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AnHOTanusa
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Abstract

The paper is devoted to “uniform” reduction of smooth functions on 2-manifolds to canonical
form near critical points of the functions by some coordinate changes in some neighborhoods of
these points. A function f(z,y) has a singularity of the type Ay, Es, or Eg at its critical point
if, in some local coordinate system centered at this point, the Taylor series of the function has
the form 22 + y* 1 + Ry 111, 2% + y* + R34, 2° + y° + R3 5 respectively, where R,, ,, stands for
a sum of higher order terms, i.e., Ry = aijmiyj where # + % > 1. In according to a result
by V.I. Arnold (1972), these singularities are simple and can be reduced to the canonical form
with R,, , = 0 by a smooth coordinate change.

For the singularity types Ax, Fg, and Eg, we explicitly construct such a coordinate change
and estimate from below (in terms of C"-norm of the function, where r = k + 3, 7, and 8
respectively) the maximal radius of a neighborhood in which the coordinate change is defined.
Our coordinate change provides a “uniform” reduction to the canonical form in the sense that
the radius of the neighborhood and the coordinate change we constructed in it (as well as all
partial derivatives of the coordinate change) continuously depend on the function f and its
partial derivatives.

Keywords: right equivalence of smooth functions, ADE-singularities, normal form of
singularities, uniform reducing to normal form.
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1. Introduction

DEFINITION 1. A smooth function f = f(u,v) has a singularity type Ey (k = 6,7,8) at its
critical point P € R? if

(i) the first and second differentials df (P) and d?f(P) vanish, and the third differential d*f(P)
is a perfect cube (non-zero);

(ii) one the following coefficients of the Taylor series of f at P does not vanish (the upper black
points in Fig. 1): fﬁ) (P), fif,)s (P), and f;?(P), where (u,v) — (z,y) is a linear coordinate
change such that d®f(P) = 6(dx)3. More specifically: the singularity type is Eg if f;ﬁ) (P)#0
(equivalently, there exists a tangent vector v € Ker d®f(P) at P such that v*f # 0, where v* f

2The author is a Fellow of the Theoretical Physics and Mathematics Advancement Foundation “BASIS”.
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denotes the fourth derivative of f along the vector v); the singularity type is E7 if f;ff) (P)=0

and fg)g(P) = 0; the singularity type is Eg if fﬁ)(P) = fg)S(P) =0 and fzf?(P) % 0. The
vanishing coefficients of the Taylor series correspond to the points beneath the oblique line

(except the origin) in Fig. 1.

Es E7 ys Es ys

y4 y4 yt®

y3 y3 V3®

y:® ® y:® ® y:® ®

ye® © @ ye® © ® yeo® © ®

o X X2 X3 o X X2 X3 X 22 ;(3

Fig 1: Taylor coefficients of a function with a singularity Fg, E7, and Eg: the triangle of zeros

From the definition of Ej we have f(a+b (P)=0for0< g+ k+2 <1, f%(P) =6 (k=6,7,8)

and fy}r,f/f (P) #0 (k= 6,8), see Fig. 1. We will assume that P =0 =(0,0) in the coordinates
x,y.

BN

).

THEOREM 1 (Reducing Fj to normal form [1]). Let a function f(u,v) have a singularity E
(k =6,7,8) at a critical point P. Then, in some neighborhood of P, there is a local coordinate system
%, 7 in which the point P is the origin, and the function has the normal form f = f(P)+&3 £ +k/2
fork=16,8, f=f(P)+ &3+ x73 fork=1.

ASSUMPTION 1. For singularities Ey, (k =6,8), assume that fﬁj,f/f)(ﬂ) =+(1+

In [1], the existence of a coordinate change was proved using the Tougeron theorem [14]. In view
of this, obtaining a formula for the corresponding coordinate change requires solving the Cauchy
problem for a system of ODE’s. We construct our coordinate change explicitly, without using the
Tougeron theorem.

