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AnHOTanMs

HepagenctBo YebbiiieBa sABISETCS OJHAM W3 CAMbBIX BAaXKHBIX HEPABEHCTB B MATEMATHKE.
OHO urpaer BayKHYIO POJIb B TEOPHH BEPOSATHOCTH, & TAKXKE TECHO CBIA3aHO C HEPABEHCTBOM
MapxkoBa B aHaJm3e.

B [6, 7], ncnios3yst mHTErpasbHLI oneparop Pumana — Jluysusist [, aBTOPHI yCTAaHOBUIIN
¥ JI0KA3aJ/IM HEKOTOPbIE HOBbIE WHTErPAJIbHBIE HEPABEHCTBA I I€0BIMEBCKOTO (hYHKIIMOHAIA
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B mannoit pabore paccMaTpuBaiOTCsa HEKOTOPbIE 000OIEHNST NHTETPAJTbHBIX HEPABEHCTB d€-
OBITTIIEBCKOTO THUTIA, TJe WCIOJb3YIOTCs ApOobHble wHTerpansl Puvana — JInyBuiias B cooTnet-
CTBUU C APYroit pyHKIHEH.
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Abstract

The Chebyshev inquality is one of important inequalities in mathematics. It’s a necessary
tool in probability theory. The item of Chebyshev’s inequality may also refer to Markov’s
inequality in the context of analysis.

In[6, 7], using the usual Riemann-Liouville fractional integral operator I, were established
and proved some new integral inequalities for the Chebyshev fonctional

f.9) /f dx——/f ) / o(z)dz.

In this work, we give some generalizations of Chebyshev-type integral inequalities by using
Riemann—Liouville fractional integrals of function with respect to another function.
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1. Introduction

Many Integral inequalities of various types have been presented in the literature.
See |4,5], among them, we choose to recall the following Chebyshev Inequality

T(f,9) =0, (1)

dx—/f x)da— a/ (2)

f,g are two integrable functlons, synchronous on [a,b] (i.e.(f(x) — f(y))(g(x) — g(y)) > 0), for
z,y € [a,b].
In this section, we give some definitions and theorems.

where

T(f,
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In [8] the following definition was given.
DEFINITION 1. Let f € L1(]0,00)). The Riemann-Liouville fractional integral operator of order
a > 0 is defined as

1o f(z) = — ) /0 - f(tt))l_adm >0, (3)

where () := [ e 't dt.
DEFINITION 2. For (a,b) C R we shall denote by Ly(a,b)(1 < p < oo) the set of functions f
real-value Lebesgue measurable on (a,b), such that

171, = (| b|f<t>pdt)'l’ <o, @

and for the case p = 00

[fllz, = ess sup |f(t)| < oc.
a<t<b

DEFINITION 3. Let f € L1([0,00]) and h(x) be an increasing and positive function on [0, co[
having a continuous derivative &'(z) on [0, 00, 2(0) = 0. The space X} (0,00)(1 < p < o) of those
real-valued Lebesgue measurable functions f on [0, oo[ for which

Il = ([ rorn o) 1< p<oc 5

and for p = o0
Iflxy = ess sup [FER ()]
0<t<oo
In particular, when h(z) = 2 (1 < p < 00) the space X} (0, 00) coincides with the L,([0, o))
DEFINITION 4. Let f € X7 (0,00) and h(z) be an increasing and positive function on [0, c0)
and also derivative h'(z) is continuous on [0, c0) and h(0) = 0. The Riemann-Liouville fractional
integral of a function f(z) with respect to another function h(x) is defined by

Iy f(x) = 1)/Om(h(l‘)—h(t))a‘lf(t)h’(t)dt- (6)

T(a)
For the convenience of establishing the results, we give the semi-group property:
I f(x) = [ f(2), a>0,8>0, (7)
which implies the commutative property
I f (@) = I f () (8)

For details, one can consult [3].
REMARK 1. If f(z) =1, by (6), we get

he ()

Ii?f(f):ma oz
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REMARK 2. If f(z) = h7(z), then we have

0 (2)] = hv;:fi)z(ﬁ)l), a>0,7>0. (10)

For details to see(|3]).

REMARK 3. Note that for h(z) = x, I} f(x) is the usual Riemann-Liouville fractional operator
I~

In[6, 7], the following definition was introduced.

DEFINITION 5. A real valued function f : [0,00) — R is said to be in the space C,,, u € R if
there exists a real number p > p such f(z) = 2P f;, where f1 € C([0,0)).

