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AnHOTaMS

OJ/IHUM U3 MOIIHBIX CPEJICTB UCCJIE0BAHNS B KOMILJIEKCHOM aHAJIN3€e sIBJIsi-
IOTCSl MHTErPAJIbHBIE MTPEICTABICHHS .

Teopust anasmTHIecKNX (DYHKIMH KOMILIEKCHOTO EPEMEHHOTO MOCTPOEHA
B GoJibIieli crenenn Ha 0CHOBe UHTerpasbhoit hopmysst Komm [1].

BHAUNTENTBHBIM KJIACCOM HEKOPPEKTHO MOCTABJIEHHBIX 3a7a4, BO3HUKIINX
B (usMKe, TEXHUKE U JPYIUX OOJACTIX 3HAHUIL, sIBJSIOTCS TAK HA3bIBAEMbIE
obparuble 3amaqu [2] — [4].

Asropom [5] — [6] qyst dyuxmuu f(z), ronomopdnoii B kpyre Kpg @ |z| <
< R, ycranosjiena unrerpajibHas (opmysia (OHA B JAHHON CTaThe NPUBEIECHA
BO BBeJeHun Kak dopmyia (1)), saBisgioniasicst perieHrneM oO6paTHON 3a1a49u
Just uarerpasbuoit hopmysst Komwm B kpyre K. @opmyia (1), B orimaue ot
dopmysbr Komu, o snavennsim dyukunu f(z) za s060ii okpyxuoctu C
|z| =r (0 < r < R), nexxameit B kpyre Kp, Win Ha IpON3BOJILHON 3aMKHYTOI
KYCOYHO-TJIJIKOI JIMHUU, OXBAThIBAIOIIENH HAYAJIO0 KOOPJAUHAT U COJIePrKaIIencs
BHYTpU OKpy2KHOCTH CR — rpaHminl Kpyra K g, BbIpaxkaeT ee 3HAYEHUS BO
BCEX OCTAJBHBIX TOukaX Kpyra Kpr. B [5| momydensr u permennsi o6paTHbIX
saja4 st popmyar Ilyaccona [1] u sapua [7], a 8 [5] — [6] — u juist dbopmys
npousBoaHbix dopmysibl Komm [1].

Ob6parnas 3amada s uATErpasbHoil opmynsl Ilyaccona ucnonab3oBana
[8] 11t 06061IeHUSsT hopmydbl [Tyaccona — Mencena [7], u3 koroporo dopmysibt
[Tyaccona — Mencena u MeHceHa BBITEKAIOT KAK YACTHBIE CJIyYau.

Ananornuno ucnosbzoBana 9] u obparnas 3amada mjis 0600meHust HOp-
mysiel HIBapua — Uencena [7].

B ciyuae kosbuia D: r < |z| < R ycranosseno |10 mrTerpaibHoe mpeji-
crasiienue (B [10] aro opmysa (1)) mist rosomopdHoii B obractu D dbyHkiuu
f(2), koropasi, B orsmaune ot dopmysibl Ko jyist KosibIia, 1mo 3HadeHusM f(z)
Ha IIPOU3BOJILHON 3aMKHYTONH KyCOYHO-IVIQAKON JIMHNY, OXBATBLIBAIOIIEH Hada-
JIO KOODJIMHAT U COJIEp2KAIEeiicss BHYTPH KOJIbIla D, BhIpasKaeT €€ 3HAYCHHsT BO
BCEX OCTaJIbHBIX TOYKAaX 9TOro Kosbla, T.e. B [10] pemena obparHas 3amada
ayst popmysiel Ko u B cimyvae kosbia D.

B crarbe [11] B ciryuae kpyra K g HafijieHo pereHne o6paTHBIX 3824 JIIst
uHTErpasbHbIx (opmysr, npuseaeHubX B [12] (B [12] 310 dopmysst (3) u (4)),
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cIipaBeIuBbIe 11t DYHKINM, TOJTOMOP(MHBIX B 3BE3/IHOM 00JIACTH OTHOCUTE b
HO HavaJja KOOPIUHAT.