LEMMA 1 ([1]). In the case of a singularity Ey (k = 6,8), under the hypotheses of Assumption
1, there exist coordinate changes (x,y) — (v1 = z + doy?,y) — (z1,11 =y + d1z1) — (T2 =
=z + dgyf/%l,yl) — (w2,y2 = y1 + d3x3) where dj € R and dy = 0 for k = 6, such that

fw(;;rgb)(O) =0 foralla,beZy witha+b>0,a<3, andb< 1+§.

A proof of Lemma 1 is schematically shown in Fig. 2.

THEOREM 2 (Estimating the radius of a neighborhood for the coordinate change). In the case
of singularities Ey (k = 6,8), under the hypotheses of Assumption 1, let (z,y) — (x2,y2) be the
coordinate change from Lemma 1. Suppose that, in a neighborhood Up = {(z2,y2) | max(|za], |y2]) <

< Ro} of 0, the following estimates hold: Cop := supy, |f +B) .’IZ’Q,yg)‘ < M for

(a, 8) €{(0,5),(1,4),(3,1),(3,2),(3,3),(4,0), (4,1),(4,2), (4,3)} if k=6,

(O[,B) € {(07 6)7 (17 5)7 (37 1)7 (37 2)7 (37 3)’ (37 4)7 (47 0)7 (47 1)7 (47 2)7 (47 3)’ (47 4)} Zf k = 87
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Fig 2: Coordinate changes killing the coefficients inside the rectangle: Eg: (a) y = y1 —dix, di = £%;
2
(b) & =22 — dayf, do = § F 5 (0) Y1 = v — d3a3, ds = £%; By

where Ry > 0, M > 0. Then, in the neighborhood U = {(z2,y2) | max(|za|, |y2|) < R}, with
R = min{ Ry, Mi-m}} there is a coordinate change of the form

- ~ 2
¢ (v2,92) = (T = 22/ M2, y2), J = y29(22, y2) 7+F)
that reduces f to the normal form f = f(P)+ &3 + Gitk2 of By In more detail:

(a) the functions h(x) and g(x) are positive in U, thus the change ¢ly is well-defined and is
C*°-smooth;

(b) [|¢'(z) —I|| < C <1 for all @ € U, where C = 2, thus ¢|u is C'-close to the identity;

(c) the coordinate change ¢|y is injective and regular, i.e., it is an embedding and det ¢'(x) # 0
for all x € U, moreover ¢(U) contains the open disk of radius (1 — C)R centered at 0.

Further in Section 4, Theorem 3, we prove a similar result for the singularity type Ag. Our
coordinate change ¢|y from Theorems 2 and 3 provides a “uniform” reduction of the function f at
a singular point of type Ej, k = 6,8, and Ay, k > 1, to the canonical form f = f(P) 4 23 & ' +*/2
and f = f(P) £ &2 + §**! in the sense that the neighborhood radius and the coordinate change
we constructed in this neighborhood (as well as all partial derivatives of the coordinate change)
continuously depend on the function f and its partial derivatives. A uniform reduction of smooth
functions near critical points to a canonical form was known earlier for several singularity types
[2, 11, 12], [13, Sec. 8].

The uniform Morse lemma [4] was applied in [5]-[8] for studying topology of the spaces of Morse
functions on surfaces and decomposition of these spaces into classes of topological equivalence. Our
results have similar applications for studying topology of the spaces of smooth functions [9] and
gradient-like flows [10] with prescribed local singularities of AD E-types.

The author is grateful to Elena Kudryavtseva for suggesting the problem and useful discussions,
advice and help in writing of this paper.

2. Key lemmas

LEMMA 2. Let fiz;rbb)(O) =0 for all a,b € Z4 with a < m and b < n, where m,n € N. Then
the function fly has the form f(z,y) = ™h(z,y) + y"g(z,y) where U is a neighborhood of 0 in
R? and



[TpuBenenune rimagknx QPyHKIWH K HOPMAJTBHBIM (OPMaM BOJM3U KPUTHIECKUX TOICK 105

1
(n) n—1
yn (.f, Sy)(l - S) ds, (1)

9(z,y) = e
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Fig 3: Constructing functions Sy, (z,y) = 2™h(z,y) and R,(x,y) = y"g(z,y) (for m =3 and n = 4)

