑉𝛿

(︁
𝜑𝑥𝑦(0, ·),

𝜋

𝑘

)︁
, (19)

where constants 𝐶𝛼 and 𝐶𝛽 are as in Theorem 3.

In particular, taking 𝛾 = 𝛿 = 0 in Theorem 11, we get the following corollary.

Corollary 1. Let 𝑓 ∈ 𝐵𝑉𝐻(T̄2), and let 𝑉 (𝜑𝑥𝑦(·, 0), 𝑢), 𝑉 (𝜑𝑥𝑦(0, ·), 𝑣), and 𝑉 (𝜑𝑥𝑦, 𝑢, 𝑣)
denote the variation of 𝜑𝑥𝑦 on [0, 𝑢], [0, 𝑣] and [0, 𝑢]× [0, 𝑣], respectively. Then for −1 < 𝛼, 𝛽 ⩽ 0,
we have ⃒⃒⃒

𝜎𝛼,𝛽𝑚,𝑛(𝑓, 𝑥, 𝑦)− 𝑠(𝑓, 𝑥, 𝑦)
⃒⃒⃒
⩽

(2 + 𝛼)(2 + 𝛽)𝐶𝛼𝐶𝛽

(𝑚+ 1)𝛼+1(𝑛+ 1)𝛽+1

𝑚∑︁
𝑗=1

𝑛∑︁
𝑘=1

1

𝑗−𝛼𝑘−𝛽
𝑉

(︂
𝜑𝑥𝑦,

𝜋

𝑗
,
𝜋

𝑘

)︂

+
(2 + 𝛼)𝐶𝛼

(𝑚+ 1)𝛼+1

𝑚∑︁
𝑗=1

1

𝑗−𝛼
𝑉

(︂
𝜑𝑥𝑦(·, 0),

𝜋

𝑗

)︂

+
(2 + 𝛽)𝐶𝛽

(𝑛+ 1)𝛽+1

𝑛∑︁
𝑘=1

1

𝑘−𝛽
𝑉
(︁
𝜑𝑥𝑦(0, ·),

𝜋

𝑘

)︁
, (20)

where constants 𝐶𝛼 and 𝐶𝛽 are as in Theorem 3.

Also, we can derive the following corollary from Theorem 10.

Corollary 2. Let 𝛼, 𝛽 ∈ (−1, 0).

(i) If

𝜔(𝑓, 𝛿1, 𝛿2) = 𝑜
(︁
𝛿−𝛼1 𝛿−𝛽2

)︁
(𝛿1, 𝛿2 → 0),

𝜔𝑥(𝑓 ; 𝛿1) = 𝑜
(︀
𝛿−𝛼1

)︀
(𝛿1 → 0), and 𝜔𝑦(𝑓 ; 𝛿2) = 𝑜

(︁
𝛿−𝛽

)︁
(𝛿2 → 0),

then the Fourier series of the function 𝑓 is uniformly (𝐶,𝛼, 𝛽)- summable in the sense of
Pringsheim.

(ii) If 𝑓 ∈ 𝐶(T2) and

𝜔𝑥(𝑓, 𝛿1) = 𝑂
(︀
𝛿−2𝛼+𝜖
1

)︀
and 𝜔𝑦(𝑓 ; 𝛿2) = 𝑂

(︁
𝛿−2𝛽+𝜖
2

)︁
(𝑖 = 1, 2), 𝜖 > 0,

then the Fourier series of the function 𝑓 is uniformly (𝐶,𝛼, 𝛽)- summable in the sense of
Pringsheim.
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(iii) If

𝜔𝑥(𝑓, 𝛿1) = 𝑜
(︀
𝛿−2𝛼1

)︀
and 𝜔𝑦(𝑓 ; 𝛿2) = 𝑜

(︁
𝛿−2𝛽2

)︁
(𝛿𝑖 → 0, 𝑖 = 1, 2),

then the Fourier series of the function 𝑓 is uniformly (𝐶,𝛼, 𝛽)- summable in the sense of
Pringsheim.

(iv) there exists a continuous function on T2 satisfying

𝜔𝑥(𝑓, 𝛿1) = 𝑂
(︀
𝛿−𝛼1

)︀
(𝛿1 → 0) and 𝜔𝑦(𝑓, 𝛿2) = 𝑂

(︁
𝛿−𝛽2

)︁
(𝛿2 → 0), (21)

and its (𝐶,𝛼, 𝛽)-mean of Fourier series diverges almost everywhere in restricted sense.

Замечание 2. Our Theorem 10 is more general than the Theorem 4 of Moric̀z (except for
exact constants). Our Theorem 11 is a two-dimensional analogue of Theorem 3 and in a particular
case, we provide a quantitative version of Theorem 9. Also, setting 𝛼 = 𝛽 = 0 in Theorem 11, we get
our earlier result Theorem 8 (except for exact constants). In Corollary 1, we provide a quantitative
version of Zhizhiashvili’s result (see [18, Theorem A] or [19, p. 233]) for (𝐶,𝛼, 𝛽)-summability, for
𝛼, 𝛽 > −1. Our Corollary 2 is more general than the Theorem 7 and also for the case of function
of two variable in Theorem 6.

5. Proofs

We need the partial summation formulas for single and double sequences, which are as follows.

Lemma 1. Consider 𝑛 ∈ N. For 𝑗 = 0, 1, . . . , 𝑛, let 𝑎𝑗 and 𝑏𝑗 be real numbers. Let 𝐵𝑗 =
𝑛∑︀

𝑘=𝑗

𝑏𝑘

for 𝑗 = 0, 1, 2, . . . , 𝑛, and 𝐵𝑛+1 = 0. Then

𝑛∑︁
𝑗=1

𝑎𝑗𝑏𝑗 =

𝑛∑︁
𝑗=1

(𝑎𝑗 − 𝑎𝑗−1)𝐵𝑗 + 𝑎0𝐵1.

Lemma 2 ([12, Proposition 7.37]). Consider (𝑚,𝑛) ∈ N2. For 𝑗 = 0, 1, . . . ,𝑚 and

𝑘 = 0, 1, . . . , 𝑛, let 𝑎𝑗,𝑘 and 𝑏𝑗,𝑘 be real numbers, and let 𝐵𝑚,𝑛 =
𝑚∑︀
𝑗=0

𝑛∑︀
𝑘=0

𝑏𝑗,𝑘. Then

𝑚∑︁
𝑗=0

𝑛∑︁
𝑘=0

𝑎𝑗,𝑘𝑏𝑗,𝑘 = 𝑎𝑚,𝑛𝐵𝑚,𝑛 +
𝑚−1∑︁
𝑗=0

𝑛−1∑︁
𝑘=0

(𝑎𝑗,𝑘 − 𝑎𝑗+1,𝑘 − 𝑎𝑗,𝑘+1 + 𝑎𝑗+1,𝑘+1)𝐵𝑗,𝑘

+

𝑚−1∑︁
𝑗=0

(𝑎𝑗,𝑛 − 𝑎𝑗+1,𝑛)𝐵𝑗,𝑛 +

𝑛−1∑︁
𝑘=0

(𝑎𝑚,𝑘 − 𝑎𝑚,𝑘+1)𝐵𝑚,𝑘. (22)

Also, if we assume that 𝐵𝑗,𝑘 =
𝑚∑︀

𝑗′=𝑗

𝑛∑︀
𝑘′=𝑘

𝑏𝑗′,𝑘′ and 𝐵𝑚+1,𝑛+1 = 𝐵𝑗,𝑛+1 = 𝐵𝑚+1,𝑘 = 0, for

𝑗 = 0, 1, . . . ,𝑚, 𝑘 = 0, 1, . . . , 𝑛, then

𝑚∑︁
𝑗=1

𝑛∑︁
𝑘=1

𝑎𝑗,𝑘𝑏𝑗,𝑘 =
𝑚∑︁
𝑗=1

𝑛∑︁
𝑘=1

(𝑎𝑗,𝑘 − 𝑎𝑗,𝑘−1 − 𝑎𝑗−1,𝑘 + 𝑎𝑗−1,𝑘−1)𝐵𝑗,𝑘

+
𝑚∑︁
𝑗=1

(𝑎𝑗,0 − 𝑎𝑗−1,0)𝐵𝑗,1 +
𝑛∑︁

𝑘=1

(𝑎0,𝑘 − 𝑎0,𝑘−1)𝐵1,𝑘 + 𝑎0,0𝐵1,1. (23)
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The proof of our Theorem 10 is similar to that of a result of Moric̀z [14, Theorem 2] and the
proof of Theorem 11 is similar to that of our earlier result [7, Theorem 8].

