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AnHOTanus

B mammoit pabore paccMATPHUBAIOTCA PA3THUUIHBIE KIACCHI MTOYTH KOHTAKTHBIX METPHIECKUX
CTPYKTYP B IPEANOTOKEHUH BIIOJTHE HHTEIPUPYEMOCTH UX KOHTAKTHOTO pacmpesaenenns. 1lomy-
9eH aHAJUTUYEeCKAil KpUTepuil BIOJHE MHTETPUPYEMOCTH KOHTAKTHOT'O PACIIPEIEIeHUA MMOYTH
KOHTAKTHOT'O METPHUYIECKOI'O MHOFOO6p&3HH. BBIHCHQHO, KaKHe IMTOYTH 3PMHUTOBBI CprKTypr NH-
ﬂyHprIOTCH Ha HHTErpaJJbHbIX MHOFOO6paBI/IHX KOHTAKTHOT'O pacCOpeaegeHnda HEKOTOPBIX II0-
YTHU KOHTAKTHBIX METPUYICCKUX MHOFOO6pa3HfI. B YaCTHOCTH JOKa3aHO, YTO IIOYTH 3PMHUTOBA
CTPYKTypa, MHAYIEPYEeMas Ha WHTErPATbHBIX TOAMHOT000pPA3UIX MAKCHMAIBHON pa3sMepHO-
CTH IepBOro PyHIAMEHTAILHOIO PACIIpeneIeHns MHOrooopasus Kenmorry, siBiseTcs KeaepoBoi
CTPYKTYpOii. A mMouTH 3pMUTOBA, CTPYKTYpa, UHAYIUPYEMash Ha, WHTErPAJIHLHBIX TIOIMHOTO00DA-
3USAX MaKCHMAJIBHOM Pa3MEepHOCTH MEPBOr0 (PYHIAMEHTAJIHHOIO PACTPENeIeHUsT HOPaMILHOrO
MHOTr000pa3us, sIBJISIETCS SPMUTOBOI CTPYKTypoit. C1abo KOCUMILTIEKTHIeCKas CTPYKTYPa € HH-
BOJIIOTUBHBIM II€EPBbBIM (byH,D;aMeHTaJIbeIM pacrIpeaenenneM dBIdeTCda TOYHENUITe KOCUMIIIEKTH-
9eCKO#l CTPYKTYpPO#l W HA €ro MHTErPaJbHBIX MOAMHOTO0OPa3UIX MAKCHMAJIbLHON Pa3MEePHOCTH
BIIOJTHE HHTEIPUPYEMOrO KOHTAKTHOTO PACIPEIETCHAA HHIYIIUPYETCs MPUOINZKEHHO KEIePOBa,
cTpykTypa. Takxke I0Ka3aHO, YTO KOHTAKTHOE PACTIPEIEIeHNE KBa3H-CACAKUEBa, MHOTOOOpA3Us
I/IHTeI‘pI/IpyeMO TOrJa U TOJIBKO TOTJa, KOrJga 3TO MHOFOO6pa3I/Ie ABJIAETCAd KOCUMILJICKTUYECKUM.
Ha MaKCUMAJIbHBIX WHTEr'PaJbHbIX MHOFOO6paBI/IHX KOHTaKTHOT'O pacupeaeleHud KOCUMILITEKTH-
YeCKOro MHOrooOpasus MHAYLHPYETCA KejlepoBa CIPYKTypa. A Ha MHTerpajbHbIX MHOrooOpa-
3UAX MAKCHMAJbHON Pa3MEPHOCTH KOHTAKTHOI'O PACIIPE/IE/IEHHS JTOKAJIbHO KOH(POPMHO KBAa3H-
CaCaKMeBOr0 MHOTOOOPa3Wsl, ¢ WHBOJIOTUBHBIM TEPBHIM (DYyHIAMEHTAIBLHBIM PACIPEIeIeHIEM,
WHIYIUPYETCsl CTPYKTypa Kijacca W, modTu 3pMUTOBBIX CTPYKTYpP B Kjaaccudukamuu I 'pes-
Xepsemutbl. Ona Oymer KeaepoBoil TOTIa U TOJBKO TOraa, Koraa grado C M, e o — onpese-
NA0IIAss PYHKIUS COOTBETCTBYIONIET0 KOH(POPMHOrO Mpeodbpa3oBaHUSI.