PrROOF. We represent f as a function of y with a parameter z. We write down the Taylor formula
at the point y = 0 with the remainder term in the integral form:

f(x,y) = Sn(z,y) + Ra(z,y) = 2™ h(z,y) + y"g(x,y),
2 n—1

Su(a,y) = £(,0) + [y, 0y + fja(a, 0) Gy -+ [t 0) sy = ()

n 1
n) n—1 Y (n) n—1 n
= n 1-— = .
Ry, (z,y) n—l / fyr (@, t)(y — )" " dt (n—l)!/o fyr' (@, 8y)(1 = 8)" " ds = y"g(z,y)

The functions Sy(x,y) = 23h(z,y) and R4(z, y) = y*g(x,y) appearing in the case of a singularity
type Eg are schematically shown in Fig. 3. The lemma is proved. O

LEMMA 3. Let ¢ : U — R”™ be a smooth mapping, where U is a convexr open subset of R"™. Let
the differential of ¢ have the form ¢'(x) = I + A(x), where I is the unit matriz of dimension n,
|A(z)|| < ¢, 0 < ¢ < 1. Then ¢ is injective and det ¢'(x) # 0 at every point x € U, i.e., ¢ is a
diffeomorphism to its image ¢(U). Moreover, (p(x) — ¢(y), —y) > (1 — ¢)||x — y||? for any pair
of points x,y € U.

Fig 4: The mapping ¢ on the segment [a, ]

PrROOF. Take any two points a,b € U, a # b, and consider the mapping ¢ on the segment [a, b].
Consider the velocity vector

v = g (¢(a+1b-a))
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along the ¢-image of this segment, see Fig. 4. Let us look at the projection of the velocity vector
vy onto b — a:

(v, b <dt( ola+t(b ),b—a>:
= (¢'(a+t(b— ))(b—a),b—a> =(I[+A(a+t(b—a)))(b—a),b—a)=
=({b-a,b—a)+ (A(a+t(b—a))(b—a),b—a).

Let us find an upper bound for the absolute value of the second term. Note that by the Cauchy-
Schwarz inequality and by the definition of the matrix norm:

[{(A(a+t(b—a))(b—a),b—a)| <[|A(a+t(b—a))(b-a)|-[b-al <|A(a+tb-a))lllb-al*
Let us go back to the estimation of (v, b — a):
(vy,b—a)=(b—a,b—a)+ (Ala+t(b—a))(b—a),b—a) >

b—al® - [{A(a+t(b—a))(b-a),b-a)| >

> |
> b—al® - [|[A(a+t(b—a))||b—a|*>|b—al*(1-c) >0,

from which v; # 0, thus Ker ¢'(a) = 0, therefore det ¢/(a) # 0.
By hypothesis [|[A(x)|| < ¢ < 1. Let us look at the dot product (¢(b) — ¢(a),b — a). As

(x(t),a); = [szaz]; =Y xja; = (&', a), we have

1 1
<¢)(b)—¢(a),b—a>:/0 <vt,b—a)dt>(1—c)/0 |b—a|*dt=(1—-c)||b—al®>0.

In other words, the injectivity condition is satisfied: ¢(a) # ¢(b) for each point b € U\ {a}. Lemma
3 is proved. O

LEMMA 4. Under the notations of Theorem 2, the following inequality is true for all points
(w2,y2) € U: \figz)(m,w) f(kH)(O 0)] < R(Cg+1,1 + Cryt1) < 2MR.

PROOF. By abusing notations, denote (z2,y2) by (z,y). We have

£t @, y) = 500,00 = L5 @) = £ (0,9) = 1 (0,00 + £550(0,9)] <
!ff”)( ) = o 0.9 + £ 0,9) — £ (0,0)] =

Y
k [
/ et (U dt’ R(Cly11+ Cris1)-
0

The lemma is proved. O

LEMMA 5. For any square n X n matrizc A = {aij}ﬁjzl, the Euclidean norm of the linear

operator given by this matriz can be estimated as follows: [|All < /327, a?j = /tr(AA?Y).

