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Аннотация

Мы рассматриваем алгебру 𝐴0(𝑋) полиномиальных функций на симплициальном ком-
плексе 𝑋, которая является компонентой степени 0 введенной Сулливаном dg-алгебры
𝐴∙(𝑋) полиномиальных форм. Все рассматриваемые алгебры над произвольным полем 𝑘
характеристики 0.

Нашей целью является вычисление когомологий де Рама алгебры 𝐴0(𝑋), то есть ко-
гомологий универсальной dg-алгебры Ω∙

𝐴0(𝑋). Имеется канонический морфизм dg-алгебр

𝑃 : Ω∙
𝐴0(𝑋) → 𝐴∙(𝑋). Мы доказываем, что морфизм 𝑃 является квазиизоморфизмом. Та-

ким образом, когомологии де Рама алгебры 𝐴0(𝑋) канонически изоморфны когомологиям
симлициального комплекса 𝑋 с коэффициентами в поле 𝑘. Более того, для 𝑘 = Q, dg-
алгебра Ω∙

𝐴0(𝑋) служит моделью симплициального комплекса 𝑋 в смысле рациональной

теории гомотопий. Наш результат показывает, что для алгебры 𝐴0(𝑋) верно утверждение
теоремы сравнения Гротендика (доказанной им для гладких алгебр).

Для доказательства мы рассматриваем резольвенты Чеха, ассоциированные с покры-
тием симплициального комплекса звездами вершин.

Ранее Кан — Миллер доказали, что морфизм 𝑃 сюръективен, а также описали его
ядро. Другое описание ядра дали Сулливан и Феликс — Джессап — Паран.

Ключевые слова: когомологии де Рама алгебры, универсальная dg-алгебра, алгебра по-
линомиальных функций, dg-алгебра полиномиальных форм, рациональная теория гомо-
топий.
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Abstract

We consider the algebra 𝐴0(𝑋) of polynomial functions on a simplicial complex 𝑋. The
algebra 𝐴0(𝑋) is the 0th component of Sullivan’s dg-algebra 𝐴∙(𝑋) of polynomial forms on 𝑋.
All algebras are over an arbitrary field 𝑘 of characteristic 0.

Our main interest lies in computing the de Rham cohomology of the algebra 𝐴0(𝑋), that
is, the cohomology of the universal dg-algebra Ω∙

𝐴0(𝑋). There is a canonical morphism of dg-

algebras 𝑃 : Ω∙
𝐴0(𝑋) → 𝐴∙(𝑋). We prove that 𝑃 is a quasi-isomorphism. Therefore, the de

Rham cohomology of the algebra 𝐴0(𝑋) is canonically isomorphic to the cohomology of the
simplicial complex 𝑋 with coefficients in 𝑘. Moreover, for 𝑘 = Q the dg-algebra Ω∙

𝐴0(𝑋) is a
model of the simplicial complex 𝑋 in the sense of rational homotopy theory. Our result shows
that for the algebra 𝐴0(𝑋) the statement of Grothendieck’s comparison theorem holds (proved
by him for smooth algebras).

In order to prove the statement we consider Čech resolution associated to the cover of the
simplicial complex by the stars of the vertices.

Earlier, Kan–Miller proved that the morphism 𝑃 is surjective and gave a description of its
kernel. Another description of the kernel was given by Sullivan and Félix–Jessup–Parent.
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1. Introduction

All algebras and dg-algebras are commutative over a field 𝑘 of characteristic 0. In [15, Section 7]
Sullivan introduces the dg-algebra 𝐴∙(𝑋) of polynomial forms on a simplicial complex 𝑋. The
algebra 𝐴0(𝑋) of the degree zero elements of 𝐴∙(𝑋) is the algebra of polynomial functions on 𝑋.
The cohomology of the dg-algebra 𝐴∙(𝑋) is isomorphic to 𝐻∙(𝑋, 𝑘). One can ask what natural
dg-algebras are weakly equivalent to 𝐴∙(𝑋). One such candidate is the universal dg-algebra Ω∙

𝐴0(𝑋)

on the algebra 𝐴0(𝑋) of polynomial functions on 𝑋. There is a canonical morphism of dg-algebras
𝑃 : Ω∙

𝐴0(𝑋) → 𝐴∙(𝑋).
The main result is Theorem 1, where we prove that 𝑃 is a quasi-isomorphism.
In [12] the authors prove that the morphism 𝑃 is surjective and give a description of its kernel.