Karouesvie caosa: BriojiHE HHTEIPUPYEMOE PACIIPEIEJIEHNE, [I0YTH KOHTAKTHAS METPUYECKAs
CTPYKTYpAa, MOYTH IPMUTOBA CTPYKTYPaA, KOHTAKTHOE PACIpeIeIeHuE.
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Abstract

In this paper, various classes of almost contact metric structures are considered under the
assumption that their contact distribution is completely integrable. An analytical criterion for
the completely integrability of the contact distribution of an almost contact metric manifold is
obtained. It is found which almost Hermitian structures are induced on the integral manifolds
of the contact distribution of some almost contact metric manifolds. In particular, it is proved
that an almost Hermitian structure induced on integral submanifolds of maximum dimension
of the first fundamental distribution of a Kenmotsu manifold is a Kahler structure. An almost
Hermitian structure induced on integral manifolds of maximum dimension of a completely
integrable first fundamental distribution of a normal manifold is a Hermitian structure. We
show that a nearly cosymplectic structure with an involutive first fundamental distribution is
the most closely cosymplectic one and approximately Kéahler structure is induced on its integral
submanifolds of the maximum dimension of a completely integrable contact distribution. It is
also proved that the contact distribution of an inquasi-Sasakian manifold is integrable only
in case of this manifold is cosymplectic. Kihler structure is induced on the maximal integral
manifolds of the contact distribution of a cosymplectic manifold. If M is a lc¢Q)S-manifold with an
involutive first fundamental distribution, then the structure of the class Wy of almost Hermitian
structures in the Gray-Hervella classification is induced on integral manifolds of the maximum
dimension of its contact distribution. It is Kahler if and only if grad ¢ C M, where ¢ is an
arbitrary smooth function on M of corresponding conformal transformation.
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Hermitian structure, contact distribution.
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1. Introduction

This work is devoted to the research of the contact distribution of almost contact metric
structures under the assumption that it is completely integrable. Almost contact metric structures
are one of the most meaningful examples of differential geometric structures. The theory of
these structures development began only in the 1950s. Almost contact and almost contact metric
manifolds were introduced A. Gray [1]. The theory of almost contact metric structures was actively
developed in the works of S. Chern, W. Boothby, S. Sasaki |2, 3, 4].

Almost contact metric structures are naturally induced on hypersurfaces of almost Hermitian
manifolds, as well as on spaces of principal toroidal bundles over almost Hermitian manifolds.
These cases are most important examples of almost contact metric structures. We may say, that
they determined the role of almost contact metric structures in differential geometry.

In this paper we investigate following questions:

1. Which case is the first fundamental distribution £ completely integrable in?

2. What is relationship between the class of an almost contact metric structure on the manifold
M and the corresponding class of the almost Hermitian structure on the integral manifold of
maximal dimension of the first fundamental distribution of M?

2. The terms for the completely integrability of the contact
distribution

The article uses the following designations:

M — a smooth manifold, dimension 2n + 1;

C>°(M) — the algebra of smooth functions on the manifold M;

X (M) — C°°(M)-module of smooth vector fields on M;

g = (-,-) — the Riemannian metric on the manifold M;

[-,] — taking Lie brackets operation;

d — external differentiation operator;

V — the Riemannian connection of the metric g.

Let’s define the basic concepts used in the presentation of the article.

DEFINITION 1. A contact structure on a manifold M is a differential 1-form n on M is such
that at each point of the manifold n ANdn A ... Ndn # 0. A manifold with o fized contact structure
N———

n times
on it is called a contact manifold [5].

DEFINITION 2. An almost contact metric structure (AC-structure) on a manifold M is a
quadruple (n,&, ®, g) on this manifold, where n is a differential 1-form called a contact form, £ is a
vector field, called characteristic, ® is an endomorphism of the module X (M), called a structural
endomorphism, and g = (-,-) is a Riemannian metric on M so the following conditions are satisfied

D) =1; 2)nod=0; 3) () =0; 4) **=—id+n®¢E;
5) <<I>X7<I>Y> = <X,Y> —77(X)77(Y); XY e X(M).