Proof of Theorem 10. Let 𝑚,𝑛 ∈ N be fixed. We start with the representation (17) of the
difference of 𝜎𝛼,𝛽𝑚,𝑛(𝑓, 𝑥, 𝑦) and 𝑠(𝑓, 𝑥, 𝑦). By writing 𝜑 instead of 𝜑𝑥𝑦, in view of (4), it is clear that

𝜎𝛼,𝛽𝑚,𝑛(𝑓, 𝑥, 𝑦)− 𝑠(𝑓, 𝑥, 𝑦)

=
1

𝜋2

∫︁ 𝜋

0

∫︁ 𝜋

0
{𝜑(𝑢, 𝑣)− 𝜑(𝑢, 0)− 𝜑(0, 𝑣)}𝐾𝛼

𝑚(𝑢)𝐾𝛽
𝑛 (𝑣)𝑑𝑢𝑑𝑣

+
1

2𝜋

∫︁ 𝜋

0
𝜑(𝑢, 0)𝐾𝛼

𝑚(𝑢)𝑑𝑢+
1

2𝜋

∫︁ 𝜋

0
𝜑(0, 𝑣)𝐾𝛽

𝑛 (𝑣)𝑑𝑣

= A𝑚𝑛 +B𝑚 +C𝑛, say. (24)

Defining 𝑔(𝑢, 𝑣) = 𝜑(𝑢, 𝑣)− 𝜑(𝑢, 0)− 𝜑(0, 𝑣), we decompose the double integral defining A𝑚𝑛 as

𝜋2A𝑚𝑛 =

∫︁
𝐼0,𝑚

∫︁
𝐼0,𝑛

𝑔(𝑢, 𝑣)𝐾𝛼
𝑚(𝑢)𝐾𝛽

𝑛 (𝑣)𝑑𝑢𝑑𝑣

+

𝑚∑︁
𝑗=1

∫︁
𝐼𝑗,𝑚

∫︁
𝐼0,𝑛

{𝑔(𝑢, 𝑣)− 𝑔(𝜃𝑗,𝑚, 𝑣)}𝐾𝛼
𝑚(𝑢)𝐾𝛽

𝑛 (𝑣)𝑑𝑢𝑑𝑣

+
𝑚∑︁
𝑗=1

∫︁
𝐼𝑗,𝑚

∫︁
𝐼0,𝑛

𝑔(𝜃𝑗,𝑚, 𝑣)𝐾
𝛼
𝑚(𝑢)𝐾𝛽

𝑛 (𝑣)𝑑𝑢𝑑𝑣

+
𝑛∑︁

𝑘=1

∫︁
𝐼0,𝑚

∫︁
𝐼𝑘,𝑛

{𝑔(𝑢, 𝑣)− 𝑔(𝑢, 𝜃𝑘,𝑛)}𝐾𝛼
𝑚(𝑢)𝐾𝛽

𝑛 (𝑣)𝑑𝑢𝑑𝑣

+
𝑛∑︁

𝑘=1

∫︁
𝐼0,𝑚

∫︁
𝐼𝑘,𝑛

𝑔(𝑢, 𝜃𝑘,𝑛)𝐾
𝛼
𝑚(𝑢)𝐾𝛽

𝑛 (𝑣)𝑑𝑢𝑑𝑣

+
𝑚∑︁
𝑗=1

𝑛∑︁
𝑘=1

∫︁
𝐼𝑗,𝑚

∫︁
𝐼𝑘,𝑛

{𝑔(𝑢, 𝑣)− 𝑔(𝑢, 𝜃𝑘,𝑛)− 𝑔(𝜃𝑗,𝑚, 𝑣) + 𝑔(𝜃𝑗,𝑚, 𝜃𝑘,𝑛)}𝐾𝛼
𝑚(𝑢)𝐾𝛽

𝑛 (𝑣)𝑑𝑢𝑑𝑣

+

𝑚∑︁
𝑗=1

𝑛∑︁
𝑘=1

∫︁
𝐼𝑗,𝑚

∫︁
𝐼𝑘,𝑛

{𝑔(𝜃𝑗,𝑚, 𝑣)− 𝑔(𝜃𝑗,𝑚, 𝜃𝑘,𝑛)}𝐾𝛼
𝑚(𝑢)𝐾𝛽

𝑛 (𝑣)𝑑𝑢𝑑𝑣

+

𝑚∑︁
𝑗=1

𝑛∑︁
𝑘=1

∫︁
𝐼𝑗,𝑚

∫︁
𝐼𝑘,𝑛

{𝑔(𝑢, 𝜃𝑘,𝑛)− 𝑔(𝜃𝑗,𝑚, 𝜃𝑘,𝑛)}𝐾𝛼
𝑚(𝑢)𝐾𝛽

𝑛 (𝑣)𝑑𝑢𝑑𝑣

+

𝑚∑︁
𝑗=1

𝑛∑︁
𝑘=1

∫︁
𝐼𝑗,𝑚

∫︁
𝐼𝑘,𝑛

𝑔(𝜃𝑗,𝑚, 𝜃𝑘,𝑛)𝐾
𝛼
𝑚(𝑢)𝐾𝛽

𝑛 (𝑣)𝑑𝑢𝑑𝑣

= A1 +A2 + · · ·+A9, say. (25)

To estimate A1 and A2, from (5) and by definition of 𝑔(𝑢, 𝑣), as 𝜑(0, 0) = 0, we have

|A1| ⩽
∫︁
𝐼0,𝑚

∫︁
𝐼0,𝑛

|𝑔(𝑢, 𝑣)||𝐾𝛼
𝑚(𝑢)||𝐾𝛽

𝑛 (𝑣)|𝑑𝑢𝑑𝑣

=

∫︁
𝐼0,𝑚

∫︁
𝐼0,𝑛

|𝜑(𝑢, 𝑣)− 𝜑(𝑢, 0)− 𝜑(0, 𝑣) + 𝜑(0, 0)||𝐾𝛼
𝑚(𝑢)||𝐾𝛽

𝑛 (𝑣)|𝑑𝑢𝑑𝑣

⩽ osc2(𝜑, 𝐼0,𝑚, 𝐼0,𝑛)

∫︁
𝐼0,𝑚

∫︁
𝐼0,𝑛

(︂
𝑚+

1

2

)︂(︂
𝑛+

1

2

)︂
𝑑𝑢𝑑𝑣

⩽ 𝜋2osc2(𝜑, 𝐼0,𝑚, 𝐼0,𝑛) (26)
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and using (6), we have

|A2| =

⃒⃒⃒⃒
⃒⃒ 𝑚∑︁
𝑗=1

∫︁
𝐼𝑗,𝑚

∫︁
𝐼0,𝑛

{𝑔(𝑢, 𝑣)− 𝑔(𝜃𝑗,𝑚, 𝑣)}𝐾𝛼
𝑚(𝑢)𝐾𝛽

𝑛 (𝑣)𝑑𝑢𝑑𝑣

⃒⃒⃒⃒
⃒⃒

⩽
𝑚∑︁
𝑗=1

∫︁
𝐼𝑗,𝑚

∫︁
𝐼0,𝑛

|𝜑(𝑢, 𝑣)− 𝜑(𝑢, 0)− 𝜑(𝜃𝑗,𝑚, 𝑣) + 𝜑(𝜃𝑗,𝑚, 0)| |𝐾𝛼
𝑚(𝑢)|

⃒⃒⃒
𝐾𝛽

𝑛 (𝑣)
⃒⃒⃒
𝑑𝑢𝑑𝑣

⩽
𝑚∑︁
𝑗=1

osc2(𝜑, 𝐼𝑗,𝑚, 𝐼0,𝑛)

(︃∫︁
𝐼𝑗,𝑚

𝐶1

𝑗1+𝛼
𝑑𝑢

)︃(︃∫︁
𝐼0,𝑛

(︂
𝑛+

1

2

)︂
𝑑𝑣

)︃

⩽ 𝜋𝐶1

𝑚∑︁
𝑗=1

1

𝑗1+𝛼
osc2(𝜑, 𝐼𝑗,𝑚, 𝐼0,𝑛)

⩽ 𝜋21+𝛼𝐶1

𝑚∑︁
𝑗=0

1

(𝑗 + 1)1+𝛼
osc2(𝜑, 𝐼𝑗,𝑚, 𝐼0,𝑛). (27)

Similalry, we can get

|A4| ⩽ 𝜋21+𝛽𝐶1

𝑛∑︁
𝑘=0

1

(𝑘 + 1)1+𝛽
osc2(𝜑, 𝐼0,𝑚, 𝐼𝑘,𝑛). (28)

Next, we estimate A3. Put

𝑅𝛼
𝑗,𝑚 =

∫︁ 𝜋

𝜃𝑗,𝑚

𝐾𝛼
𝑚(𝑢)𝑑𝑢, 𝑗 = 0, 1, . . . ,𝑚+ 1 (29)

and

𝑅𝛽
𝑘,𝑛 =

∫︁ 𝜋

𝜃𝑘,𝑛

𝐾𝛽
𝑛 (𝑣)𝑑𝑣, 𝑘 = 0, 1, . . . , 𝑛+ 1. (30)

Then by (4) and (7), we have

|𝑅𝛼
𝑗,𝑚| ⩽ 𝐶2

(︂
2

𝜋𝑗

)︂1+𝛼

, 𝑗 = 1, 2, . . . ,𝑚; 𝑅𝛼
0,𝑚 =

𝜋

2
, 𝑅𝛼

𝑚+1,𝑚 = 0 (31)

and similarly

|𝑅𝛽
𝑘,𝑛| ⩽ 𝐶2

(︂
2

𝜋𝑘

)︂1+𝛽

, 𝑘 = 1, 2, . . . , 𝑛; 𝑅𝛽
0,𝑛 =

𝜋

2
, 𝑅𝛽

𝑛+1,𝑛 = 0. (32)