In [7] and [14, Appendix G(i)] another description of the kernel is given. In [8, Example 3.8], Gómez
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establishes that the morphism 𝑃 is not a quasi-isomorphism, which contradicts our main result,
Theorem 1. We were able to correct the erroneous computation of Gómez in Remark 4.

Grothendieck proved that for a smooth C-algebra 𝐴 the cohomology groups of the algebraic
de Rham complex Ω∙

𝐴 are isomorphic to the cohomology groups of the space Spec𝐴 with complex
analytic topology, see [10, Theorem 1]. The algebra 𝐴0(𝑋) is not smooth in general and the result
of Grothendieck does not hold for general algebras, see [1, Example 4.4].

The result of this paper can be used in order to give another proof of the similar result for the
algebra of piecewise polynomial functions on a polyhedron, which is known due to [2, Theorem 51].

Acknowledgement

I would like to thank Dr. Semёn Podkorytov for his immense help, fruitful discussions and the
idea to consider Čech resolution in order to prove the result. I am grateful to the St. Petersburg
Department of Steklov Mathematical Institute of Russian Academy of Sciences for their financial
assistance.

2. Simplicial complexes

Definition 1. We call a set 𝑋 of finite non-empty subsets of a finite set 𝐸 a simplicial complex
if for every 𝑣 ∈ 𝐸 we have {𝑣} ∈ 𝑋 and for every 𝑠 ∈ 𝑋 and every non-empty subset 𝑠′ ⊂ 𝑠 we
have 𝑠′ ∈ 𝑋. We denote by 𝑉 (𝑋) the set 𝐸 and call its elements vertices of 𝑋. The sets 𝑠 ∈ 𝑋 of
cardinality 𝑚+ 1 are called 𝑚-simplices. A simplicial complex 𝑌 is a subcomplex of 𝑋 if for every
𝑠 ∈ 𝑌 we have 𝑠 ∈ 𝑋.

We denote by 𝑇𝑝(𝑋) the set of all sequences 𝑢 = (𝑢0, . . . , 𝑢𝑝) of vertices of 𝑋 for 𝑝 ≥ −1. We
denote by 𝜕𝑖𝑢 the sequence (𝑢0, . . . , ̂︀𝑢𝑖, . . . , 𝑢𝑝). For a vertex 𝑣 we denote by 𝑣 * 𝑢 the sequence
(𝑣, 𝑢0, . . . , 𝑢𝑝). The symmetric group Σ𝑝+1 acts on 𝑇𝑝(𝑋).

Consider a sequence of vertices 𝑢 ∈ 𝑇𝑝(𝑋). We denote by St𝑢 the star of 𝑢, that is the smallest
subcomplex of𝑋 containing all the simplices containing the vertices 𝑢𝑖. If 𝑝 = −1, we have St𝑢 = 𝑋.
If the sequence 𝑢 spans a simplex in 𝑋, then St𝑢 is the star of this simplex. If 𝑝 ≥ 0 and the sequence
𝑢 does not span a simplex, we have St𝑢 = ∅. For a subcomplex 𝑌 of 𝑋 we denote by St𝑌 𝑢 the
smallest subcomplex of 𝑌 containing all the simplices containing the vertices 𝑢𝑖. If 𝑢 /∈ 𝑇𝑝(𝑌 ) then
St𝑌 𝑢 = ∅.

3. Sullivan’s dg-algebra of polynomial forms

For a simplicial complex𝑋 we define the dg-algebra 𝐴∙(𝑋) following Sullivan, see [15, Section 7],
[5], [11], [9]. For an 𝑚-simplex 𝑎 consider the dg-algebra

𝐴∙(𝑎) :=
Λ (𝑡𝑣, 𝑑𝑡𝑣 | deg(𝑡𝑣) = 0, deg(𝑑𝑡𝑣) = 1, 𝑣 ∈ 𝑎)(︀∑︀

𝑣∈𝑎 𝑡𝑣 − 1,
∑︀

𝑣∈𝑎 𝑑𝑡𝑣
)︀

with the differential 𝑡𝑣 ↦→ 𝑑𝑡𝑣 for 𝑣 ∈ 𝑎.
For a simplex 𝑏 such that 𝑏 ⊂ 𝑎 one has a natural morphism of dg-algebras

|𝑏 : 𝐴∙(𝑎) → 𝐴∙(𝑏), 𝑡𝑣 ↦→

{︃
0, 𝑣 /∈ 𝑏,

𝑡𝑣, 𝑣 ∈ 𝑏.