If we put Y = ¢ in formula 5, then (X, &) = n(X).

It is well known that specifying a contact structure on a manifold generates an almost contact
metric structure, which explains the term «almost contact metric structures. Generally speaking,
the converse is not true.
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A manifold with an almost contact metric structure fixed on it is called an almost contact metric
manifold.

If we define an almost contact metric structure on the manifold M, then naturally a pair of
mutually complementary projectors arises in the module X(M): m = n®¢&; 1 = id —n ® &.
Obviously, m + [ = id. Moreover, it is an easy way to show [ = —®2. These will be projections onto
the distributions £ = Im® = kern and M = ker®, respectively, we will call them the first (or
the contact) and the second fundamental distributions of the AC-structure. Thus, for the module
X (M) of smooth vector fields, X(M) = L & M, where dimL = 2n and dimM = 1. Moreover, if
we introduce in consideration X (M)¢ = C @ X(M) — the complexification of the module X (M),
then X (M)¢ = Dﬁ &) Dﬁ @® DY, where D(}F, D(;F, DY are the proper distributions of
the structural endomorphism ® corresponding to the eigenvalues v/—1, v/—1 and 0. Moreover, the
endomorphisms 7 = —1(®2 + /—1®), 7 = —3(—®* + v/—-1®), m =n @ [6].

Consider the differential 1-form w = n o m,, where 7 is the natural projection in the principal
bundle of frames over the manifold M, 7, is the entrainment of ®-connected vector fields on the
manifold M. Obviously, this form is the Pfaffian form of the first fundamental distribution £, that
is, the basis of the codistribution associated with the first fundamental distribution £ [7].

By the classical Frobenius theorem, the completely integrability of the first fundamental
distribution is equivalent to the condition for the existence of a form 6 so that dw = 6 A w, that
is, the exterior differential of the form w must belong to the ideal of the Grassmann algebra of the
manifold M [6].

Consider the first group of structure equations for an almost contact metric manifold on the
space of the associated G-structure [6], [8]:

dw® = =0y A W + B 1w A wp + B®wp A we + B®w A wp + B%w A wbs
dw, = 92 A wp + BapCwe A w® + Bapew® A w€ + Bagpw A w® + Balw A wy;
dw = Coupw® A w® + C%w, A wy, + nga Awp + Cow A w® + C% A wy. (1)
We draw attention to the third equation of system (1). In it, the first three terms do not
correspond to the form dw = 6 A w, and the last two C,w® Aw, C%, Aw do. Thus, the first
—— ——

0 0
fundamental distribution £ is completely integrable only in case of Cy = 0, C% = 0, C? = 0.

Whence we get that
Cap = —V/~18), ,; =0, O = \/—1@?& =0
Ch=—V=1(®) +a°)=0. (2)

Here <I>§. i are the components of the covariant differential of the structural endomorphism ® on
the space of the frame bundle.
Consider equalities (2). Since C? = 0, then (I)ga = -0 ;- Let’s write the resulting expression

a,

in non-indexed form — the left and right sides taking into account that 7= = —%(@2 +v—19),
=30+ /-1®), m=ne&

T @) =1 V(i (®) (—502+ 510) () ) € -
= U(V(_%qﬂ)(y)(‘l’) (_%qﬂ) (X) + V(_%qﬂ)(y)(‘b) (@‘Q (X) +
V(1)) (@) (397 (0 + V(g (@) (570 () =

= (A Va2 (@) P2(X) — Y V(v (@) B(X) +
+ Y Va0 (2)B2(X) — LVar (€)(X))E;
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= (Va2 (x) (@) 2(Y) + Y Ve x) (@) 2(Y) —
VAV 55 (@)D2(Y) — LVg(x) (R)B(Y))E.

Let us equate the real and imaginary parts of these identities, respectively:

Voz(y)(®)(X) — Vou) (®)P*HX) =
= Vox)(®)P*(Y) — Vo (x)(®)B(Y); VX,Y € X(M).