Now, by definition of A3, we have

A3 =

𝑚∑︁
𝑗=1

∫︁
𝐼𝑗,𝑚

∫︁
𝐼0,𝑛

𝑔(𝜃𝑗,𝑚, 𝑣)𝐾
𝛼
𝑚(𝑢)𝐾𝛽

𝑛 (𝑣)𝑑𝑢𝑑𝑣

=

∫︁
𝐼0,𝑛

⎧⎨⎩
𝑚∑︁
𝑗=1

𝑔(𝜃𝑗,𝑚, 𝑣)

∫︁
𝐼𝑗,𝑚

𝐾𝛼
𝑚(𝑢)𝑑𝑢

⎫⎬⎭𝐾𝛽
𝑛 (𝑣)𝑑𝑣

=

∫︁
𝐼0,𝑛

⎧⎨⎩
𝑚∑︁
𝑗=1

𝑔(𝜃𝑗,𝑚, 𝑣)
(︀
𝑅𝛼

𝑗,𝑚 −𝑅𝛼
𝑗+1,𝑚

)︀⎫⎬⎭𝐾𝛽
𝑛 (𝑣)𝑑𝑣.
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Using the partial summation formula of Lemma 1 with 𝑎𝑗 = 𝑔(𝜃𝑗,𝑚, 𝑣) and 𝑏𝑗 = 𝑅𝛼
𝑗,𝑚 −𝑅𝛼

𝑗+1,𝑚, for
𝑗 = 0, 1, . . . ,𝑚, we have

A3 =

∫︁
𝐼0,𝑛

{︂ 𝑚∑︁
𝑗=1

(𝑔(𝜃𝑗,𝑚, 𝑣)− 𝑔(𝜃𝑗−1,𝑚, 𝑣))
(︀
𝑅𝛼

𝑗,𝑚 −𝑅𝛼
𝑚+1,𝑚

)︀
+ 𝑔(𝜃0,𝑚, 𝑣)

(︀
𝑅𝛼

1,𝑚 −𝑅𝛼
𝑚+1,𝑚

)︀}︂
𝐾𝛽

𝑛 (𝑣)𝑑𝑣

=

∫︁
𝐼0,𝑛

⎧⎨⎩
𝑚∑︁
𝑗=1

(𝜑(𝜃𝑗,𝑚, 𝑣)− 𝜑(𝜃𝑗,𝑚, 0)− 𝜑(𝜃𝑗−1,𝑚, 𝑣) + 𝜑(𝜃𝑗−1,𝑚, 0))𝑅
𝛼
𝑗,𝑚

⎫⎬⎭𝐾𝛽
𝑛 (𝑣)𝑑𝑣, (33)

because 𝑔(𝜃𝑗,𝑚, 𝑣)− 𝑔(𝜃𝑗−1,𝑚, 𝑣) = 𝜑(𝜃𝑗,𝑚, 𝑣)−𝜑(𝜃𝑗,𝑚, 0)−𝜑(𝜃𝑗−1,𝑚, 𝑣)+𝜑(𝜃𝑗−1,𝑚, 0), 𝑔(𝜃0,𝑚, 𝑣) =
= 𝑔(0, 𝑣) = 0 by definition of 𝑔(𝑢, 𝑣), and 𝑅𝛼

𝑚+1,𝑚 = 0 by (31).
From (5), (31), and (33), we conclude that

|A3| ⩽
∫︁
𝐼0,𝑛

⎧⎨⎩
𝑚∑︁
𝑗=1

|𝜑(𝜃𝑗,𝑚, 𝑣)− 𝜑(𝜃𝑗,𝑚, 0)− 𝜑(𝜃𝑗−1,𝑚, 𝑣) + 𝜑(𝜃𝑗−1,𝑚, 0)||𝑅𝛼
𝑗,𝑚|

⎫⎬⎭ |𝐾𝛽
𝑛 (𝑣)|𝑑𝑣

⩽
𝐶22

1+𝛼

𝜋1+𝛼

𝑚∑︁
𝑗=1

1

𝑗1+𝛼
osc2(𝜑, 𝐼𝑗−1,𝑚, 𝐼0,𝑛)

∫︁
𝐼0,𝑛

(︂
𝑛+

1

2

)︂
𝑑𝑣

⩽
𝐶22

1+𝛼

𝜋𝛼

𝑚−1∑︁
𝑗=0

1

(𝑗 + 1)1+𝛼
osc2(𝜑, 𝐼𝑗,𝑚, 𝐼0,𝑛). (34)

Analogously, now using (32) instead of (31), we can see that

|A5| ⩽
𝐶22

1+𝛽

𝜋𝛽

𝑛−1∑︁
𝑘=0

1

(𝑘 + 1)1+𝛽
osc2(𝜑, 𝐼0,𝑚, 𝐼𝑘,𝑛). (35)

Next we estimate A6. By definition of 𝑔(𝑢, 𝑣), we have

𝑔(𝑢, 𝑣)− 𝑔(𝑢, 𝜃𝑘,𝑛)− 𝑔(𝜃𝑗,𝑚, 𝑣) + 𝑔(𝜃𝑗,𝑚, 𝜃𝑘,𝑛)

= 𝜑(𝑢, 𝑣)− 𝜑(𝑢, 𝜃𝑘,𝑛)− 𝜑(𝜃𝑗,𝑚, 𝑣) + 𝜑(𝜃𝑗,𝑚, 𝜃𝑘,𝑛), (36)

and hence by definition of A6 and (6), we have

|A6| =

⃒⃒⃒⃒
⃒⃒ 𝑚∑︁
𝑗=1

𝑛∑︁
𝑘=1

∫︁
𝐼𝑗,𝑚

∫︁
𝐼𝑘,𝑛

{𝑔(𝑢, 𝑣)− 𝑔(𝑢, 𝜃𝑘,𝑛)− 𝑔(𝜃𝑗,𝑚, 𝑣) + 𝑔(𝜃𝑗,𝑚, 𝜃𝑘,𝑛)}𝐾𝛼
𝑚(𝑢)𝐾𝛽

𝑛 (𝑣)𝑑𝑢𝑑𝑣

⃒⃒⃒⃒
⃒⃒

⩽
𝑚∑︁
𝑗=1

𝑛∑︁
𝑘=1

∫︁
𝐼𝑗,𝑚

∫︁
𝐼𝑘,𝑛

|𝜑(𝑢, 𝑣)− 𝜑(𝑢, 𝜃𝑘,𝑛)− 𝜑(𝜃𝑗,𝑚, 𝑣) + 𝜑(𝜃𝑗,𝑚, 𝜃𝑘,𝑛)| |𝐾𝛼
𝑚(𝑢)|

⃒⃒⃒
𝐾𝛽

𝑛 (𝑣)
⃒⃒⃒
𝑑𝑢𝑑𝑣

⩽
𝑚∑︁
𝑗=1

𝑛∑︁
𝑘=1

osc2(𝜑, 𝐼𝑗,𝑚, 𝐼𝑘,𝑛)

∫︁
𝐼𝑗,𝑚

∫︁
𝐼𝑘,𝑛

|𝐾𝛼
𝑚(𝑢)|

⃒⃒⃒
𝐾𝛽

𝑛 (𝑣)
⃒⃒⃒
𝑑𝑢𝑑𝑣

⩽ 𝐶2
1

𝑚∑︁
𝑗=1

𝑛∑︁
𝑘=1

1

𝑗1+𝛼𝑘1+𝛽
osc2(𝜑, 𝐼𝑗,𝑚, 𝐼𝑘,𝑛)

⩽ 22+𝛼+𝛽𝐶2
1

𝑚∑︁
𝑗=0

𝑛∑︁
𝑘=0

1

(𝑗 + 1)1+𝛼(𝑘 + 1)1+𝛽
osc2(𝜑, 𝐼𝑗,𝑚, 𝐼𝑘,𝑛). (37)
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To estimate A7, using notation (29) and the partial summation formula of Lemma 1 with
𝑎𝑗 = 𝑔(𝜃𝑗,𝑚, 𝑣)− 𝑔(𝜃𝑗,𝑚, 𝜃𝑘,𝑛) and 𝑏𝑗 = 𝑅𝛼

𝑗,𝑚 −𝑅𝛼
𝑗+1,𝑚 for 𝑗 = 0, 1, . . . ,𝑚, we obtain

A7 =

𝑚∑︁
𝑗=1

𝑛∑︁
𝑘=1

∫︁
𝐼𝑗,𝑚

∫︁
𝐼𝑘,𝑛

{𝑔(𝜃𝑗,𝑚, 𝑣)− 𝑔(𝜃𝑗,𝑚, 𝜃𝑘,𝑛)}𝐾𝛼
𝑚(𝑢)𝐾𝛽

𝑛 (𝑣)𝑑𝑢𝑑𝑣

=
𝑛∑︁

𝑘=1

∫︁
𝐼𝑘,𝑛

⎧⎨⎩
𝑚∑︁
𝑗=1

(𝑔(𝜃𝑗,𝑚, 𝑣)− 𝑔(𝜃𝑗,𝑚, 𝜃𝑘,𝑛))(𝑅
𝛼
𝑗,𝑚 −𝑅𝛼

𝑗+1,𝑚)