DEFINITION 6. The Riemann—Liouville fractional integral operator of order a > 0 for a function
f€Cu (> —1)is defined as

apy L [T )
I f(:z:)—F(a)/O (x_t)l_adt7a>0,

I°f(z) = f(x),

where I'() := [;7 e 't 1dt.
In 6, 7] the following theorems and corollary were proved.
THEOREM 1. Let f and g be two synchronous functions on [0, co[. Then for all x > 0, « > 0,

r(fa)w) > WO o ) rog ), (1)

THEOREM 2. Let f and g be two synchronous functions on [0, 00[. Then for all z >0, « >0
andf > 0,

a B
337 B 137 e’ a B8 B «
a6 + F @) = @ g(a) + P @@, (12)
THEOREM 3. Let (fi)i=12,..n be n positive increasing functions on [0,00[. Then for any
z>0,a>0,
(II ) = de) T 1 fi(=). (13)
i=1 i=1

THEOREM 4. Let p > 1, such that% + }% = 1, if |f|P(x) and |g|P'(x) are two functions in
Cy,(A > 1), then for o > 0, the fractional integral inequality

1 5
1% fgl(z) < (I*[f[P(2))» (I%|g]"'(2))?", (14)
holds.
THEOREM 5. Let f and g be two functions defined on [0, 00), such that f is increasing and g is
differentiable and there exists a real number m := inf,>¢ q (). Then the inequality
'« + 1
1%(fg) () > 2D
is valid for all z > 0, a > 0.
COROLLARY 1. Let f and g be two functions defined on [0,00). Suppose that f is decreasing

and g is differentiable and there exists a real number M := sup, g (x), then for all z > 0, a > 0,
we have

o T @) = ST () mI%(f(x) (15)

I‘(a—i—l) Mz

1°(f9) (@) 2 ——1"f(x)["g(x) —

(x) + MI%(zf(x)). (16)
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2. Main Results

The aim of this work is to generalize the Theorems 1, 2, 3, 4, 5 and Corollary 1 (the results of
[6, 7]) for the operator I}

THEOREM 6. Let f and ¢g be two synchronous functions on [0, 00[ and h(z) be an increasing
and positive function on [0, co[, having a continuous derivative h'(z) on [0, 0o and also h(0) = 0,
x> 0,a >0, then

R0 2 F S ) g (o) (17)

The inequality (17) is reversed if the functions are asynchronous on [0, 00) (i.e.((f(z) — f(y))

(9(x) = g(y)) <0) for z,y € [0, 00)).
PROOF. Since f and g are synchronous on [0, o[, then for g > 0,v > 0, we have

(f(w) = f() (g(n) — g(v)) =0, (18)
equivalently
F)g(p) + f()g(w) = fF(r)g(v) + f(v)g(w). (19)
Multiplying both sides of (19) by (h(m)_h%’g;ilh/(“), p € (0,x),z > 0 and integrating the
resulting inequality with respect to p from 0 to x, we have
h*(z
IR (Fa)(@) + F00) s > a0V (D)) + FO)IR 0) o) (20)

Now, multiplying (20) by (h(x)_hg/));qh/(y), v € (0, ) and integrating the resulting inequality

(a
with respect to v from 0 to x, we get

INa+1)

Iy (fg9)(x) > ho ()

I f ()1 g (). (21)
This proves the theorem.
REMARK 4. If h(z) = z in Theorem 6,we obtain the inequality (11) (Theorem 1).
COROLLARY 2. Let f € X*(0,00), then we have

(M=) = RO URf@)"s n>2. (22)

PRrROOF. We prove (22) by induction. For n = 2 inequality(22) is proved in Theorem 6. Assume
that the inequality is true for some n > 2 such that g = f", g € X(0,00). Then by applying the
inequality(17) to the functions f and g, we have

I (fo)x) = (IR~ R (2) (Iig) (2)
= (IRW) IR (@) (T ™) ()
> (W) R fa)™

where the induction hypothesis for n > 2 is used for the second inequality.

THEOREM 7. Let f and g be two synchronous functions on [0, c0[ and h(z) be an increasing
and positive function on [0, co[, derivative h'(x) is continuous on [0, oo[ and also h(0) = 0,z > 0,
a>0,8>0, then

B *x
S )+

a4 (9@ 2 L@@ + L@ (). (23)
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PROOF. Multiplying both sides of (20) by (h(x)_hlg';gfilh/(y), v € (0,z),z > 0 and integrating
the resulting inequality with respect to v from 0 to x, we have

he(x)
T(3+1)

This completes the proof of Theorem.
REMARK 5. If h(z) = z in Theorem 7, we get the inequality (12) (Theorem 2).
THeoREM 8. Let (fi)i=12,..n be m positive increasing functions on [0,00[. Then for any

x> 0,a >0, we get
Iy {H fi(l’)} > (W) T A i)} (24)
i=1 i=1
PRrROOF. We prove this theorem by induction. If n = 2, in (24), we get

L{fu(@) fa(a)} = (I3 (1)) T IR fa(@) I o).