Replacing Y by ®(Y) in equality (4), taking into account that:
BB(Y)) = B2(Y), BAB(Y)) = —0(Y); VX,V € X(M)
we get for VXY € X(M)

Vor(v)(®)P*(X) + Vo(y) (@) P*(X) =
= Vaz(x) (@) (Y) + Vo x) (®)2(Y);

Adding equalities (3) and (6) term-by-term, we obtain:
Var(3) ()0 (X) = Vo x)(®)P*(Y); VXY € X(M).
Subtracting equality (5) term by term from equality (3), we obtain:

Vo) (®)2(X) = Vgx)(®)2(Y); VX,Y € X(M).

Taking into account (5), we conclude that identities (7) and (8) are equivalent.

The described procedure is called the identity restoration procedure |6, §].
So, we can formulate the result.

THEOREM 1. The contact distribution of an almost contact metric manifold is completely integ-
rable if and only if the following relation holds: Vg vy (®)®(X) = Vgx)(®)2(Y), VX, Y € X (M).

Let M be an almost contact metric manifold with a completely integrable first fundamental
distribution £. Taking into account (1), from the above mentioned, we obtain that the first group

of structure equations of such a manifold has the following form:

dw® = —0p A Wb 4+ B® ¢ A wy + B®wy A we + B®w A wpy + B4w A w?;
dw, = 02 A wp 4+ BapCwe A wP + Bapew? A w€ + Bapw A w? + Balw A wy;

dw = Chw A w® + C% A wy.

Let N C M be an integral manifold of maximal dimension of the first fundamental distribution
of M. Then an almost Hermitian structure (J,g) is canonically induced on it, where J = ®|.,
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g = g Since the form w is the Pfaffian form of the first fundamental distribution, the first group
of structural equations of an almost Hermitian structure on N has the form:

dw® = =09 A w® + B® ¢ A wy + Bwy A we;
dwg = 92 A Wy + Bapwe A wb + Bapew® A w;
dw = 0. (9)

Bearing in mind the Gray-Herwella classification of almost Hermitian structures, written in the
form of a table [6, p. 450], we can reveal the connection between the class of an almost contact
metric structure on the manifold M and the corresponding class of the almost Hermitian structure
on the manifold N. Consider some examples.

3. Structures of Kenmotsu

DEFINITION 3. [6]. A Kenmotsu structure is an almost contact metric structure for which the
identity Vx (@)Y = (®X,Y) —n(Y)PX; VX,Y € X(M) holds. A manifold with a fized Kenmotsu
structure s called Kenmotsu manifold.

This class of manifolds was introduced by the Japanese geometer Kenmotsu in 1971. An example
of such manifolds is the odd-dimensional Lobachevsky space of curvature (-1) [9]. The first group
of structural equations of Kenmotsu structures is as follows [6]:

dw?® = —GgAwb+w/\wb;
dwe = 00 A wp + w A wy; (10)
dw = 0.

The third equation of system (10) indicates that the first fundamental distribution of Kenmotsu
structures is completely integrable. The first group of structural equations of an almost Hermitian
structure induced on its integral submanifolds looks as follows:

dw® = -0y A wb:
dwa = 0° A wy; (11)
dw = 0.

Equations (9) turn into equations (11) if B%¢ = 0 and B, = 0. Taking into account the above
table ([6], p. 450), we see that the almost Hermitian structure induced on integral submanifolds of
the manifold M is Kéahler. Thus, the theorem is proved.

THEOREM 2. An almost Hermitian structure induced on integral manifolds of mazimum
dimension of the first fundamental distribution of a Kenmotsu manifold is a Kdhler structure.
4. Normal structures

DEFINITION 4. [6]. An AC-structure is called normal if the Nijenhuis tensor Ng of its structural
endomorphism satisfies the condition Ng + 2dn ® £ = 0.

The concept of normality was introduced by Sasaki and Hatakeyama in 1961 [4]. It is one of the
most fundamental concepts of contact geometry. Examples of normal structures are cosymplectic
and Sasakian structures, which are widely studied in modern research.
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The structural equations of normal manifolds have the form [8]:

dw® = =07 A WP + B® ¢ A wy + B%w A w?;
dw, = 0% A wp + Bapywe A wP 4+ Blw A wy; (12)
dw = Cow® A wy,.