⎫⎬⎭𝐾𝛽
𝑛 (𝑣)𝑑𝑣

=

𝑛∑︁
𝑘=1

∫︁
𝐼𝑘,𝑛

{︂ 𝑚∑︁
𝑗=1

([𝑔(𝜃𝑗,𝑚, 𝑣)− 𝑔(𝜃𝑗,𝑚, 𝜃𝑘,𝑛)]− [𝑔(𝜃𝑗−1,𝑚, 𝑣)− 𝑔(𝜃𝑗−1,𝑚, 𝜃𝑘,𝑛)])(𝑅
𝛼
𝑗,𝑚 −𝑅𝛼

𝑚+1,𝑚)

+ (𝑔(𝜃0,𝑚, 𝑣)− 𝑔(𝜃0,𝑚, 𝜃𝑘,𝑛))(𝑅
𝛼
1,𝑚 −𝑅𝛼

𝑚+1,𝑚)

}︂
𝐾𝛽

𝑛 (𝑣)𝑑𝑣

=

𝑛∑︁
𝑘=1

∫︁
𝐼𝑘,𝑛

⎧⎨⎩
𝑚∑︁
𝑗=1

(𝜑(𝜃𝑗,𝑚, 𝑣)− 𝜑(𝜃𝑗,𝑚, 𝜃𝑘,𝑛)− 𝜑(𝜃𝑗−1,𝑚, 𝑣) + 𝜑(𝜃𝑗−1,𝑚, 𝜃𝑘,𝑛))𝑅
𝛼
𝑗,𝑚

⎫⎬⎭𝐾𝛽
𝑛 (𝑣)𝑑𝑣,

because 𝑔(𝜃0,𝑚, 𝑣) = 𝑔(𝜃0,𝑚, 𝜃𝑘,𝑛) = 0 by definition of 𝑔(𝑢, 𝑣), 𝑅𝛼
𝑚+1,𝑚 = 0 by (31), and by (36)

with 𝑢 = 𝜃𝑗−1,𝑚. Now, in view of (6) and (31), it follows that

|A7| ⩽
𝑛∑︁

𝑘=1

∫︁
𝐼𝑘,𝑛

{︂ 𝑚∑︁
𝑗=1

|𝜑(𝜃𝑗,𝑚, 𝑣)− 𝜑(𝜃𝑗,𝑚, 𝜃𝑘,𝑛)− 𝜑(𝜃𝑗−1,𝑚, 𝑣) + 𝜑(𝜃𝑗−1,𝑚, 𝜃𝑘,𝑛)||𝑅𝛼
𝑗,𝑚|
}︂
|𝐾𝛽

𝑛 (𝑣)|𝑑𝑣

⩽
𝐶1𝐶22

1+𝛼

𝜋1+𝛼

𝑚∑︁
𝑗=1

𝑛∑︁
𝑘=1

1

𝑗1+𝛼𝑘1+𝛽
osc2(𝜑, 𝐼𝑗−1,𝑚, 𝐼𝑘,𝑛)

⩽
𝐶1𝐶22

2+𝛼+𝛽

𝜋1+𝛼

𝑚−1∑︁
𝑗=0

𝑛∑︁
𝑘=0

1

(𝑗 + 1)1+𝛼(𝑘 + 1)1+𝛽
osc2(𝜑, 𝐼𝑗,𝑚, 𝐼𝑘,𝑛). (38)

Similarly, using (32) instead of (31), we can estimate

|A8| ⩽
𝐶1𝐶22

1+𝛽

𝜋1+𝛽

𝑚∑︁
𝑗=1

𝑛∑︁
𝑘=1

1

𝑗1+𝛼𝑘1+𝛽
osc2(𝜑, 𝐼𝑗,𝑚, 𝐼𝑘−1,𝑛)

⩽
𝐶1𝐶22

2+𝛼+𝛽

𝜋1+𝛽

𝑚∑︁
𝑗=0

𝑛−1∑︁
𝑘=0

1

(𝑗 + 1)1+𝛼(𝑘 + 1)1+𝛽
osc2(𝜑, 𝐼𝑗,𝑚, 𝐼𝑘,𝑛). (39)

Keeping notation (29) and (30) in mind, we may write

A9 =
𝑚∑︁
𝑗=1

𝑛∑︁
𝑘=1

𝑔(𝜃𝑗,𝑚, 𝜃𝑘,𝑛)(𝑅
𝛼
𝑗,𝑚 −𝑅𝛼

𝑗+1,𝑚)(𝑅𝛽
𝑘,𝑛 −𝑅𝛽

𝑘+1,𝑛),

whence a double summation by parts (see (23) of Lemma 2) with 𝑎𝑗,𝑘 = 𝑔(𝜃𝑗,𝑚, 𝜃𝑘,𝑛) and

𝑏𝑗,𝑘 = (𝑅𝛼
𝑗,𝑚 −𝑅𝛼

𝑗+1,𝑚)(𝑅𝛽
𝑘,𝑛 −𝑅𝛽

𝑘+1,𝑛) for 𝑗 = 0, 1, . . . ,𝑚 and 𝑘 = 0, 1, . . . , 𝑛, gives

A9 =

𝑚∑︁
𝑗=1

𝑛∑︁
𝑘=1

{︂
𝑔(𝜃𝑗,𝑚, 𝜃𝑘,𝑛)− 𝑔(𝜃𝑗,𝑚, 𝜃𝑘−1,𝑛)− 𝑔(𝜃𝑗−1,𝑚, 𝜃𝑘,𝑛) + 𝑔(𝜃𝑗−1,𝑚, 𝜃𝑘−1,𝑛)

}︂
× (𝑅𝛼

𝑗,𝑚 −𝑅𝛼
𝑚+1,𝑚)(𝑅𝛽

𝑘,𝑛 −𝑅𝛽
𝑛+1,𝑛)

=
𝑚∑︁
𝑗=1

𝑛∑︁
𝑘=1

{𝜑(𝜃𝑗,𝑚, 𝜃𝑘,𝑛)− 𝜑(𝜃𝑗,𝑚, 𝜃𝑘−1,𝑛)− 𝜑(𝜃𝑗−1,𝑚, 𝜃𝑘,𝑛) + 𝜑(𝜃𝑗−1,𝑚, 𝜃𝑘−1,𝑛)}𝑅𝛼
𝑗,𝑚𝑅

𝛽
𝑘,𝑛,
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because 𝑎𝑗,0 = 𝑎0,𝑘 = 0 by definition of 𝑔(𝑢, 𝑣), for all 𝑗 = 0, 1, . . . ,𝑚 and 𝑘 = 0, 1, . . . , 𝑛, by (31),
(32), and by (36) with 𝑢 = 𝜃𝑗−1,𝑚 and 𝑣 = 𝜃𝑘−1,𝑛.

Thus, from (31) and (32), it follows that

|A9| ⩽
𝐶2
22

2+𝛼+𝛽

𝜋2+𝛼+𝛽

𝑚∑︁
𝑗=1

𝑛∑︁
𝑘=1

1

𝑗1+𝛼𝑘1+𝛽
osc2(𝜑, 𝐼𝑗−1,𝑚, 𝐼𝑘−1,𝑛)

⩽
𝐶2
22

2+𝛼+𝛽

𝜋2+𝛼+𝛽

𝑚−1∑︁
𝑗=0

𝑛−1∑︁
𝑘=0

1

(𝑗 + 1)1+𝛼(𝑘 + 1)1+𝛽
osc2(𝜑, 𝐼𝑗,𝑚, 𝐼𝑘,𝑛). (40)

Combining (25)–(28), (34)–(37), and (38)–(40) yields

|A𝑚𝑛| ⩽ 𝐶𝛼𝐶𝛽

𝑚∑︁
𝑗=0

𝑛∑︁
𝑘=0

1

(𝑗 + 1)1+𝛼(𝑘 + 1)1+𝛽
osc2(𝜑, 𝐼𝑗,𝑚, 𝐼𝑘,𝑛), (41)

where 𝐶𝜂 =
(︁
1 + 21+𝜂

𝜋 𝐶1 +
21+𝜂

𝜋2+𝜂𝐶2

)︁
for 𝜂 = 𝛼, 𝛽.

In order to estimate 𝐵𝑚 and 𝐶𝑛 in (24), it is enough to apply the first inequality of (8) of
Theorem 3 with the equality (3), which gives

|B𝑚| =
⃒⃒⃒⃒
1

2𝜋

∫︁ 𝜋

0
𝜑(𝑢, 0)𝐾𝛼

𝑚(𝑢)𝑑𝑢

⃒⃒⃒⃒
⩽ 𝐶𝛼

𝑚∑︁
𝑗=0

1

(𝑗 + 1)1+𝛼
osc1(𝜑(·, 0), 𝐼𝑗,𝑚) (42)

and

|C𝑛| =
⃒⃒⃒⃒
1

2𝜋

∫︁ 𝜋

0
𝜑(𝑣, 0)𝐾𝛽

𝑛 (𝑣)𝑑𝑣

⃒⃒⃒⃒
⩽ 𝐶𝛽

𝑛∑︁
𝑘=0

1

(𝑘 + 1)1+𝛽
osc1(𝜑(0, ·), 𝐼𝑘,𝑛). (43)

Now, using (41)–(43) in (24), we get (18) to be proved.