3. Proof of Theorem 1 for Ej, £y and Theorem 2

By Lemma 1, after the change (z,y) — (x2,y2), we have f a+b (0) = 0 for all a,b € Z4

witha+b>0,a <3, and b < 1+ % By Lemma 2, f = f(P )+ :U%h(ﬂ?g,yg) + ny2+ k/2 g9(z2,y2)

for some functions h,g € C*®(Uy), where n = +1 is defined as n = sgn f(ﬁf/f (0). Observe
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that h(0) = ¢(0) = 1 due to the definition of Fj singularity (k = 6,8) and Assumption 1. This
immediately reduces the function to the required normal form f = f(P) + #° + nj'**/2 by the
coordinate change ¢ : R2_ =~ — R%g with & = z9/h(x2,y2), ¥ = ygg(xg,yg)%ik. Thus we proved
Theorem 1 for k = 6, 8.

By abusing notations, we will denote (x2,y2) by (z,y). By Lemma 2, we have explicit formulas

(1), (2) for g,h (with m = 3 and n =1 + k/2), namely:

Z2,Y2

L

1+k/2 (z,sy)(1 — )% ds,  h(z,y) Z f / ‘Hl (5,0)(1 — 5)* ds.
=0

ng(z,

It remains to apply Lemma 3 to the coordinate transformation ¢ and to the neighborhood
U from the formulation of Theorem 2. In other words, it remains to check the fulfillment of the
assumptions of Lemma 3. By using the above formulas for the coordinate change ¢ and the functions
g, h, the bound Cog < M and Lemmas 4 and 5, as well as the Taylor expansion formula with
a remainder in the Lagrange form or an integral remainder, we will prove the required bound
ll¢/(x) — I|| = ||A(z)|| < C < 1 for each point x € U.

Let us proceed with detailed estimations, separately for the cases of Eg and Fs.

3.1. The case of Ej

For simplifying notations, we will give the proof for the case n =1, i.e. fy(}jkk /22)(0) > 0. In the
case 1 = —1, the proof is similar.
We compute the elements of the Jacobi matrix of ¢:

%:h%+$'éh_%.h;’ )
gi - éh“ hy, (4)
_ 1
§i=y ig_% (é/fif,i(%sy)(l S)3ds>, 5)
0
_ 1
gg;:gi—i—y.(ig i. /sf (m,sy)(l—s)?’ds). (©)
0

If M = 0, then ¢ =id and everything is proved. Let further M > 0, and therefore R < 1. By
Assumption 1, we have h(0,0) =1, g(0,0) = 1. Thus, the Jacobi matrix at 0 is the unit matrix I.
By using the above formulas (3)-(6) for Jacobi matrix’ elements, let us estimate the elements

of the Jacobi matrix %’g;w and prove item (a) for the case of Fjg.

Step 1. Here we find an upper bound for |1 — %]. Remind that:

2 3
T=ux 3\/ h(l‘,y) = \3/f($,0) + ylel(.l',O) + %f;l2(x70) + %f;’é(fl‘,())

Denote h = h(x,y) = h(z,y) — 1.
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Let us estimate A(x,y). In the expression for h(z,y), we apply the Taylor expansion formula in
x with a remainder in the Lagrange form to the coefficients of powers of y:

(4) 3 p(k+3) &
. 333(070) f$4 (COaO) z3yk (Ckao) Yy
[h(zy) =1 = |Z=p— + 2= +; . =
) (5) (6)
FD(e0.0)  Fry(en0) L fi(e2,0) L fis(es,0)
’ Y +y 6 VT 1 TV T sg
<MR +R+Rj 5 R<3 2M 1 5 2<1
S 12 \2 3) 24 1T-RS24 M7t2 1-2/(M+2) 24 2’

Hence h(z,y) € (0.5,1.5). Therefore {/h(z,y) € (0.79,1.21). )
Item (a) of Theorem 2 is proved for the function h(z,y). Set ¢ = 0.5. Then |h(z,y)| < c.
By the formula (3) we have

o1 .