Qopwmysa Komm nMeer MecTo U B Cjlydae MHOTUX KOMILIEKCHBIX TIEpEMeH-
HbIX ( cM., Hanpumep, [13]).

B crarpe [14] B ciryuae monmkpyra

Er=FE(Ry,...,Ry) ={2=(21,...,2n) ¢ |21]| < R1,...,|2n| < R}

periierbl oOpaTHbIe 3aja4u Kak Jyist popmysibl Korm, Tak u JJjis BbITEKAIO-
mux u3 Heé dpopmyir (anasornunsie opmysnam [Iapua u Ilyaccona B ciyuae
OJTHOTO KOMILIIEKCHOTO TIEPEMEHHOT0).

Pemennr obparuble 3agaqu [15] u B ciaydae nHTerpasbHbix dhopmysn Tem-
asikoBa (06 91X popMmysiax cM., Hanpumep, [16]).

Hakomer, B HaCTOsIIIEl cTaThe B CJIydae BBILYKJIONH 061acT 1 Kpyra (coor-
BETCTBEHHO TeopeMa 2 1 3) yCTAHOBJIEHBI HOBbIE HHTErPAJIbHbIE IPE/ICTABICHIS
(3) u (5), u3 KoTOPBIX (3) €CTh MHTErpaIbHOE IPEeJCTABIeHUE JJisi (DYHKIUI,
rosioMopdHBIX B BBINYKJI0# obsacTu, a (5) — pelienne obpaTHOl 3a1a49u st
uHTErpajbHoro npejcrasienus (3) B kpyre Kg.

Kaouesvie crosa: ronomopdHas pyHKIUs, mHTerpaabHasa popmyna Korn,
nHTerpasbaas dpopmyna [lyaccona, marerpanbaas dpopmyia [IIsapia, dpopmy-
ga Ilyaccona — Uencena, dopmyna Isaprna — Mencena, 3Bé3aHast 0071aCTh,
BBITTyKJIast 00JIACTDb, TIOJUKPYT.

Bubauoepagua: 16 nazBanuii.

INVERSE PROBLEMS IN INTEGRAL
FORMULAS

[. 1. Bavrin (Moscow)

Abstract

In complex analysis an integral representations are one of the powerful
tools of research.

The theory of analytic functions of complex variables is largely built on
the basis of Cauchy’s integral formula [1].

An important class of ill-posed problems arising in physics, engineering and
other fields, are so-called inverse problems [2] — [4].

In [5] - [6] author sets an integral formula for the function f(z), holomorphic
in the circle Kg : |2| < R, (it is in the introduction of this article as formula
(1)) is the solution of the inverse problem for Cauchy’s integral formula in
the circle Kg. . Equation (1), unlike the Cauchy formula for the values of
the function f(z) on any circumference C,: |z| = (0 < r < R) lying in a
circle K, or an arbitrary closed piecewise smooth lines covering the origin
and contained within a circle circle C'gr — the circle border Ky expresses its
values at all other points in the range of Kg. In | 5] the solution of inverse
problems for Poisson’s formula [1] and Schwartz’ formula [7] and the formulas
for derivatives of Cauchy formula [1] in [5] — [6] are obtained.
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The inverse problem for the Poisson integral formula is used in [8] for
generalization of Poisson — Jensen’s formula |7] from which Poisson — Jensen’s
formula and Jensen’s formula follow as a special cases.

Similarly, [9] and the inverse problem are used for the generalization of the
Schwartz — Jensen’s formula [7].

In the case of ring D: r < |z| < R to [10] the integral representation
is set (in [10] is a formula (1)) for a holomorphic function in D D which,
unlike the Cauchy formula for the ring, according to the values on an arbitrary
closed piecewise smooth lines hugging origin and contained within the ring D,
expresses its values at all other points of the rings, ie [10] the inverse problem
for the Cauchy formula in the case of ring D is solved.