Proof of Theorem 11. For fixed 𝑚 and 𝑛 in {0, 1, 2, . . . }, set

M𝑗,𝑘 =

𝑗∑︁
𝑖=0

𝑘∑︁
𝑙=0

1

(𝑖+ 1)𝛾(𝑙 + 1)𝛿
osc2 (𝜑𝑥𝑦, 𝐼𝑖,𝑚, 𝐼𝑙,𝑛) ,

M
′
𝑗 =

𝑗∑︁
𝑖=0

1

(𝑖+ 1)𝛾(𝑛+ 1)𝛿
osc2 (𝜑𝑥𝑦, 𝐼𝑖,𝑚, 𝐼𝑛,𝑛) ,

and

M
′′
𝑘 =

𝑘∑︁
𝑙=0

1

(𝑚+ 1)𝛾(𝑙 + 1)𝛿
osc2 (𝜑𝑥𝑦, 𝐼𝑚,𝑚, 𝐼𝑙,𝑛) ,

where 𝑗 = 0, 1, ...,𝑚; 𝑘 = 0, 1, ..., 𝑛. Then we have

M𝑗,𝑘 ⩽ 𝑉𝛾𝛿 (𝜑𝑥𝑦, 𝜃𝑗+1,𝑚, 𝜃𝑘+1,𝑛) . (44)

Also, define functions M(𝑢, 𝑣), M
′
(𝑢), and M

′′
(𝑣) on the rectangle

[︁
𝜋

𝑚+1 , 𝜋
)︁
×
[︁

𝜋
𝑛+1 , 𝜋

)︁
, and the

intervals
[︁

𝜋
𝑚+1 , 𝜋

)︁
and

[︁
𝜋

𝑛+1 , 𝜋
)︁
respectively, by

M(𝑢, 𝑣) = M[︁
(𝑚+1)𝑢

𝜋

]︁
−1,

[︁
(𝑛+1)𝑣

𝜋

]︁
−1, (45)

M
′
(𝑢) = M[︁

(𝑚+1)𝑢
𝜋

]︁
−1, (46)
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and

M
′′
(𝑣) = M[︁

(𝑛+1)𝑣
𝜋

]︁
−1. (47)

Note that

(𝑗 + 1)𝜋

𝑚+ 1
⩽ 𝑢 <

(𝑗 + 2)𝜋

𝑚+ 1
=⇒ 𝑗 + 1 ⩽

(𝑚+ 1)𝑢

𝜋
< 𝑗 + 2

=⇒
[︂
(𝑚+ 1)𝑢

𝜋

]︂
= 𝑗 + 1.

Similarly,

𝑣 ∈
[︂
(𝑘 + 1)𝜋

𝑛+ 1
,
(𝑘 + 2)𝜋

𝑛+ 1

)︂
=⇒

[︂
(𝑛+ 1)𝑣

𝜋

]︂
= 𝑘 + 1.

Therefore, for each 𝑗 = 0, 1, . . . ,𝑚−1; 𝑘 = 0, 1, . . . , 𝑛−1, and for each (𝑢, 𝑣) in
[︁
(𝑗+1)𝜋
𝑚+1 ,

(𝑗+2)𝜋
𝑚+1

)︁
×

×
[︁
(𝑘+1)𝜋
𝑛+1 , (𝑘+2)𝜋

𝑛+1

)︁
, by (45), we have

M(𝑢, 𝑣) = M𝑗,𝑘. (48)

Now, using the double partial summation formula (see (22) of Lemma 2) with
𝑎𝑗,𝑘 = 1

(𝑗+1)1+𝛼−𝛾(𝑘+1)1+𝛽−𝛿 and 𝑏𝑗,𝑘 = 1
(𝑗+1)𝛾(𝑘+1)𝛿

osc2 (𝜑𝑥𝑦, 𝐼𝑗,𝑚, 𝐼𝑘,𝑛) for 𝑗 = 0, 1, . . . ,𝑚;

𝑘 = 0, 1, . . . , 𝑛, we get

𝑚∑︁
𝑗=0

𝑛∑︁
𝑘=0

1

(𝑗 + 1)1+𝛼(𝑘 + 1)1+𝛽
osc2 (𝜑𝑥𝑦, 𝐼𝑗,𝑚, 𝐼𝑘,𝑛)

=
𝑚∑︁
𝑗=0

𝑛∑︁
𝑘=0

1

(𝑗 + 1)1+𝛼−𝛾(𝑘 + 1)1+𝛽−𝛿
1

(𝑗 + 1)𝛾(𝑘 + 1)𝛿
osc2 (𝜑𝑥𝑦, 𝐼𝑗,𝑚, 𝐼𝑘,𝑛)

=

𝑚−1∑︁
𝑗=0

𝑛−1∑︁
𝑘=0

M𝑗,𝑘

(︂
1

(𝑗 + 1)1+𝛼−𝛾(𝑘 + 1)1+𝛽−𝛿 − 1

(𝑗 + 2)1+𝛼−𝛾(𝑘 + 1)1+𝛽−𝛿

− 1

(𝑗 + 1)1+𝛼−𝛾(𝑘 + 2)1+𝛽−𝛿 +
1

(𝑗 + 2)1+𝛼−𝛾(𝑘 + 2)1+𝛽−𝛿

)︂

+
1

(𝑛+ 1)1+𝛽−𝛿

𝑚−1∑︁
𝑗=0

M𝑗,𝑛

(︂
1

(𝑗 + 1)1+𝛼−𝛾 − 1

(𝑗 + 2)1+𝛼−𝛾

)︂

+
1

(𝑚+ 1)1+𝛼−𝛾

𝑛−1∑︁
𝑘=0

M𝑚,𝑘

(︃
1

(𝑘 + 1)1+𝛽−𝛿 − 1

(𝑘 + 2)1+𝛽−𝛿

)︃

+
M𝑚,𝑛

(𝑚+ 1)1+𝛼−𝛾(𝑛+ 1)1+𝛽−𝛿

= A+ B+ C+D, say. (49)

We will use properties of the Riemann-Stieltjes integral to estimate A, B, and C. First, we estimate
A. Since 𝛼 > 𝛾 − 1 and 𝛽 > 𝛿 − 1, the functions −𝑢−1−𝛼+𝛾 and −𝑣−1−𝛽+𝛿 are continuous and
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nondecreasing for 𝑢, 𝑣 > 0. Therefore, we have

A =
𝑚−1∑︁
𝑗=0

𝑛−1∑︁
𝑘=0

M𝑗,𝑘

(︂
1

(𝑗 + 1)1+𝛼−𝛾 − 1

(𝑗 + 2)1+𝛼−𝛾

)︂(︃
1

(𝑘 + 1)1+𝛽−𝛿 − 1

(𝑘 + 2)1+𝛽−𝛿

)︃

=

𝑚−1∑︁
𝑗=0

𝑛−1∑︁
𝑘=0

M𝑗,𝑘

(︂∫︁ 𝑗+2

𝑗+1
𝑑
(︀
−𝑢−1−𝛼+𝛾

)︀)︂(︂∫︁ 𝑘+2

𝑘+1
𝑑
(︁
−𝑣−1−𝛽+𝛿

)︁)︂

=
𝑚−1∑︁
𝑗=0

𝑛−1∑︁
𝑘=0

M𝑗,𝑘

∫︁ 𝑗+2

𝑗+1

∫︁ 𝑘+2

𝑘+1
(1 + 𝛼− 𝛾)(1 + 𝛽 − 𝛿)𝑢−2−𝛼+𝛾𝑣−2−𝛽+𝛿𝑑𝑢𝑑𝑣

= (1 + 𝛼− 𝛾)(1 + 𝛽 − 𝛿)

𝑚−1∑︁
𝑗=0

𝑛−1∑︁
𝑘=0

M𝑗,𝑘

(︂∫︁ 𝑗+2

𝑗+1
𝑢−2−𝛼+𝛾𝑑𝑢

)︂(︂∫︁ 𝑘+2

𝑘+1
𝑣−2−𝛽+𝛿𝑑𝑣

)︂
. (50)

Put 𝑠 = 𝑢𝜋
𝑚+1 . Then

𝑑𝑢
𝑑𝑠 = 𝑚+1

𝜋 ; 𝑢→ 𝑗 + 1 ⇔ 𝑠→ (𝑗+1)𝜋
𝑚+1 , 𝑢→ 𝑗 + 2 ⇔ 𝑠→ (𝑗+2)𝜋

𝑚+1 . Therefore

∫︁ 𝑗+2

𝑗+1
𝑢−2−𝛼+𝛾𝑑𝑢 =

∫︁ (𝑗+2)𝜋
𝑚+1

(𝑗+1)𝜋
𝑚+1

(︂
(𝑚+ 1)𝑠

𝜋

)︂−2−𝛼+𝛾 (︂𝑚+ 1

𝜋

)︂
𝑑𝑠

=

(︂
𝑚+ 1

𝜋

)︂−1−𝛼+𝛾 ∫︁ (𝑗+2)𝜋
𝑚+1

(𝑗+1)𝜋
𝑚+1

𝑠−2−𝛼+𝛾𝑑𝑠

=
𝜋1+𝛼−𝛾

(𝑚+ 1)1+𝛼−𝛾

∫︁ (𝑗+2)𝜋
𝑚+1

(𝑗+1)𝜋
𝑚+1

𝑢−2−𝛼+𝛾𝑑𝑢. (51)

Similarly, ∫︁ 𝑘+2

𝑘+1
𝑣−2−𝛽+𝛿𝑑𝑣 =

𝜋1+𝛽−𝛿

(𝑛+ 1)1+𝛽−𝛿

∫︁ (𝑘+2)𝜋
𝑛+1

(𝑘+1)𝜋
𝑛+1

𝑣−2−𝛽+𝛿𝑑𝑣. (52)

Using (51) and (52) in (50), we get

A =
(1 + 𝛼− 𝛾)(1 + 𝛽 − 𝛿)𝜋2+𝛼+𝛽−𝛾−𝛿

(𝑚+ 1)1+𝛼−𝛾(𝑛+ 1)1+𝛽−𝛿

𝑚−1∑︁
𝑗=0

𝑛−1∑︁
𝑘=0

∫︁ (𝑗+2)𝜋
𝑚+1

(𝑗+1)𝜋
𝑚+1

∫︁ (𝑘+2)𝜋
𝑛+1

(𝑘+1)𝜋
𝑛+1

M𝑗,𝑘 𝑢
−2−𝛼+𝛾𝑣−2−𝛽+𝛿𝑑𝑢𝑑𝑣.