1
&U—hB—i—x gh h;:(l—irh)%—kx-g(l—irh)’ h

Wl

/
-

Let us estimate |h|. We use Taylor’s formula with an integral remainder:

3 kf(k)(x 0)\/ 3 ko & /
Yy kA y© 1 k+3
|hl| = ( Hiy po ) = ‘( k!2/f?§kx3)(sx,0)(1—s)2ds) =
k=0 T k=0 0 T
3 I 3 o1
(k+4) R*M
Z / I s 0) (1= 9 ds| < 3 [(s -2 sty ds <
M R? R3 1 M 1
1 — 4+ — —_ e —.
24( R+ 2 + 6 ) 24 1-R "~ 12R

Set ¢, = 3. We obtain a bound for |% — 1| using the estimate of V/h:

O | =Vt A0 Ry < VR 1 e S ) <
2

R 2
S (1= =021+ S < 0214005 = 026,

Wi

Step 2. Let us estimate g—i from the formula (4).
a) First we estimate |h;| when 2 # 0. We use Taylor’s formula with an integral remainder:

[yl = [(f(2,0) +yfy(x,0) + f” (2,0) + 2 f’” )y/®| =

|(fy(,0) + yf2(x,0) + *f”é(wj 0))/z°| =

1
1
’2/( (sx O)+yf (sx 0)+ fg33 s(sx, 0))(15) ds| <
0
M 1 M 1
<= R T gy
6( R+ R < 6 1-R 3R

Set ¢, = 3R
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n the formula (4) for % we expand h™3 in a Taylor series in h and take c;, = c;(z,y) €

b) 1

€ [0, h(x,y)] from the Taylor-Lagrange formula:

R = (1= 2R 3L+ o) TR <
Y 3 3 9 h yl ==

LR(l + %C"‘ %(1 — 6)7262) =

(14 2c+3(1+c;)” %CQ)Cy < 03

(1+ 14225 /4) <0.25.
Step 3. Let us estimate % from the formula (5). Let us first estimate separately the factors of

this expression.
a) Auxiliary Assessment. By Lemma 4, we have

'/(f( (@, 59) - £, 0))(1—3)3ds

b) By Assumption 1, we have f(jf)(O, 0) = 24. We get the following lower bound:

1
, M
</2M3(1—s)3ds:2R < 1.

6|g| = ’/f (z,sy)(1 — 5)>ds

‘/( (z, sy) f(f)(070)+f§3)(0,0)>(1—s)3ds

MR
>6— 5~ >5>0.

Item (a) of Theorem 2 has been completely proved for Fg. Set ¢ = 1 — £5%. Then

<R &1

0
L _sM _MR( MR i1
1° "21 " o6

Step 4. Let us estimate |1 — g—g] from formula (6).

_1‘:
3 1

1 _3
+ Z(é/fﬁ)(x, sy)(1 —s)® d8> (1;/ f;?(xa sy)(1 —s)° ds
0 0

(1+M)‘1‘—1+]\§f(1—]\£{) 2<(1+é)i—1+4§)(1—g)_ <0.07.

Step 5. By Steps 1-4, for each point & € U, we have:

1
S £ @ sy - s)Bds — 1+
0

<

NI

¢/ () — I|| = | A(2)|| < v/0.262 + 0.252 + 0.032 + 0.072 = v0.1359 < 0.4 = C < 1,

that proves item (b) of Theorem 2 for C' = 5. By Lemma 3 the coordinate change ¢ is injective in
U, that proves item (c), except for the properties of ¢p(U).

From the last assertion of Lemma 3 and |5, Cor. 8.3, Step 1|, we conclude that ¢(U) contains
the open disk of radius (1 — C')R centered at the origin.

This completes our proof of Theorem 2 for the case of a singularity Fg.
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3.2. The case of Ejy
For a singularity Fg, the coordinate change ¢ is given by the formulas =z h(z,y) =
. k (k - 5 5
= {’/Zi:o Y f (2,00, = y¥/o(a,y) = [7724 Jo £ @, sy)(1 = 5)* dS} where n = sgn £ (0).

Like in the case of Eg, we will further assume that n =1 (for n = —1, the proof is similar).