Which holds in view of Theorem 6. We suppose that the inequality

n—1
I {H fz'(x)} > (I (1) Hfh{f@ (25)
=1

holds for some positive integer n > 2. Now (f;)i=123,...n are increasing functions implies that
the function H?;ll fi(x), is also an increasing function. Therefore, we can apply inequality (25) by

putting [[7 fi(2) = g(x) and fu(2) = f(x). Then

n—1
I fi2)f Hfz ) > (In(1) Iy Hfz o) I (@) > (1) "Ithz
=1

Where the induction hypothesis for n is used in the second inequality. The proof of Theorem 8§, is
complete.

REMARK 6. If we put h(z) = x in (24), we obtain inquality (13) (Theorem 3).

To prove the next Theorem we shall use the following Lemma(for details see [2]).

LEMMA 1. Let 0 < p < oo and p,p are conjugate, f € Ly([a,b]),g € Ly([a,b]) and w be a
weight function (non negative measurable function). 1) 1 > p, then

[ < ([ )

h® ()

a1 9@ 2 @) + 1 @) g ).

Iy (fg)(x) +

1

< /a b gp’wdx> " (26)

B =

2) 0 < p <1, then

/a ’ fowdr > ( /a ’ fpwdzy < /a ’ gp/wd:c>pl/. (27)

THEOREM 9. Let p > 1, be such that 1%+ ]% =1,if f € X}(0,00),9 € X} (0,00). Then for
a>0

1| fol(x) < (IR FP @)} {71l (@)} (28)

PROOF. Let h(z) — h(t) <M, 0 < M < oo. If f € X}(0,00), we have
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/Oz((h(fv)—h(t))a1f(t)ph/(t)dt’ < /Ox((h(w)—h(t))a1|f(t)!ph/(t)dt

< M‘“/O |F(®)PR ()t < oo,
therefore
/Ox((h(:c)—h(t))a_lf(t)ph/(t)dt < (29)
and
[ () = ey ger W o) < . (30)

The proolf of (30) is similar to tlllat of (29). Since f € X¥(0,00),9 € X} (0,00), then
F(t).0 (t)7 € L,y(0,00) and g(t).h' (t)r" € L, (0,00). Applying the inequality (26), it yields that,

/Ox (h(x) — h(£)~LF (D) gt ()| dt

e

xX 1 xr
<{ [ ) - noysorn @a " { ["aio) - nentawrn' @ar}” < o
0 0

Now multiplying the last inequality by (I'(a))~! = (I’(a))%“r%, which gives(28). This proves
the Theorem.

REMARK 7. If we put h(z) = x in inquality (28), we get inquality (14) (Theorem 4).

THEOREM 10. Let f and g be two functions defined on X7 (0,00), such that f is increasing and
g is differentiable and there exists a real number m, := inf;>¢ g/ (x). Then the inequality

S U@ IR o)

Fa+1)

- maw(fﬁéf)(%)(ff%)(%) + ma(Iyaf)(x) (31)

(Infg)(x) >

holds.
Proor. Let k(z) = g(z) — mz, k(x) is differentiable and increasing on X7} (0,00). Then using
the Theorem 6, we obtain

o+

ha(z)
_ W(Iﬁf)(@(fﬁg)(:v)m
I(a+1)

- W(Ifoff)(fﬁ)(ff?x)(x)- (32)

(L5 f(g —m))(x)

Y

(I ) (@) (I (g — mx))(x)

We have

Iiflg—ma)(x) = (I3 fg9)(x) —m(Iyzf)(x), (33)
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hence

IR fo)x) = ——— Iy [)(@)I;g)(x)
he(x)
Dlat1) o o .
- maW(Ih N@)Igz) (@) + ma(Iyzf) ().
Then the proof is complete.
REMARK 8. If we put h(z) = x in (31), we get the inequality (15) ( Theorem 5).
THEOREM 11. Let f and g be two functions defined on X7 (0, 00), such that f is decreasing and

g is differentiable and there exists a real number M := sup,> ¢ (). Then the inequality

e a0

Ia+1)
he (i)

(I fg)i) =

- M (L F)(@)Tyw)(@) + M (IR f)(0)- (31)

holds.
Proor. We apply the Theorem 6 to the decreasing functions f and G such that:

G(z) :==g(z) — Myx.

The rest is similar to the proof of Theorem 10.
REMARK 9. If we put in Theorem 11, h(xz) = x ,we have the inequality(16) (Corollary 1).
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