Since M(𝑢, 𝑣) = M𝑗,𝑘 for all (𝑢, 𝑣) ∈
[︁
(𝑗+1)𝜋
𝑚+1 ,

(𝑗+2)𝜋
𝑚+1

)︁
×
[︁
(𝑘+1)𝜋
𝑛+1 , (𝑘+2)𝜋

𝑛+1

)︁
, we get

A =
(1 + 𝛼− 𝛾)(1 + 𝛽 − 𝛿)𝜋2+𝛼+𝛽−𝛾−𝛿

(𝑚+ 1)1+𝛼−𝛾(𝑛+ 1)1+𝛽−𝛿

𝑚−1∑︁
𝑗=0

𝑛−1∑︁
𝑘=0

∫︁ (𝑗+2)𝜋
𝑚+1

(𝑗+1)𝜋
𝑚+1

∫︁ (𝑘+2)𝜋
𝑛+1

(𝑘+1)𝜋
𝑛+1

M(𝑢, 𝑣)𝑢−2−𝛼+𝛾𝑣−2−𝛽+𝛿𝑑𝑢𝑑𝑣

=
(1 + 𝛼− 𝛾)(1 + 𝛽 − 𝛿)𝜋2+𝛼+𝛽−𝛾−𝛿

(𝑚+ 1)1+𝛼−𝛾(𝑛+ 1)1+𝛽−𝛿

∫︁ 𝜋

𝜋
𝑚+1

∫︁ 𝜋

𝜋
𝑛+1

M(𝑢, 𝑣)𝑢−2−𝛼+𝛾𝑣−2−𝛽+𝛿𝑑𝑢𝑑𝑣.

Put 𝑢 = 𝜋
𝑠 and 𝑣 = 𝜋

𝑡 . Then
𝑑𝑢
𝑑𝑠 = −𝜋𝑠−2, 𝑑𝑣

𝑑𝑡 = −𝜋𝑡−2, 𝑢 → 𝜋
𝑚+1 ⇔ 𝑠 → 𝑚+ 1, 𝑢 → 𝜋 ⇔ 𝑠 → 1,

𝑣 → 𝜋
𝑛+1 ⇔ 𝑡→ 𝑛+ 1, and 𝑣 → 𝜋 ⇔ 𝑡→ 1. Therefore
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A =
(1 + 𝛼− 𝛾)(1 + 𝛽 − 𝛿)𝜋2+𝛼+𝛽−𝛾−𝛿

(𝑚+ 1)1+𝛼−𝛾(𝑛+ 1)1+𝛽−𝛿 ×

×
∫︁ 1

𝑚+1

∫︁ 1

𝑛+1
M
(︁𝜋
𝑠
,
𝜋

𝑡

)︁(︁𝜋
𝑠

)︁−2−𝛼+𝛾 (︁𝜋
𝑡

)︁−2−𝛽+𝛿
𝜋2𝑠−2𝑡−2𝑑𝑠𝑑𝑡 =

=
(1 + 𝛼− 𝛾)(1 + 𝛽 − 𝛿)

(𝑚+ 1)1+𝛼−𝛾(𝑛+ 1)1+𝛽−𝛿

∫︁ 𝑚+1

1

∫︁ 𝑛+1

1
M
(︁𝜋
𝑠
,
𝜋

𝑡

)︁
𝑠𝛼−𝛾𝑡𝛽−𝛿𝑑𝑠𝑑𝑡 =

=
(1 + 𝛼− 𝛾)(1 + 𝛽 − 𝛿)

(𝑚+ 1)1+𝛼−𝛾(𝑛+ 1)1+𝛽−𝛿

𝑚∑︁
𝑗=1

𝑛∑︁
𝑘=1

∫︁ 𝑗+1

𝑗

∫︁ 𝑘+1

𝑘
M
(︁𝜋
𝑠
,
𝜋

𝑡

)︁
𝑠𝛼−𝛾𝑡𝛽−𝛿𝑑𝑠𝑑𝑡 =

⩽
(1 + 𝛼− 𝛾)(1 + 𝛽 − 𝛿)

(𝑚+ 1)1+𝛼−𝛾(𝑛+ 1)1+𝛽−𝛿

𝑚∑︁
𝑗=1

𝑛∑︁
𝑘=1

M

(︂
𝜋

𝑗
,
𝜋

𝑘

)︂
𝑗𝛼−𝛾𝑘𝛽−𝛿

∫︁ 𝑗+1

𝑗

∫︁ 𝑘+1

𝑘
𝑑𝑠𝑑𝑡 =

=
(1 + 𝛼− 𝛾)(1 + 𝛽 − 𝛿)

(𝑚+ 1)1+𝛼−𝛾(𝑛+ 1)1+𝛽−𝛿

𝑚∑︁
𝑗=1

𝑛∑︁
𝑘=1

M

(︂
𝜋

𝑗
,
𝜋

𝑘

)︂
𝑗𝛼−𝛾𝑘𝛽−𝛿. (53)

Now, we estimate B. Proceeding as above, we have

B =
1

(𝑛+ 1)1+𝛽−𝛿

𝑚−1∑︁
𝑗=0

M𝑗,𝑛

(︂
1

(𝑗 + 1)1+𝛼−𝛾 − 1

(𝑗 + 2)1+𝛼−𝛾

)︂

=
1

(𝑛+ 1)1+𝛽−𝛿

𝑚−1∑︁
𝑗=0

M𝑗,𝑛

(︂∫︁ 𝑗+2

𝑗+1
𝑑
(︀
−𝑢−1−𝛼+𝛾

)︀)︂

=
1

(𝑛+ 1)1+𝛽−𝛿

𝑚−1∑︁
𝑗=0

(︀
M𝑗,𝑛−1 +M′𝑗

)︀(︂∫︁ 𝑗+2

𝑗+1
(1 + 𝛼− 𝛾)𝑢−2−𝛼+𝛾𝑑𝑢

)︂

=
(1 + 𝛼− 𝛾)𝜋1+𝛼−𝛾

(𝑚+ 1)1+𝛼−𝛾(𝑛+ 1)1+𝛽−𝛿

𝑚−1∑︁
𝑗=0

(︀
M𝑗,𝑛−1 +M′𝑗

)︀ ∫︁ (𝑗+2)𝜋
𝑚+1

(𝑗+1)𝜋
𝑚+1

𝑢−2−𝛼+𝛾𝑑𝑢. (54)

Note that if 𝑢 ∈
[︁
(𝑗+1)𝜋
𝑚+1 ,

(𝑗+2)𝜋
𝑚+1

)︁
and 𝑣 = 𝑛𝜋

𝑛+1 , then as
[︁
(𝑛+1)𝑣

𝜋

]︁
=
[︁
𝑛+1
𝜋 · 𝑛𝜋

𝑛+1

]︁
= 𝑛, by (48), we

have M
(︁
𝑢, 𝑛𝜋

𝑛+1

)︁
= M𝑗,𝑛−1. Also, for 𝑢 ∈

[︁
(𝑗+1)𝜋
𝑚+1 ,

(𝑗+2)𝜋
𝑚+1

)︁
,
[︁
(𝑚+1)𝑢

𝜋

]︁
− 1 = 𝑗, so that M′(𝑢) = M′𝑗 .