Step 1. As in the case of Eg, we find a bound for the term h(z,y), in order to estimate |1 — %L
The difference from the case of Ejg is an additional term in the sum of absolute values that can be

bound by X Tar 4 4 , then the sum can be bound by the same geometric progression. In more detail:

(4) 4 p(k+3) k
£7(0,0) 17 (co,0) wsgh (Cr:0) gy RCuyo
\h(z,y) — 1| = + poE +y -1 +
6 24 pt 6 k! 24
RC3  R2Cs, R3Cs3  RiCsy MR R? R? 5 1
< e —.2< =,
+ 6 + 12 + 36 + 144 12 2+R+ 3 + 12 24 <2

The bound from before holds: h(z,y) € (0.5,1.5) or |h| < 0.5. Then {/h(z,y) € (0.79,1.21).
Similar arguments work for the estimation of the term |h)|. Thus we can bound it as we did it

in the case of Ejg:
1

hy| < —=
ol 12R’
Set ¢, = ﬁ.
The element % has the same representation in terms of the function h as in the case Fg and
the same estimation for every term. Hence the following bound holds:

_ 1’ < 0.26.

Step 2. a) For estimating the term [hy| when x # 0, we can use the bound from the case of Eg:

))y} <o

b) The element % has the same representation in terms of the function h as in the case of Fjs.
Hence the following bound holds:

(k)

|h'—\<2y v

gj( < 0.25.

Step 3. In this step, we have orders of partial derivatives and a constant ¢ that differ from the
case of Fjg.
a) Auxiliary Assessment. By Lemma 4, we have
C Cos)R _2MR
’/ <f( x, sy) f )(0 0))(1—3)4(13 ( 15+5 06) < 5

1
< / R(015 + Cgﬁ)(l — 8)4 ds =
0

b) By Assumption 1, we have f;?)((), 0) = 120. We get the following lower bound for 24|g|:

2M
o 2R

1 1
‘ /0 £ (@, sy)(1 = s)" ds /0 (f;?@c,sy)—f;§><o,o>+f;§><o,o>><1—s) ds|>
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Thus |g| > 0, and item (a) of Theorem 2 is proved for Eg. Set ¢ = 1 — <3*. Then

}ay\—] i) f§?><x,sy><1—s>4ds) (51 f;gz)s(x,sy)(l—s)4ds>’<

1__ 4C’15<MR<1 MR> 1 <

5 60 <300

1\ 5
< 1—-— .004 .03.
R5c 120 600 > < 0.004 < 0.03

30

Step 4. Let us estimate |1 — g—g]:

_1‘:

o1 | 1 @ sy - )tds — 1+

U [ 1w -stas) g [ s - otas

’(14 ( (2, 59) - f(g)(O,O)—i-f;?)(O,O))(l—s)4ds>é—1'+|...]<

’( = T2506)R)é_1)+R5_§5 2sz6-30
1
(-8 fm (-5

1

<1-(1-%)" + @ (1- %)” < 0.008 < 0.07.

IS

<

Step 5. From Steps 1-4, we get the required bound for a singularity of the type Fs:

16/ (z) — I|| < 1/0.262 4 0.252 + 0.0042 + 0.008% < 0.4 = C < 1.

The rest of the proof is the same as in the case of Eg.
Theorem 2 is completely proved. Il

4. The case of A,

DEFINITION 2. A smooth function f(u,v) has a singularity type Ay (k > 2) at its critical point
P cR?if

(i) the first differential df (P) vanishes and the second differential d*f(P) is a perfect square
(non-zero);

(ii) some condition on coefficients of the Taylor series of f at P holds (see below).

Consider a linear change (u,v) — (x,y) such that d’ f(P) = +£2(dz)?. By using a non-linear change
(z,y) = (21 = 2+92Q(y),y1 = y) for some polynomial Q(y) of degree < k—g‘g, one can achieve that

f:;izl( ) =0 for all i with 1 < i < [%5]. Notice that f” (P) = £2. The condition on the Taylor

series coefficients is as follows: f, (P) = (IZ)(P) =0 and f;fjll)(P) # 0 (if k = 2, then this
1

condition means that fm( ) # 0).

