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AnHoTanus

B pabotre nosyuen ycjIoBHbIH Pe3yIbraT UMEIOIIHIT OTHOIIEHHE K MHIIOTE3€
fAxobuana (cm. [1], [2], [3]).
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ON THE JACOBIAN CONJECTURE
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Abstract

The conditional result concerning to Jacobian conjecture is obtained in the
article (see [1], [2], [3])-

Keywords: Jacobian of polynomial transformation, Jacobian conjecture,
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[unoresa fkobuana socxomut k 1939 roay [1], [2], [3]. Ona Gbuia BriHOUYEHA
B uncso npodsiem C. Cmeitna nox nHomepom 16. Taaum dpopmysuposky C. Cwmeitna.

[Ipeamonoxkum, aro f : C" — C™ nosmHOMUAIBEHOE OTOOPAYKEHIE, TPOM3BOTHAS
KOTOPOI'O B KayKJIOW TOUKE HEBBIPOXKJIeHA. fIBjstercs jin f OMEKTHBHBIM !

WzBectHo, 4yTo rumoresy fAxobuana JOCTATOIHO PEIINUTH JIJIsI 1 PABHOTO JIBYM U
MHOI'O'JIEHOB cTernenn He Boime 150 [1].

[Iycts f : C* — C" — nonunomuasibHoe orodbparkenune. MokHO cunTaTh, 9TO
f=C(f1, fn), vme f1,...; fu € Clz1, ..., 2] - MHOTOUIEHBI.

[Iycrs J(f) — marpuna Axkobu
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Ycs1oBre HEBBIPOZK ICHHOCTH OTOOpazkeHust [ B KayK/I0i TOUKE IKBUBAJICHTHO Pa-
serctsy |J(f)| = 1 (axkobuan mo/KeH ObITH PaBEH HEHYJIEBOII KOHCTAHTE, Ha KOTO-
PYIO MOXKHO TIOJIEJUTH f1).

Bouto nokaszamno |2, teopema 1.4, 9TO JOCTATOYHO J0KA3aTh HHBEKTHBHOCTD
orobpazkerus f. Torma CIOPbEKTUBHOCTH TaK:Ke MMEET MeCTO.

B |2, reopema 1.7| rakzke mokazamo, 4To rumnoresy fkobuana JOCTATOTHO JOKa-
3aTb JIJIA BCEX OTOOpPaKeHHi BUIA

f = I —I— Zaljxj ,...,l’n—l— Zanjxj (]_)
j=1 =1
JUIST BCEX 1.

CkazkeM, 910 (X1, ..., T,) € C" TOUKa MHBEKTUBHOCTH OTOOparkKeHus f, ecm Jist
BCeX (Y1, ..y Yn) € C" Takux, ato (Y1, ..., Yn) # (21, ..., T,) BoIIOTEHEHO f (271, ..., Ty) F#
Pt ).

CkazkeM, 9TO B TOUKe (I, ...,T,) € C" HapymaeTcs HHHLEKTUBHOCTH OTOOPaKe-
HUs f, ecau cymiecTByer Touka (Yi, ..., yn) € C" takas, 910 (Y1, ..., Yn) # (T1,..., Tp)
u f(xla 7xn) = f(yh 7yn)

OTmernM, 9TO U3 COOOparKeHUil HHHLEKTUBHOCTH B OKPECTHOCTH MHOYKECTBO TO-
YeK, B KOTOPBIX HAPYIIAETC NHLEKTUBHOCTH OTOOParKeHUs [ SBJISETCA OTKPBITHIM.

CHavaJia JIOKayKeM CJIEJYIONUNA YCIOBHBINA Pe3yJIbTarT.

TEOPEMA 1. IIycmo nexomopasa mouka C* asasemes moukol unsekmueHocmu
omobpascenus f euda (1) u |J(f)| =1 das ecex mouex C". Tozda omobpasicerue
f — unsexmusno.

s moka3aTesbCcTBa TEOPEMBI HAM HMOTPEOYeTCsl CJIEIYIONTIE JIEMMBI.

JIEMMA 1. ITyemw [ omobpasicenue euda (1), ydosaemeopaiowee 2unomese
axobuana. Tozda cyuecmeyrom makoe nososrcumensvroe € € R, wmo npouseodnas
f no mobomy nanpasaenuto 6 mouxe b € C* umeem nopmy boavwyio .