Under the assumption that the first fundamental distribution is completely integrable, equations
(12) take the form:

dw® = =07 A wl + B ¢ A Wp;
dwa = 05 A wpy + Bap©we A wb; (13)
dw = 0.

Equations (13) are obtained from structural equations (9) under the condition B*¢ = 0. From the
table (|6], p. 450), we find that in this case a Hermitian structure is induced on integral manifolds
of maximum dimension. Thus, we can formulate a theorem.

THEOREM 3. An almost Hermitian structure induced on integral manifolds of mazimum
dimension of a completely integrable first fundamental distribution of a normal manifold is a
Hermitian structure.

5. Nearly cosymplectic manifolds

DEFINITION 5. [11]. An almost contact metric structure is called nearly cosymplectic if
Vx(®)X =0; VX e X(M); if Vx(®)Y =0; VX,Y € X (M), the structure is called cosymplectic.

An example of a nearly cosymplectic manifold is the five-dimensional sphere S° embedded in
S6 as a totally geodesic submanifold equipped with a canonical nearly Kihler structure [12].
The structural equations of nearly cosymplectic manifolds have the form [§]:

dw® = =07 N wb + B%uy A w, + %C“bwb A w;
dwa = 0% A wp + Bapew? A w® + %C’abwb A w; (14)
dw = Copw® A w? + C%wy A wy.

Considering the third equation of system (14), we see that in order the first fundamental
distribution to be completely integrable, it is necessary and sufficient that the terms Chpw® A w®
and C%w, A wp should be zero. This means that the coefficients Cyp, and C% must be zeroed.

Thus, under the assumption that the first fundamental distribution is completely integrable,
the equations of a nearly cosymplectic structure take the form:

dw® = =08 A wb + B%w, A w;
dw, = 02 A wp + Babcwb A wS; (15)
dw = 0.

It is known that this equation is the most closely cosiplectic structure [13].
Thus, taking into account the Frobenius theorem, we can formulate the result.

THEOREM 4. Let M be a nearly cosymplectic manifold, then its first fundamental distribution
18 involutive if and only if M 1is the most closely cosymplectic manifold.
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Further, the structure equations of an almost Hermitian structure induced on integral manifolds
of an almost contact metric manifold have the form (9). As we can see, equations (9) turn into
equations (15) if B2 = 0. Taking into account that for nearly cosymplectic manifolds the condition
B¢ = Blabd |6] is satisfied, according to the table ([6], p. 450), we find that in this case a nearly
Kahler structure is induced on integral manifolds of maximum dimension.

Thus, the theorem is proved.

THEOREM 5. An almost Hermitian structure induced on integral manifolds of mazimum
dimension of a completely integrable first fundamental distribution of a nearly cosymplectic manifold
1s a nearly Kdhler structure.

6. Quasi-Sasakian structures

DEFINITION 6. A quasi-Sasakian structure is a normal almost contact metric structure with a
closed fundamental form.

This class of structures was introduced by Blair in his thesis, as well as in [14]. This class of
structures is interesting, because it includes the classes of cosymplectic and Sasakian structures.
The structural equations of the quasi-Sasakian structure are as follows [8]:

dw® = =07 N w® + B%w A wb;
dwq = 02 A wy + Babw A wy; (16)
dw = 2B%w® A wy.

Considering the third equation of system (16), we note that for the contact distribution to be
completely integrable it is necessary and sufficient that B%, = 0. It is known that this condition is
equivalent to the condition Vgx& = 0 [15]. Then equations (16) take the form:

dw® = —0% A wb;
dwa = 0° A wy; (17)
dw = 0.

It is known that these are equations of cosymplectic structure [8]. Taking into account the table
([6], p- 450), we get the following results.

THEOREM 6. Let M be a quasi-Sasakian manifold. Then the following conditions are equivalent:
1) The contact distribution of the manifold M is involutive;

2)Vox€ =0, VX € X(M);

3) M is a cosymplectic manifold.

THEOREM 7. The contact distribution of a quasi-Sasakian manifold is completely integrable if
and only if this manifold is cosymplectic. In this case, a Kdihler structure is induced on the mazimal
integral manifolds of the contact distribution.

Since cosymplectic manifolds are a special case of quasi-Sasakian manifolds, we can formulate
a corollary.