Then an element 𝜔 = (𝜔𝑎)𝑎∈𝑋 of 𝐴∙(𝑋) is a collection of elements 𝜔𝑎 ∈ 𝐴∙(𝑎) such that for two
simplices 𝑏 ⊂ 𝑎 one has 𝜔𝑎|𝑏 = 𝜔𝑏.
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We call the algebra 𝐴0(𝑋) the algebra of polynomial functions on 𝑋. This algebra has another
description as a quotient of a Stanley-Reisner algebra, see [3].

An inclusion of simplicial complexes 𝑌 ⊂ 𝑋 gives rise to the restriction morphism of dg-algebras

|𝑌 : 𝐴∙(𝑋) → 𝐴∙(𝑌 ).

Lemma 1. The above restriction morphism is surjective.

Proof. This fact is quite nontrivial, see [15, Section 7].
2

We introduce the double graded vector space 𝒟𝑝,𝑞, 𝑝, 𝑞 ∈ Z as follows. For 𝑝 ≤ −2 set 𝒟𝑝,𝑞 = 0
and for 𝑝 ≥ −1, we define 𝒟𝑝,𝑞 as the subspace of∏︁

𝑢∈𝑇𝑝(𝑋)

𝐴𝑞(St𝑢)

consisting of families of forms 𝜔𝑢 ∈ 𝐴𝑞(St𝑢), such that for any 𝜎 ∈ Σ𝑝+1 we have

𝜔𝜎𝑢 = (sgn𝜎)𝜔𝑢.

We define the linear map

𝛿 : 𝒟𝑝,𝑞 → 𝒟𝑝+1,𝑞.

For 𝑝 ≥ −1 and for

𝜔 = (𝜔𝑢)𝑢∈𝑇𝑝(𝑋) ∈ 𝒟𝑝,𝑞

we set the value of 𝛿𝜔 on 𝑠 ∈ 𝑇𝑝+1(𝑋) as

(𝛿𝜔)𝑠 =

𝑝+1∑︁
𝑖=0

(−1)𝑖𝜔𝜕𝑖𝑠|St𝑠.

The differential 𝑑 on 𝐴∙(St𝑢) gives rise to a differential 𝑑 on 𝒟𝑝,∙ for each 𝑝.

Proposition 1. The map 𝛿 is a differential on 𝒟∙,𝑞 for each 𝑞 ∈ Z. Moreover, the double
graded vector space 𝒟∙,∙ together with 𝛿 and 𝑑 forms a double complex in the sense that 𝑑 𝛿 = 𝛿 𝑑.

Proposition 2. The complex

is exact.

Proof. The proof is similar to that of Proposition 4 below and relies on Lemma 1. In this case
one can use the partition of unity 𝑡𝑣, 𝑣 ∈ 𝑉 (𝑋), instead of 𝜌𝑣, 𝑣 ∈ 𝑉 (𝑋). 2
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4. The dg-algebra of de Rham forms

To a 𝑘-algebra 𝐴 one associates the commutative dg-algebra Ω∙
𝐴 ([13, Theorem 3.2]) with

Ω0
𝐴 = 𝐴. It has the following universal property: for any dg-algebra 𝐸∙ and any algebra

homomorphism 𝑓 : 𝐴 → 𝐸0 there exists a unique morphism of dg-algebras 𝐹 : Ω∙
𝐴 → 𝐸∙ such

that 𝐹 |𝐴 = 𝑓 :
The elements of Ω𝑞

𝐴 are called algebraic 𝑞-forms. The dg-algebra Ω∙
𝐴 is covariant in the algebra

𝐴. We will simply write Ω∙(𝑋) for the dg-algebra Ω∙
𝐴0(𝑋).

Inclusion of simplicial complexes 𝑌 ⊂ 𝑋 gives rise to the restriction morphism of dg-algebras

|𝑌 : Ω∙(𝑋) → Ω∙(𝑌 ).

Lemma 2. Suppose 𝐴 and 𝐵 are 𝑘-algebras and 𝜙 : 𝐴 → 𝐵 is a surjective homomorphism of
algebras. Then the induced morphism Ω𝜙 : Ω∙

𝐴 → Ω∙
𝐵 is surjective and its kernel is the ideal of Ω∙

𝐴

generated by Ker𝜙 and 𝑑(Ker𝜙).