In the article [11] for the case of the circle Kr the solution of inverse
problems for integral formulas is found and given in [12] (in [12]| these are
formulas (3) and (4)) are valid for functions holomorphic in a star domain
with respect to the origin.

The Cauchy formula holds in the case of several complex variables (see.,
Eg, [13]).

In the article [14] for the case of polydisc

ER:E(Rl,...,Rn):{Z:(Zl,...,zn): ’21| <R1,...,‘Zn| <Rn}

the inverse problems for the Cauchy formula and by deriving from its are
resolved (analogous to the Poisson formulas for the case of one complex vari-
able).

The inverse problems [15] in the case of integral Temlyakov’s formulas are
solved (these are formulas, see., Eg, [16]).

Finally, in this article, in the case of a convex domain and circle (respective-
ly Theorem 2 and 3) new integral representations (3) and (5) are set, of which
(3) is an integral representation for holomorphic functions in a convex domain,
and (5) is a solution of the inverse problem for the integral representation (3)
in a circle Kg.

Keywords: holomorphic function, Cauchy integral formula, Poisson integ-
ral formula, Schwarz integral formula, Poisson — Jensen formula, Schwartz —
Jensen formula, star domain, convex domain, polydisc.

Bibliography: 16 titles.

1. BBeaenue

Kak y»ke oTMeuaioch, 3HAYUTEILHBIM KJIACCOM HEKOPPEKTHO MOCTABJIEHHBIX 3a-
Jlad, BOBHUKIINX B (bU3KMKE, TEXHUKE U JPYIUX 00JIacTAX 3HAHUI, SBJIAIOTCS Tak
HasbIBaeMble obpaTHble 3aja4u (cM., Hanpumep, 2] — [4]).

Agropom (6] mis dbyukiun f(z), rosomopduoii B kpyre Kg : |z| < R, naiijena

UHTerpaJibHas (popmyJia

_ L 2 /O
f(2) /0 e dt/cre€ ¢ dg,
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rae C.: [€] = 7 (0 < r < R), aBismomasicss pereHrneM o0paTHON 3aa9n Kak st
uHTerpasbHoit popmyssl Kormm [1].

Dra dopmyna, B ormune ot dopmysbl Komm, no snadenusym Gynkuuu f(z)
Ha Jio6oit okpyxkuoctu C: €] = r (0 < r < R), nexameit B kpyre K g, BoIpaxkaeT
ee 3HAYEHMsI BO BCEX OCTAJbHBIX TOYKax Kpyra Kp.

B macrosiiem coobIeHnn B cIydae BBILYKJION 00J1acTH 1 Kpyra (COOTBETCTBEH-
HO TeopeMbl 2 1 3) MOJIy9YeHbl HOBble MHTErpajibHbIE MPEJCTABICHUsI, 13 KOTOPHIX
oziHO (Teopema 2) ecTh MHTErpajibHOe TpejcTaBienne jijisg (byHKIMN, T0J0MOPQhHOI
B BBINYKJION obsactu B, a jpyroe (teopema 3) — obparHoe B ciydae Kpyra Kp
K [IEPBOMY.

2. OcHoBHag TeopeMma

[Iycte B — BbInyKjasg 00/1acTh B IIOCKOCTH KOMILJIEKCHOT'O ITIEPEMEHHOrO 2,
f(2) — dyukiusi, ronomopduast B obiactu B.

[Ipeamonokum, 910 T — BeEIECTBEHHAS IepeMeHHasl, U3MEHSOAsICA B CeIMEHTe
0 < 7 < 1. CupaseyiuBa Teopema 1.

TEOPEMA 1. Ecau ¢ynxuyua f(z) 2oromopdna 6 obaacmu B, mo 6 B umeem
mecmo hopmyra

F(2) = f(z0) + (= — 20) / f(rz + (1= 7)z0)dr, 2)

ede 2y — uKcuposarHas NPoU3cOALHAA MouKa obaacmu B.