COROLLARY 1. A Kaihler structure is induced on the mazimal integral manifolds of the contact
distribution of a cosymplectic manifold.
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7. Locally conformally quasi-Sasakian structures

Let S = (n,&,®,g) be an AC-structure on a manifold M>2"*! of greater than three demension.

DEFINITION 7. [1/]. A conformal transformation of an AC-structure S = (n,€, ®, g) on manifold
M is a transition from S to an AC-structure S = (1,&,®,q) , where 7 = e n, £ = e?E, & = P,
g =e"2%, o is an arbitrary smooth function on M, called the defining transformation function.

DEFINITION 8. An AC-structure S on M is called o locally conformally quasi-Sasakian

structure, in short, an lcQS-structure, if the restriction of this structure to some neighborhood
U of an arbitrary point p € M admits a conformal transformation into a quasi-Sasakian structure.

We will call this transformation locally conformal. A manifold on which a lcQS-structure is fixed
is called a lcQ)S-manifold.

Kenmotsu structure [9] is an example of [cQS-structure.

The first group of structural equations of lcQS-structures have the form [14]:

dw® = -0 ANw® + 20258 we A wp + (0068 + CHw A wb;
dwq = 0% A wy + 20,0 we A Wb 4 (0002 — CO)w A wy; (18)
dw = Qnga Awp — Oqw AW — o%W A wy.
As noted earlier, the contact distribution £ is completely integrable if and only if there is a
form 6 such that dw = 6 A w. Hence, the third equation of system (18) should have the form:
dw = megap — owW* AN w + 0% A w, (Since the first term of the third equation of system (18),

generally speaking, does not satisfy the condition dw = 6 A w). Hence, it is necessary that C’g = 0.
Then the first group of structural equations of a lcQ)S-manifold takes the form:

dw® = =0 Nw® + 201960 we A wy + (006 + CHw A wP;
dwg = 02 A wp + 20[(155]% Awb + (0052 — Cg)w A Wp;
dw = oW A w + 0%, A w.

This means that the structure equations of an almost Hermitian structure induced on integral
manifolds of the maximum dimension of the contact distribution £ can be written as follows:

dw® = -2 NP + 251958 we A Wh;
dw, = 92 A wp + 20[a5g]wc A wb: (19)
dw = 0.

Equations (19) are equations of the class Wy of almost Hermitian structures in the Gray-Hervella
classification [6]. Note that if we put o, = 0% = 0 in these equations, then they will take the form:

dw® = =07 A w?;
dwa = 0° A wy;
dw = 0.

These are the equations of the K7hler structure. Let us find out when the condition g, = 0% =0
is satisfied. Obviously, this condition can be written in the form do||n. This condition is equivalent
to grado C M, which in turn is equivalent to the normality of the lcQS-structure [14]. Thus, we
can formulate a conclusion.

THEOREM 8. Let M be an lcQS-manifold with an involutive first fundamental distribution, then
the structure of the class Wy of almost Hermitian structures in the Gray-Hervella classification is
induced on integral manifolds of the mazimum dimension of its contact distribution. It is K?hler if
and only if grado C M.
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8. Conclusion

It is proved that an almost Hermitian structure induced on integral submanifolds of maximum
dimension of the first fundamental distribution of a Kenmotsu manifold is a Kédhler structure. An
almost Hermitian structure induced on integral manifolds of maximum dimension of a completely
integrable first fundamental distribution of a normal manifold is a Hermitian structure. We show
that a nearly cosymplectic structure with an involutive first fundamental distribution is the most
closely cosymplectic one and approximately Kéhler structure is induced on its integral submanifolds
of the maximum dimension of a completely integrable contact distribution. It is also proved
that the contact distribution of an inquasi-Sasakian manifold is integrable only in case of this
manifold is cosymplectic. Kéhler structure is induced on the maximal integral manifolds of the
contact distribution of a cosymplectic manifold. If M is a lcQS-manifold with an involutive first
fundamental distribution, then the structure of the class Wy of almost Hermitian structures in
the Gray-Hervella classification is induced on integral manifolds of the maximum dimension of its
contact distribution. It is K&hler if and only if grad ¢ C M, where ¢ is an arbitrary smooth function
on M of corresponding conformal transformation.
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