From this and Lemma 1 it follows that for an inclusion of simplicial complexes 𝑌 ⊂ 𝑋 the
restriction morphism |𝑌 : Ω∙(𝑋) → Ω∙(𝑌 ) is surjective.
Proof. See [2, Lemma 6]. 2

Let us introduce the following elements 𝑡𝑣 of 𝐴0(𝑋). For a vertex 𝑣 ∈ 𝑉 (𝑋) and an 𝑚-simplex
𝑎 ∈ 𝑋 set (𝑡𝑣)𝑎 = 0 if 𝑣 /∈ 𝑎 and (𝑡𝑣)𝑎 = 𝑡𝑣 ∈ 𝐴0(𝑎) if 𝑣 ∈ 𝑎.

Lemma 3. Take a simplicial complex 𝑋 and a subcomplex 𝑌 ⊂ 𝑋. Suppose 𝜔 ∈ Ω𝑞(𝑌 ) is such
that 𝜔|St𝑌 (𝑣) = 0 for a vertex 𝑣 ∈ 𝑉 (𝑋). Then 𝑡2𝑣|𝑌 𝜔 = 0.

Proof. First, if 𝑣 /∈ 𝑉 (𝑌 ), then 𝑡𝑣|𝑌 = 0 and the claim follows.
Assume 𝑣 ∈ 𝑉 (𝑌 ). By Lemma 1 and Lemma 2, the form 𝜔 lies in the dg-ideal 𝐼 of Ω∙(𝑋)

generated by the elements 𝑚 ∈ 𝐴0(𝑋) with the restriction to St𝑌 (𝑣) being zero, therefore
𝑡𝑣|𝑌 𝑚 = 0. It is enough to consider the cases 𝜔 = 𝑚 and 𝜔 = 𝑑𝑚. We have 𝑡2𝑣|𝑌 𝑚 = 0 and
𝑡2𝑣|𝑌 𝑑𝑚 = 𝑡𝑣|𝑌 𝑑(𝑡𝑣|𝑌 𝑚)− 𝑡𝑣|𝑌 𝑚𝑑𝑡𝑣|𝑌 = 0. 2

We introduce the double graded vector space 𝒞𝑝,𝑞, 𝑝, 𝑞 ∈ Z as follows. For 𝑝 ≤ −2 set 𝒞𝑝,𝑞 = 0
and for 𝑝 ≥ −1, we define 𝒞𝑝,𝑞 as the subspace of∏︁

𝑢∈𝑇𝑝(𝑋)

Ω𝑞(St𝑢)

consisting of families of forms 𝜔𝑢 ∈ Ω𝑞(St𝑢), such that for any 𝜎 ∈ Σ𝑝+1 we have

𝜔𝜎𝑢 = (sgn𝜎)𝜔𝑢.

We define the linear map
𝛿 : 𝒞𝑝,𝑞 → 𝒞𝑝+1,𝑞.

For 𝑝 ≥ −1 and for
𝜔 = (𝜔𝑢)𝑢∈𝑇𝑝(𝑋) ∈ 𝒞𝑝,𝑞

we set the value of 𝛿𝜔 on 𝑠 ∈ 𝑇𝑝+1(𝑋) as

(𝛿𝜔)𝑠 =

𝑝+1∑︁
𝑖=0

(−1)𝑖𝜔𝜕𝑖𝑠|St𝑠.
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The differential 𝑑 on Ω∙(St𝑢) gives rise to a differential 𝑑 on 𝒞𝑝,∙ for each 𝑝.

Proposition 3. The map 𝛿 is a differential on 𝒞∙,𝑞 for each 𝑞 ∈ Z. Moreover, the double
graded vector space 𝒞∙,∙ together with 𝛿 and 𝑑 forms a double complex in the sense that 𝑑 𝛿 = 𝛿 𝑑.

Lemma 4. There exist elements 𝑝𝑣 ∈ 𝐴0(𝑋), 𝑣 ∈ 𝑉 (𝑋), such that∑︁
𝑣∈𝑉 (𝑋)

𝑝𝑣𝑡
2
𝑣 = 1.

Proof. In 𝐴0(𝑋) we have the equality ∑︁
𝑣∈𝑉 (𝑋)

𝑡𝑣 = 1.

Raise both the sides to a big enough power and obtain the needed equality. 2

We put 𝜌𝑣 = 𝑝𝑣𝑡
2
𝑣.