JTOKABATEJILCTBO. Ilycrs 2z — mpousBosibHasg Touka obsactu B. Tak kak 00-
nacth B aBisercs Boinykiioit, To npu 0 < 7 < 1 roukn (724 (1—17)z) € B. Tenepn
IMeeM

(z — zo)/o fl(rz+ (1 = 7)z)dr = /0 firz+ (1 = 7)z)dT =

= f(2) = f(20),

0

=  flrz+ (1 —17)z2)

970 U JoKasbiBaeT (opmyry (2).

3. CnencrBus M3 OCHOBHOII TeOpeMbl

CNEJCTBUE 1. ITpu 29 = 01 umeem ussecmmuyro dopmyay asmopa (cm., nanpu-
mep, [12])

F(2) = £(0) + /0 1 (r2)dr.

'B sToM ciayuae mpeamosiaraeM, UTO HAYAJIO KOOPAMHAT HpUHAIIeKHT obmactu B. Tak u B
JaJIbHEHIIeM.
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Ucnonbsyst dopmysty (2) u usBecrrnyio dopmyny Kommm (1], rr. IV)
1 [ f()
= — —d ,
/() 27ri/pf—z ¢
HPUXOUM K CJIEAYIONEMY TPEJIOKEHUTO

TEOPEMA 2. Ecau ¢ynxuus f(z) 2onomopdra 6 obaacmu B u emecme ¢ nepsots
nPoOuU36oIHOT HeNPepPueHa 6 3amKkHymot obaacmu B, mo ¢ B

1) = e+ E2) [ar [ T ®)

2de zg — PuUKCUPOBAHHAA NMPOU3BOALHAA MOouKa obaacmu B u I' — samrxnymud
Kowmyp obaacmu B, npoxodumuiii 6 nosoHcumMesbHOM HAMPABAEHUL.

CHEJACTBUE 2. IIpu zg = 0 us dopmyave (3) 6 cayuae svnykaot obaacmu B
UMEEM USBECHOE UHMEPAAbHBLE npedcmasierue agmopa (cm., nanpumep, [12])

fe) =00+ 5 [ ar E)de ()

270 r&—1z’

Hausee, uctiosibzyst popmysint (1) u (2), npuxoaum K Teopeme 3.

TEOPEMA 3. ITycmov zg — durcuposannan no npouseosy mouwka us xpyza Kpg :
|z| < R u C, — oxpyorcrocmo €| =7,0 <r < R.
Tozda, ecau Pyrxyus f(z) 2oromopdna 6 kpyee Kg, mo 6 K, \C,

2ot

F(2) = flzo) + — /0 et /C LT pieyde. (5)

t

CHEIACTBUE 3. Ilpu zg = 0 us gopmyan (5) 6 cayuae xpyea Kg umeem unme-
epasvryro dopmyay aemopa [11]

27

L[t T -1
10)= 10+ g [ e [ S rioi

obpamuyro x dopmyae (4).

4. 3aKJo4YeHune

1. Jlan kpaTKuit 0630p pe3y/IbTaTOB aBTOPa IO PEIMICHUI0 OOPATHLIX 3a/1a9 B WH-
TerpaJibHbIX IIpejIcTaBIeHnsaxX Kol Kak B ciydae Kpyra, TaK U B CJIydae MOJUKPyTa,
a TaKyKe B MHTErPaJIbHBIX opMmystax TemiisskoBa (aHHOTAIIUS ).

2. B ciyuae Boinykiioit obsactu B ¢ (huKcMpoBaHHO TOYKOM YCTAHOBJIEHO WH-
TerpaJibHble IpeJcTaBjierne (3), Bbpazkaroliee 3HadeHusi (byHKIME B B depe3 3Ha-
JeHHusl €€ IIPOU3BOJIHON Ha TI'paHuile B ¢ TOYHOCTHIO JI0 aJIMTUBHON IOCTOAHHO
f(20).-

3. g ycraHOB/IEHHOI'O MHTErPAJIbHOIO TIPEJICTABICHHUS pPellieHa obpaTHasd 3a/1a-
4a.
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