We will assume that P = (0,0) = 0 in the coordinates z,y.
Due to the splitting lemma [1, Lemma 4.1], there exists a C°°-smooth coordinate change
(z,y) — (X,Y) (which in fact can be constructed by an explicit formula by using a parametric
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version of the Morse lemma) such that P = (0, 0) in the coordinates x,y, and f = f(P)+ X2+ F(Y)
where F(y) is a smooth function such that F'(0) = F”(0) = 0. The condition (ii) in the above
definition is in fact equivalent to the following: F (0) = --- = F®)(0) = 0 and FHETD(0) #£ 0
(see also |3, Assertion 6.1] for another condition equivalent to this condition). It is an easy exercise
that there exists a C*°-smooth coordinate change ¥ — Y (which in fact can be constructed by an
explicit formula) centered at the origin that reduces f to the normal form f = f(P) + X2 4+ Y*+1,

We say that a smooth function f(u,v) has a singularity type A; at its critical point P € R? if
this point is non-degenerate (i.e., Morse). For k = 1, we can find a linear change (u,v) — (z1,41)
such that f;’%( ) =+2and f;, (P) =0, thus f;’%(P) # 0.

ASSUMPTION 2. For singularities Ay, (k > 1), assume that f(fill)(0,0) =+(k+ 1)L

Similarly to Lemma 1, one can construct a coordinate change (z1,y1) — (2 = 21 + y%Ql(yl),
y2 = y1) for some polynomial Q1(y1) of degree < k, such that f(a+b (P) =0 for all a,b € Z, with
a+b>0,a<2, andb< k+ 1.

The following theorem extends the uniform Morse lemma [4, 5] to the case of the infinite series
of singularities A for all £ > 1.

THEOREM 3 (Estimating the radius of a neighborhood for the coordinate change). In the case
of a singularity Ay (k > 1), under the hypotheses of Assumption 2, let (z1,y1) — (x2,y2) be the
coordinate change from above. Suppose that, in a neighborhood Uy = {(x2,y2) | max(|x2|,|y2|) < Ro}

of 0, the following estimates hold: Cyp := supy, }f +ﬁ) mg,yg)‘ < M for all

(o, B) € {(0,k+2),(1,E+1),(2 ,z),(3,0) (3,7) | 1 <1 <k},

where Ry > 0, M > 0. Then, in the neighborhood U = {(x2,y2) | max(|xza|, |y2|) < R}, with
R = min{ Ry, 4M+3}, there is a C'°-smooth coordinate change of the form

1
¢ (z2,y2) = (T = z2v h(x2,y2), ¥ = y29(x2,y2) *T1)

that reduces f to the normal form f = f(P)£a2 4" of Ay. In more detail: the coordinate change
é|u satisfies the conditions (a), (b), (c) from Theorem 2 with C' = 0.93.

Proor. By abusing notations, we will denote (z2,y2) by (z,y). Let 0, = sgn fI%(P), ng =

= sgnf l,fj:ll (P). Due to Lemma 2, we have f = f(P) + npa?h(z,y) + n,y*1g(x,y), where the

functlons nrh,ngg are given by the explicit formulas (1), (2) (with m = 2 and n = k + 1). Thus
h(0) = g(0) = 1 due to the definition of Ay singularity and Assumption 2.

Like in the case of Ej (k = 6,8), we will further assume that n, = ny = 1 (for 7, = —1 or
ng = —1, the proof is similar).

Consider the coordinate change

_1_
k+1

k .

N Yo -

T =z h(z,y) = Zﬁféi)(%o), §=y"Vylz,y) = y{k,/ fkﬂ z, sy (1—5)’%13}
i=0

We extend our proof of Theorem 2 (about singularities Fg, Eg) to the case of singularities Ay.

Step 1. a) Let us estimate h(z,y):

(7,+2 .
0,00 fe0,0)  n Sran (e, 0)
1l = z2 x E 2 _1lg
k .
RCyg Co R 2MR 1
< Yo ¢ <-.
6 220 S31-R) 2

=1
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Thus h(z,y) € (0.5,1.5), or |h| < 0.5 =: ¢. Then /h(x,y) € (0.7,1.3).