For an inclusion of simplicial complexes 𝑌 ⊂ 𝑋 we choose a linear map, the distinguished
“extension”,

[−] : Ω𝑞(𝑌 ) → Ω𝑞(𝑋),

such that [𝜔]|𝑌 = 𝜔. Such an extension exists by Lemma 1 applied to 𝐴0(𝑋) and Lemma 2.

Lemma 5. For an inclusion of simplicial complexes 𝑌 ⊂ 𝑋 and a form 𝜔 ∈ Ω𝑞(𝑌 ) we have∑︁
𝑣∈𝑉 (𝑋)

𝜌𝑣[𝜔|St𝑌 (𝑣)]|𝑌 = 𝜔.

Proof. As
∑︀

𝑣 𝜌𝑣 = 1 in 𝐴0(𝑋) we have∑︁
𝑣∈𝑉 (𝑋)

𝜌𝑣[𝜔|St𝑌 (𝑣)]|𝑌 − 𝜔 =
∑︁

𝑣∈𝑉 (𝑋)

𝜌𝑣|𝑌
(︀
[𝜔|St𝑌 (𝑣)]|𝑌 − 𝜔

)︀
.

We have (︀
[𝜔|St𝑌 (𝑣)]|𝑌 − 𝜔

)︀
|St𝑌 (𝑣) = 𝜔|St𝑌 (𝑣) − 𝜔|St𝑌 (𝑣) = 0.

Hence, by Lemma 3 we have 𝜌𝑣|𝑌
(︀
[𝜔|St𝑌 (𝑣)]|𝑌 − 𝜔

)︀
= 0. 2

Proposition 4. The complex

is exact.

The proof follows the proof of [4, Proposition 8.5].
Proof. First, notice that

St𝑣 * 𝑢 = StSt𝑢(𝑣).

For 𝑢 ∈ 𝑇𝑝(𝑋) and 𝜔 ∈ Ω𝑞(St𝑢) by Lemma 5 we have∑︁
𝑣∈𝑉 (𝑋)

𝜌𝑣[𝜔|St𝑣*𝑢]|St𝑢 = 𝜔. (1)
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For 𝜔 ∈ Ω𝑞(𝑍), where 𝑍 is a subcomplex of 𝑋 such that St𝑣 * 𝑢 ⊂ 𝑍, by Lemma 3, we have

𝜌𝑣 ([𝜔]− [𝜔|St𝑣*𝑢]) |St𝑢 = 0. (2)

We construct a cochain homotopy

𝐾 : 𝒞𝑝,𝑞 → 𝒞𝑝−1,𝑞.

For 𝑝 ≥ 0 and 𝜔 ∈ 𝒞𝑝,𝑞 and 𝑤 ∈ 𝑇𝑝−1(𝑋) put

(𝐾𝜔)𝑤 :=
∑︁

𝑣∈𝑉 (𝑋)

𝜌𝑣[𝜔𝑣*𝑤]|St𝑤.

By Lemma 3 this map does not depend on the choice of the distinguished extension.
Let us check that 𝛿𝐾 +𝐾𝛿 = 1. For 𝑝 ≥ −1 and

𝜔 = (𝜔𝑢)𝑢∈𝑇𝑝(𝑋) ∈ 𝒞𝑝,𝑞 ⊂
∏︁

𝑢∈𝑇𝑝(𝑋)

Ω𝑞(St𝑢),

where 𝜔𝑢 ∈ Ω𝑞(St𝑢), we have

(𝛿𝐾𝜔)𝑢 =

𝑝∑︁
𝑖=0

(−1)𝑖(𝐾𝜔)𝜕𝑖𝑢|St𝑢 =

𝑝∑︁
𝑖=0

(−1)𝑖
∑︁

𝑣∈𝑉 (𝑋)

𝜌𝑣[𝜔𝑣*𝜕𝑖𝑢]|St𝑢,

and

(𝐾𝛿𝜔)𝑢 =
∑︁

𝑣∈𝑉 (𝑋)

𝜌𝑣[(𝛿𝜔)𝑣*𝑢]|St𝑢 =

=
∑︁

𝑣∈𝑉 (𝑋)

𝜌𝑣[

𝑝+1∑︁
𝑖=0

(−1)𝑖𝜔𝜕𝑖(𝑣*𝑢)|St𝑣*𝑢]|St𝑢 =

=
∑︁

𝑣∈𝑉 (𝑋)

𝜌𝑣[𝜔𝑢|St𝑣*𝑢]|St𝑢 +
∑︁

𝑣∈𝑉 (𝑋)