So from (54), we get

B =
(1 + 𝛼− 𝛾)𝜋1+𝛼−𝛾

(𝑚+ 1)1+𝛼−𝛾(𝑛+ 1)1+𝛽−𝛿

𝑚−1∑︁
𝑗=0

∫︁ (𝑗+2)𝜋
𝑚+1

(𝑗+1)𝜋
𝑚+1

(︂
M

(︂
𝑢,

𝑛𝜋

𝑛+ 1

)︂
+M′(𝑢)

)︂
𝑢−2−𝛼+𝛾𝑑𝑢

=
(1 + 𝛼− 𝛾)𝜋1+𝛼−𝛾

(𝑚+ 1)1+𝛼−𝛾(𝑛+ 1)1+𝛽−𝛿

∫︁ 𝜋

𝜋
𝑚+1

(︂
M

(︂
𝑢,

𝑛𝜋

𝑛+ 1

)︂
+M′(𝑢)

)︂
𝑢−2−𝛼+𝛾𝑑𝑢

=
(1 + 𝛼− 𝛾)

(𝑚+ 1)1+𝛼−𝛾(𝑛+ 1)1+𝛽−𝛿

∫︁ 𝑚+1

1

(︂
M

(︂
𝜋

𝑠
,
𝑛𝜋

𝑛+ 1

)︂
+M′

(︁𝜋
𝑠

)︁)︂
𝑠𝛼−𝛾𝑑𝑠

=
(1 + 𝛼− 𝛾)

(𝑚+ 1)1+𝛼−𝛾(𝑛+ 1)1+𝛽−𝛿

𝑚∑︁
𝑗=1

∫︁ 𝑗+1

𝑗

(︂
M

(︂
𝜋

𝑠
,
𝑛𝜋

𝑛+ 1

)︂
+M′

(︁𝜋
𝑠

)︁)︂
𝑠𝛼−𝛾𝑑𝑠

⩽
(1 + 𝛼− 𝛾)

(𝑚+ 1)1+𝛼−𝛾(𝑛+ 1)1+𝛽−𝛿

𝑚∑︁
𝑗=1

(︂
M

(︂
𝜋

𝑗
,
𝑛𝜋

𝑛+ 1

)︂
+M′

(︂
𝜋

𝑗

)︂)︂
𝑗𝛼−𝛾 , (55)
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and similarly, we can prove

𝐶 ⩽
(1 + 𝛽 − 𝛿)

(𝑚+ 1)1+𝛼−𝛾(𝑛+ 1)1+𝛽−𝛿

𝑛∑︁
𝑘=1

(︂
M

(︂
𝑚𝜋

𝑚+ 1
,
𝜋

𝑘

)︂
+M′′

(︁𝜋
𝑘

)︁)︂
𝑘𝛽−𝛿. (56)

In view of (44)–(47), we have

M

(︂
𝜋

𝑗
,
𝜋

𝑘

)︂
= M[︁

𝑚+1
𝑗

]︁
−1,[𝑛+1

𝑘 ]−1
⩽ 𝑉𝛾𝛿

(︂
𝜑𝑥𝑦, 𝜃[︁𝑚+1

𝑗

]︁
,𝑚
, 𝜃[𝑛+1

𝑘 ],𝑛

)︂
⩽ 𝑉𝛾𝛿

(︂
𝜑𝑥𝑦,

𝜋

𝑗
,
𝜋

𝑘

)︂
(57)

and

M

(︂
𝜋

𝑗
,
𝑛𝜋

𝑛+ 1

)︂
+M′

(︂
𝜋

𝑗

)︂
= M[︁

𝑚+1
𝑗

]︁
−1,𝑛−1 +M′[︁

𝑚+1
𝑗

]︁
−1

=

[︁
𝑚+1

𝑗

]︁
−1∑︁

𝑖=0

𝑛−1∑︁
𝑙=0

1

(𝑖+ 1)𝛾(𝑙 + 1)𝛿
osc2 (𝜑𝑥𝑦, 𝐼𝑖,𝑚, 𝐼𝑙,𝑛)

+

[︁
𝑚+1

𝑗

]︁
−1∑︁

𝑖=0

1

(𝑖+ 1)𝛾(𝑛+ 1)𝛿
osc2 (𝜑𝑥𝑦, 𝐼𝑖,𝑚, 𝐼𝑛,𝑛)

=

[︁
𝑚+1

𝑗

]︁
−1∑︁

𝑖=0

𝑛∑︁
𝑙=0

1

(𝑖+ 1)𝛾(𝑙 + 1)𝛿
osc2 (𝜑𝑥𝑦, 𝐼𝑖,𝑚𝐼𝑙,𝑛)

= M[︁
𝑚+1

𝑗

]︁
−1,𝑛

⩽ 𝑉𝛾𝛿

(︂
𝜑𝑥𝑦,

𝜋

𝑗
, 𝜋

)︂
. (58)

In a similar way, we can prove the inequalities

M

(︂
𝑚𝜋

𝑚+ 1
,
𝜋

𝑘

)︂
+M′′

(︁𝜋
𝑘

)︁
⩽ 𝑉𝛾𝛿

(︁
𝜑𝑥𝑦, 𝜋,

𝜋

𝑘

)︁
(59)

and
M𝑚,𝑛 ⩽ 𝑉𝛾𝛿 (𝜑𝑥𝑦, 𝜋, 𝜋) . (60)

Using (57) into (53), (58) into (55), (59) into (56), and then the results and (60) into (49), we get

𝑚∑︁
𝑗=0

𝑛∑︁
𝑘=0

1

(𝑗 + 1)1+𝛼(𝑘 + 1)1+𝛽
osc2 (𝜑𝑥𝑦, 𝐼𝑗,𝑚, 𝐼𝑘,𝑛)

⩽
(1 + 𝛼− 𝛾)(1 + 𝛽 − 𝛿)

(𝑚+ 1)1+𝛼−𝛾(𝑛+ 1)1+𝛽−𝛿

𝑚∑︁
𝑗=1

𝑛∑︁
𝑘=1

𝑗𝛼−𝛾𝑘𝛽−𝛿𝑉𝛾𝛿

(︂
𝜑𝑥𝑦,

𝜋

𝑗
,
𝜋

𝑘

)︂

+
(1 + 𝛼− 𝛾)

(𝑚+ 1)1+𝛼−𝛾(𝑛+ 1)1+𝛽−𝛿

𝑚∑︁
𝑗=1

𝑗𝛼−𝛾𝑉𝛾𝛿

(︂
𝜑𝑥𝑦,

𝜋

𝑗
, 𝜋

)︂

+
(1 + 𝛽 − 𝛿)

(𝑚+ 1)1+𝛼−𝛾(𝑛+ 1)1+𝛽−𝛿

𝑛∑︁
𝑘=1

𝑘𝛽−𝛿𝑉𝛾𝛿

(︁
𝜑𝑥𝑦, 𝜋,

𝜋

𝑘

)︁
+

1

(𝑚+ 1)1+𝛼−𝛾(𝑛+ 1)1+𝛽−𝛿 𝑉𝛾𝛿 (𝜑𝑥𝑦, 𝜋, 𝜋) . (61)
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Note that
𝑚∑︁
𝑗=1

𝑗𝛼−𝛾𝑉𝛾𝛿

(︂
𝜑𝑥𝑦,

𝜋

𝑗
, 𝜋

)︂
⩽

𝑚∑︁
𝑗=1

𝑛∑︁
𝑘=1

𝑗𝛼−𝛾𝑘𝛽−𝛿𝑉𝛾𝛿

(︂
𝜑𝑥𝑦,

𝜋

𝑗
,
𝜋

𝑘

)︂
,

𝑛∑︁
𝑘=1

𝑘𝛽−𝛿𝑉𝛾𝛿

(︁
𝜑𝑥𝑦, 𝜋,

𝜋

𝑘

)︁
⩽

𝑚∑︁
𝑗=1

𝑛∑︁
𝑘=1

𝑗𝛼−𝛾𝑘𝛽−𝛿𝑉𝛾𝛿

(︂
𝜑𝑥𝑦,

𝜋

𝑗
,
𝜋

𝑘

)︂
,

and

𝑉𝛾𝛿 (𝜑𝑥𝑦, 𝜋, 𝜋) ⩽
𝑚∑︁
𝑗=1

𝑛∑︁
𝑘=1

𝑗𝛼−𝛾𝑘𝛽−𝛿𝑉𝛾𝛿

(︂
𝜑𝑥𝑦,

𝜋

𝑗
,
𝜋

𝑘

)︂
.

Therefore, from (61) we get

𝑚∑︁
𝑗=0

𝑛∑︁
𝑘=0

1

(𝑗 + 1)1+𝛼(𝑘 + 1)1+𝛽
osc2 (𝜑𝑥𝑦, 𝐼𝑗,𝑚, 𝐼𝑘,𝑛)

⩽
(2 + 𝛼− 𝛾)(2 + 𝛽 − 𝛿)

(𝑚+ 1)1+𝛼−𝛾(𝑛+ 1)1+𝛽−𝛿

𝑚∑︁
𝑗=1

𝑛∑︁
𝑘=1

𝑗𝛼−𝛾𝑘𝛽−𝛿𝑉𝛾𝛿

(︂
𝜑𝑥𝑦,

𝜋

𝑗
,
𝜋

𝑘

)︂
. (62)

Second, in view of the second inequality of (8) of Theorem 3, we get the inequalities

𝑚∑︁
𝑗=0

1

(𝑗 + 1)1+𝛼
osc1 (𝜑𝑥𝑦(·, 0), 𝐼𝑗,𝑚) ⩽

2 + 𝛼− 𝛾

(𝑚+ 1)1+𝛼−𝛾

𝑚∑︁
𝑗=1

1

𝑗𝛾−𝛼
𝑉𝛾

(︂
𝜑𝑥𝑦(·, 0),

𝜋

𝑗

)︂
(63)

and
𝑛∑︁

𝑘=0

1

(𝑘 + 1)1+𝛽
osc1 (𝜑𝑥𝑦(0, ·), 𝐼𝑘,𝑛) ⩽

2 + 𝛽 − 𝛿

(𝑛+ 1)1+𝛽−𝛿

𝑛∑︁
𝑘=1

1

𝑘𝛿−𝛽
𝑉𝛿

(︁
𝜑𝑥𝑦(0, ·),

𝜋

𝑘

)︁
. (64)

Using (62)–(64) in the Inequality (18) of Theorem 10 we get (19). This completes the proof of
Theorem 11.

