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It was Erwin Lutwak who brought my attention to Ball’s Lemma 3 in [2]. Then I saw it in [5,
Ch.VI, 7.5]. Ball’s paper is about convex geometry but the main ingredient is the mentioned purely
analytic lemma. The proof given is quite technical. It turns out that by standard means of harmonic
analysis it becomes a simple exercise, in a sense. The author thanks D. Gorbachev for extremely
valuable discussions.

Our version of the result reads as follows.
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LEMMA 1. For p > 2, there holds
1 o
L

PROOF. In fact, the assumption p > 2 ought to bear a superficial resemblance of the Hausdorft-
Young inequality in the dual form:
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where Cy = (2m)» @) This sharp constant is due to Beckner [3] (an earlier partial result is due
p2p

to K. Babenko [1]). What remains now is to figure out of what “tﬂ is the Fourier transform. But
this is a well-known fact: the formula (see (5) in [4, Ch.I, §4]; it is mentioned in Remark 12 in the
cited literature of [4] that the formula goes back to Fourier)
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answers the question. In our case a = 1, and hence, taking into account the factor % for the inverse

1
Fourier transform, we obtain || f|[;,» ) = 2" #. In addition, taking into account the factor 1 on the

left-hand side of (1) and (277)% in Cyy, we arrive at the desired constant on the right-hand side of

(1). O
To be precise, Lemma 3 in |2] states that if p > 2, then
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and there is equality if and only if p = 2. In fact, the constant (z%) ? monotonically increases
2-1
from (%) > =\2at p =2 to \/e as p — co. However, the dependance on % of the right-hand

side of (1) is achieved by minimal means. Though the constant Cjy in (2) is sharp, it does not
provide a sharp constant on the right-hand side of (1), since the extremal function is different from
that on the left-hand side of (1).

CIIMCOK IIMTUPOBAHHO JINTEPATYPEI

1. K. 1. Ba6enko. O6 ogrom nepasencrse B Teopun uarerpanos Oypoe // Mzs. AH CCCP. Cep.
mareM. 1961. 7. 25, Ne 4, C. 531-542.

2. K. Ball. Cube slicing in R™ // Proc. Amer. Math. Soc. 1986, vol. 97, P. 465-473.
3. W. Beckner. Inequalities in Fourier analysis // Ann. Math. 1975, vol. 102, P. 159-182.
4. S. Bochner. Lectures on Fourier Integrals // Princeton Univ. Press, Princeton, N. J. 1959.

5. B. Makarov and A. Podkorytov. Real Analysis: Measures, Integrals and Applications //
Springer, 2013.



466 n. P. Jlucdnanm

REFERENCES

1. K. I. Babenko, 1961, "An inequality in the theory of Fourier integral", Izv. Akad. Nauk SSSR
Ser. Mat. vol. 25, 531-542 (Russian).

2. K. Ball, 1986, "Cube slicing in R™" | Proc. Amer. Math. Soc. vol. 97, 465-473.
3. W. Beckner, 1975, "Inequalities in Fourier analysis", Ann. Math. vol. 102, 159-182.
4. S. Bochner, 1959. Lectures on Fourier Integrals, Princeton Univ. Press, Princeton, N. J.

5. B. Makarov and A. Podkorytov, 2013. Real Analysis: Measures, Integrals and Applications,
Springer

TTonyueno 10.09.20 1.
IIpunrsaro B meuars 20.09.2021 r.



	31