𝜌𝑣[

𝑝+1∑︁
𝑖=1

(−1)𝑖𝜔𝜕𝑖(𝑣*𝑢)|St𝑣*𝑢]|St𝑢
by (1)
=

= 𝜔𝑢 −
∑︁

𝑣∈𝑉 (𝑋)

𝜌𝑣[

𝑝∑︁
𝑖=0

(−1)𝑖𝜔𝑣*𝜕𝑖𝑢|St𝑣*𝑢]|St𝑢

= 𝜔𝑢 −
𝑝∑︁

𝑖=0

(−1)𝑖
∑︁

𝑣∈𝑉 (𝑋)

𝜌𝑣[𝜔𝑣*𝜕𝑖𝑢|St𝑣*𝑢]|St𝑢.

Hence,

((𝛿𝐾 +𝐾𝛿)𝜔)𝑢 = 𝜔𝑢 +

𝑝∑︁
𝑖=0

(−1)𝑖
∑︁

𝑣∈𝑉 (𝑋)

𝜌𝑣 ([𝜔𝑣*𝜕𝑖𝑢]− [𝜔𝑣*𝜕𝑖𝑢|St𝑣*𝑢]) |St𝑢
by (2)
= 𝜔𝑢.

2
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5. The morphism 𝑃 : Ω∙(𝑋) → 𝐴∙(𝑋)

For a simplicial complex 𝑋, by the universal property of Ω∙(𝑋), there is a canonical morphism
dg-algebras

𝑃 : Ω∙(𝑋) → 𝐴∙(𝑋),

which is the identity in degree 0.
We denote by 𝑘[0] the complex with the 0th term 𝑘 and the others zero. An element of 𝑘 gives

rise to a constant function in 𝐴0(𝑋), hence, there are morphisms of complexes 𝜖 : 𝑘[0] → Ω∙(𝑋)
and 𝜖 : 𝑘[0] → 𝐴∙(𝑋) such that 𝜖 = 𝑃 ∘ 𝜖.

Proposition 5. For a sequence 𝑢 ∈ 𝑇𝑝(𝑋), 𝑝 ≥ 0, the commutative diagram

consists of quasi-isomorphisms.

Proof. The map 𝜖 is a quasi-isomorphism by [2, Corollary 47]. The map 𝜖 is a quasi-isomorphism
by [6, Theorem 10.9]. Hence, the morphism 𝑃 is a quasi-isomorphism. 2

Theorem 1. The natural map

𝑃 : Ω∙(𝑋) → 𝐴∙(𝑋)

is a quasi-isomorphism.

Proof. The morphism 𝑃 on stars gives rise to the maps 𝜋𝑝 : 𝒞𝑝,∙ → 𝒟𝑝,∙ for each 𝑝 ≥ 0. We have
the following commutative diagram of non-negative complexes

The vertical arrows 𝜋𝑝, 𝑝 ≥ 0 are quasi-isomorphisms by Proposition 5. The first row is exact
by Proposition 4. The second row is exact by Proposition 2.

Hence, the map 𝑃 is also a quasi-isomorphism. 2

Замечание 4. As was said in the introduction, the paper [8] suggests that Theorem 1 is false.
Namely, in [8, Example 3.8], one considers the simplicial complex 𝑋 corresponding to the boundary
of a triangle on the vertices 1, 2, 3. The dg-algebra Ω∙(𝑋) is generated by the elements 𝑡1, 𝑡2, 𝑡3
modulo the dg-ideal generated by 𝑡1 + 𝑡2 + 𝑡3 − 1 and 𝑡1𝑡2𝑡3. Next, the author considers the form
𝑡21𝑡

2
2𝑑𝑡3 and claims that this form is not zero. However, this form is zero, which can be seen as

follows: applying the differential 𝑑 to the equality 𝑡1𝑡2𝑡3 = 0 we get

𝑡2𝑡3𝑑𝑡1 + 𝑡1𝑡3𝑑𝑡2 + 𝑡1𝑡2𝑑𝑡3 = 0.

Next, we multiply this equality by 𝑡1𝑡2 and get

0 = 𝑡1𝑡
2
2𝑡3𝑑𝑡1 + 𝑡21𝑡2𝑡3𝑑𝑡2 + 𝑡21𝑡

2
2𝑑𝑡3 = 𝑡21𝑡

2
2𝑑𝑡3.
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