Proof of Corollary 2. For any 𝛿1 and 𝛿2 greater than zero, existence of positive integers 𝑚 and
𝑛 satisfying 1

𝑚+2 ⩽ 𝛿1
2𝜋 <

1
𝑚+1 and

1
𝑛+2 ⩽ 𝛿2

2𝜋 <
1

𝑛+1 respectively, implies that

osc2(𝜑𝑥𝑦, 𝐼𝑗,𝑚, 𝐼𝑘,𝑛) ⩽ 4𝜔(𝑓, 𝛿1, 𝛿2),

osc1(𝜑𝑥𝑦(·, 0), 𝐼𝑗,𝑚) ⩽ 2𝜔𝑥(𝑓, 𝛿1), and osc1(𝜑𝑥𝑦(0, ·), 𝐼𝑘,𝑛) ⩽ 2𝜔𝑦(𝑓, 𝛿2).

Also, for 𝛼 ∈ (−1, 0), we have

𝑚∑︁
𝑗=0

1

(𝑗 + 1)1+𝛼
=

𝑚∑︁
𝑗=0

1

(𝑗 + 1)1+𝛼

∫︁ 𝑗+1

𝑗
𝑑𝑡 ⩽ 1 +

𝑚∑︁
𝑗=1

∫︁ 𝑗+1

𝑗

1

𝑡1+𝛼
𝑑𝑡 = 1 +

∫︁ 𝑚+1

1

1

𝑡1+𝛼
𝑑𝑡

= 1− 1

𝛼(𝑚+ 1)𝛼
+

1

𝛼
= 𝑂

(︂
1

(𝑚+ 1)𝛼

)︂
= 𝑂(𝛿𝛼1 ).

Similarly for 𝛽 ∈ (−1, 0), we have

𝑛∑︁
𝑘=0

1

(𝑘 + 1)1+𝛽
= 𝑂(𝛿𝛽2 ).
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Now, using the inequality of Theorem 10, we have

⃒⃒⃒
𝜎𝛼,𝛽𝑚,𝑛(𝑓, 𝑥, 𝑦)− 𝑠(𝑓, 𝑥, 𝑦)

⃒⃒⃒
⩽4𝐶𝛼𝐶𝛽

𝑚∑︁
𝑗=0

𝑛∑︁
𝑘=0

1

(𝑗 + 1)1+𝛼(𝑘 + 1)1+𝛽
𝜔(𝑓, 𝛿1, 𝛿2)

+ 2𝐶𝛼

𝑚∑︁
𝑗=0

1

(𝑗 + 1)1+𝛼
𝜔𝑥(𝑓, 𝛿1) + 2𝐶𝛽

𝑛∑︁
𝑘=0

1

(𝑘 + 1)1+𝛽
𝜔𝑦(𝑓, 𝛿2) (65)

=𝑂(𝛿𝛼1 𝛿
𝛽
2 )𝜔(𝑓, 𝛿1, 𝛿2) +𝑂(𝛿𝛼1 )𝜔𝑥(𝑓, 𝛿1) +𝑂(𝛿𝛽2 )𝜔𝑦(𝑓, 𝛿2). (66)

Now, if 𝑓 satisfies conditions in (i), then from (66)⃒⃒⃒
𝜎𝛼,𝛽𝑚,𝑛(𝑓, 𝑥, 𝑦)− 𝑠(𝑓, 𝑥, 𝑦)

⃒⃒⃒
= 𝑂(𝛿𝛼1 𝛿

𝛽
2 )𝑜(𝛿

−𝛼
1 𝛿−𝛽2 ) +𝑂(𝛿𝛼1 )𝑜(𝛿

−𝛼
1 ) +𝑂(𝛿𝛽2 )𝑜(𝛿

−𝛽
2 )

= 𝑜(1), as 𝛿1, 𝛿2 → 0.

For the proof of (ii) and (iii), first we have

𝜔(𝑓, 𝛿1, 𝛿2) = sup
|𝑢−𝑢′|⩽𝛿1, |𝑣−𝑣′|⩽𝛿2

|𝑓(𝑢, 𝑣)− 𝑓(𝑢′, 𝑣)− 𝑓(𝑢, 𝑣′) + 𝑓(𝑢′, 𝑣′)|

⩽ sup
|𝑢−𝑢′|⩽𝛿1, 𝑣∈T

|𝑓(𝑢, 𝑣)− 𝑓(𝑢′, 𝑣)|+ sup
|𝑢−𝑢′|⩽𝛿1, 𝑣′∈T

|𝑓(𝑢, 𝑣′)− 𝑓(𝑢′, 𝑣′)|

= 2𝜔𝑥(𝑓, 𝛿1),

similarly, we have 𝜔(𝑓, 𝛿1, 𝛿2) ⩽ 2𝜔𝑦(𝑓, 𝛿2), and

𝜔(𝑓, 𝛿1, 𝛿2) =
√︀
𝜔(𝑓, 𝛿1, 𝛿2)

√︀
𝜔(𝑓, 𝛿1, 𝛿2) ⩽ 2

√︀
𝜔𝑥(𝑓, 𝛿1)

√︁
𝜔𝑦(𝑓, 𝛿2).

Now, if 𝑓 satisfies conditions in (ii), then by (65), we have

⃒⃒⃒
𝜎𝛼,𝛽𝑚,𝑛(𝑓, 𝑥, 𝑦)− 𝑠(𝑓, 𝑥, 𝑦)

⃒⃒⃒
⩽8𝐶𝛼𝐶𝛽

𝑚∑︁
𝑗=0

𝑛∑︁
𝑘=0

1

(𝑗 + 1)1+𝛼(𝑘 + 1)1+𝛽

√︀
𝜔𝑥(𝑓, 𝛿1)

√︁
𝜔𝑦(𝑓, 𝛿2)

+ 2𝐶𝛼

𝑚∑︁
𝑗=0

1

(𝑗 + 1)1+𝛼
𝜔𝑥(𝑓, 𝛿1) + 2𝐶𝛽

𝑛∑︁
𝑘=0

1

(𝑘 + 1)1+𝛽
𝜔𝑦(𝑓, 𝛿2) (67)

=𝑂(𝛿𝛼1 𝛿
𝛽
2 )𝑂(𝛿

−𝛼+𝜖/2
1 𝛿

−𝛽+𝜖/2
2 ) +𝑂(𝛿𝛼1 )𝑂(𝛿−2𝛼+𝜖

1 ) +𝑂(𝛿𝛽2 )𝛿
−2𝛽+𝜖
2

=𝑂(𝛿
𝜖/2
1 𝛿

𝜖/2
2 ) +𝑂(𝛿−𝛼+𝜖

1 ) +𝑂(𝛿−𝛽+𝜖
2 ) = 𝑜(1), as 𝛿1, 𝛿2 → 0.

Similarly, if 𝑓 satisfies conditions in (iii), then by (67), we have⃒⃒⃒
𝜎𝛼,𝛽𝑚,𝑛(𝑓, 𝑥, 𝑦)− 𝑠(𝑓, 𝑥, 𝑦)

⃒⃒⃒
=𝑂(𝛿𝛼1 𝛿

𝛽
2 )𝑜(𝛿

−𝛼
1 𝛿−𝛽2 ) +𝑂(𝛿𝛼1 )𝑜(𝛿

−2𝛼
1 ) +𝑂(𝛿𝛽2 )𝑜(𝛿

−2𝛽
2 )

=𝑜(1) + 𝑜(𝛿−𝛼1 ) + 𝑜
(︁
𝛿−𝛽2

)︁
= 𝑜(1), as 𝛿1, 𝛿2 → 0.

Finally, we will prove (iv) by contradiction. Suppose for any continuous function 𝑓 on T2 satisfying
(21), its Fourier series is (𝐶,𝛼, 𝛽) summable in restricted sense. Then it is (𝐶, 0, 0)-summable in
the Pringsheim sense. Now, we will show that (21) implies (15) (for the case 𝑚 = 2). First, we have

lim
𝛿→0

𝛿−𝛼

(log
(︀
1
𝛿

)︀
)−1

= 0 (𝛼 > −1).
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Therefore for any fixed 𝜖 > 0, there is 𝛿0 > 0 such that for any 0 < 𝛿1, 𝛿2 ⩽ 𝛿0, we have

𝛿−𝛼1 ⩽ 𝜖

(︂
log

(︂
1

𝛿1

)︂)︂−1
and 𝛿−𝛽2 ⩽ 𝜖

(︂
log

(︂
1

𝛿2

)︂)︂−1
.

Therefore, in view of (21), we have

𝜔𝑥(𝑓, 𝛿1) = 𝑂
(︀
𝛿−𝛼1

)︀
= 𝑂

(︃(︂
log

(︂
1

𝛿1

)︂)︂−1)︃
(𝛿0 ⩾ 𝛿1 → 0) (68)

and

𝜔𝑦(𝑓, 𝛿2) = 𝑂
(︁
𝛿−𝛽2

)︁
= 𝑂

(︃(︂
log

(︂
1

𝛿2

)︂)︂−1)︃
(𝛿0 ⩾ 𝛿2 → 0). (69)

That means, for any function 𝑓 ∈ 𝐶(T2) satisfying the conditions (68) and (69), its Fourier series
converges in the Pringsheim sense. Which contradicts the theorem of D’yachenko [9, Theorem 1.2.4].
This completes the proof.
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