We have 55 ) )
T hr4a-chTRR, = (1+R)E+ x50 +h)E R

Oz 2

Let us estimate |h/|:
/

|h.| = <§ y ) ’(E '/ l+2 (sx,0)( 1—s)ds> =
! 1 .
i RCy [ M 1
z+3 31 2
'E l'/syxg (sz,0)(1 —s) dsélg i /O(s—s)dsgfi(l_R)QSR.
Set c; = 5. Let us estimate |g—i — 1]

—1‘:\x/ﬁ—1+x.%(1+ﬁ) W < Vh—=1]+ |z - L0 +h) 20| <

cmR(l —o

1

9
< 0.3+ﬁ <03401=04

N

Step 2. a) Let us estimate |h;| when z # 0:

/ k Zf() ’ k— ly’fﬁ—ll)( ,0)
|hy|_ Z ‘_‘ 2 ‘:
i=0 i=0
RC21+1 M 3
< < —=.
2Z il 21— R) S8R

=0

k

- /O (Z 159 s:v,O))(l—s)ds

=0

Set ¢, = 8?}%
b) Let us estimate \8‘”\

~ _1 = 7
| =50 Sh e B0+ o) ER) A <

0%

‘aT,’ v 3(1+h)
?(1—1— e+ 32 (1+cﬁ)*gc2)cy<%(1+%c+%(1—c)7302):
:%(1+i+g2%/4)<0.4.

Step 3. a) Auxiliary Assessment. By Lemma 4:

‘ / < LD @, sy) = 15, 0)) (1-s)"ds
(k+1)!. We get the following lower bound for k!|g(x,y)|:

1
< | R(C C, 1—s)Fds < —.
| R + o)1 = 9 s < 2]

b) By Assumption 2 we have f g1 (O 0) =

'/ f(ﬁ_ll (z, sy)( 1_3 ’/ <f(£jll z Sy)_féijll)( ) )"’f(ﬁ_ll (0a0)>(1_5)kd‘9>
2MR 3
- > F! - .
>k k+1/k<1 2(1<:+1)!)>0

Thus |g| > 0, and we proved item (a) of Theorem 3.
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Setc=1-— %. Then the following sequence of inequalities holds:
dj 1 R
Y k-+1) Rl (k+2)
D)=l (5 [ @ - ras) T (F [ R - o)<
1 & Cip
SR RHT = <
kel D)
k k

- MR | 2MRA\TET 3 [ 3 RT3
S (k4 1)(k+1)! (k+1)! 4-4 2(k +1)! )

Let us prove the latter inequality in this sequence. For £ = 1 this inequality is in fact an equality.
k
For k > 1 we have ¢ #1 < ¢!, moreover the function 6‘1\MR:§ of k£ is monotone decreasing.
4

Since ¢ i3 <2for k=2, we have the same for all £ > 2. This proves the desired inequality.
4 ~
Step 4. Let us estimate |1 — %]:

k
—F 1 1
k. 4 1 <kf' / f(::i_ll 33 , SY (1 — S)k dS) k;'/o Sféijf)(m’sy)(l _ S)/c ds

1

< ‘(;,/0 (fjfill)(x,sy) £ ,0) + £4HY (0,0)>(1—5)kds)“ —1' <

(Ch+1 + Copr2) R\ 551 ‘ ok Co ki
<J(1- % : — 1|+ R&F 7
It k+ 1) ) e Yk D) S
k
2MR \ w1 1 MRE& ®1
1_ 1_7 :1_ k
<1-( (k:+1)!) R (7B YU DO TR
< 5 po32 Lo
2-(k+1)!  4.3.2.2 "2 "8

1

if k> 1. And when k = 1, we get 1 — &2 < }, therefore |57 — 1| < J + § = g

Step 5. From Steps 1-4, for Ay we have ||¢/(x) — I]| < \/0.42 +042+3 s %2 < 0.93 < 1 for
all kK > 1. The rest of the proof is the same as for Theorem 2. Theorem 3 is proved. O

5. Conclusion

For singularities A, Fg, and Eg there are explicitly constructed (in Theorems 1-3) a coordinate
change reducing a function to normal form and estimated (in terms of C"-norm of the function,
where r = k+3, 7, and 8 respectively) from below a radius of a neighborhood where this coordinate
change is well-defined.
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