JIOKA3BATEJIBCTBO.  {-asd CTpOKa Marpuilbl fkobu orobOpazkenus f B TOUKe
(b1, ..., b,) cocTonuT M3 JIEMEHTOB

n 2 2

n 2 n
3(11‘1 E aijbk yeeey 30,2"1‘_1 E aijbj s 1+ Baii E aijbj s
j=1 j=1

J=1
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[Iycrs uw = (uq, ..., uy), u € C" — equnHuaHBI BekTOp. Pacemorpum 0 = .
u

r=b
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Torma i-wIit 371eMEeHT BeKTOpa v paBeH

n 2

u; + 3(ai1u1 + ...+ amun) Z aikbk . (2)
k=1

N3 #eBbIpOKIeHHOCTH MATpUILl K00 oToOpaykeHusi f Cjeayer, 9TO HOPMA
BEKTOPa ¥ MOJIOXKUTE/IbHA JIJI KarKJI0Tr0 HAIpaBJICHHUS U.
O6osnaunmM depe3 €(b) MHHUMYM HOPMBI BEKTOPa U IO BCEM HAIPABJICHUSIM
u, |u] = 1. CymecTBoBaHHEe TAKOrO MUHUMYMa U €r0 OTJIHYUE OT HYJIs CJIEyeT W3
koMmakTHOCTH (n — 1)-mepHoit cdepbr B C™.
[Iycrs v = inf pecne(b).
[Ipemmosioxkum, aro v = 0. Torga cymecTByIOT TaKue IMOCIe0BaTe/IbHOCTH b, 1
Uy, TIPEJIe]T HOPMBI IIPOU3BOJIHON f 110 HAIIpaBJIEHUIO U, B TOUYKe b, paBeH HYJIIO.
Buibupasi cxoJsIytocs Mo Ioc/ie/I0BaTe IbHOCTh, MOYKHO CIUTATh, ITO
lim uy, = v.
k—00
1. IIpearmoioxKum, ITo MOC/IeI0BATEIbHOCTD by, — OrpaHuYeHa.
Bruibupasi cxosIytocs Mo Ioc/ie/I0BaTeIbHOCTh, MOYKHO CIUTATh, 9TO

k—o00

Torna B cuty HelpepbIBHOCTU

9TO HEBO3MOZKHO.

2. IIpeamosiokuM, 9TO MOCTAETOBATETBHOCTD b, — HeoTpaHuveHa.
Bribupas cxodrytocs mojoc/ie/IoBaTe IbHOCTh, MOYKHO CIUTATH, 9TO

. . 3
lim b, = o0, lim — =d.
k—o0 k—o0 |bk|

BribepeMm 7 Takoe, 9TO KOOpJMHATA ¥; OTJIMIHA OT HYJIS.
Pacemorpum jiBa cirydasd.

a) [Ipemamosoxum, 910 anvy + ... + v, = 0 wm a;1by + ... + apb, = 0.
Torpa uz dopmyssl (2) ciaenyer

9TO HEBO3MO2KHO B CUJIY IIPEAIIOJIO?KEHUA 7Y = 0.

6) IIpeamosioxkum, 910 ajvy + ... + aipvy 7 0 U a; by + ... + a;pb, # 0.



O I'MIIOTESE AKOBEMAHA 95

Torma uz dopmyssl (2) caeayer

) of
lim

k—o0 auk

I
3

r=by,

YTO HEBO3MOYKHO B CWJIY TIpejiojioxkenns v = 0.
[Tosryuennble TpOTHBOPEYNS TTOKA3BIBAIOT, 9TO ¥ > (). B KavuecTBe € MOXKHO B3AThH
JII000€ TTOJIOKUTEIbHOE JEHCTBUTEILHOE THC/IO MEHbIIIee .

O6osunaunm depe3 B(b,r) map B C" ¢ nearpom b pajumyca r.

JIEMMA 2. Ilycmo € makoe xax 6 semme 1, § — nosoostcumesvroe deticmeu-

meavnoe. Toeda B(f(x),0) C f(B(x,d/¢).

Jlemma 2 memocpejicTBeHHO cieyer u3 jeMMbl 1. OTobpakenue f obpaTtumo B
KazKJI0i MaJioil OKPEeCTHOCTH JTIOO0N TOYKHU.

CutejioBaTeibHO, JJId JIIOOOT0 OTpe3ka L JJIMHBI [, COeINHSIONIETrO JIBe TOUKH B
C™ cymecrByeT rajikag KpuBas S, oroOpazkalomascsd ¢ nHoMombio f Ha L JTiHHb!
He Goutbitie [ /e.

CHEJACTBUE 1. Omobpasicenue f euda (1), ydosaemsoparowee eunomese axo-
buana, ABAACMCA COPBEKMUBHBIM.

JIOKA3ATEJIbLCTBO TEOPEMBI 1. O6o3naunM 4depe3 a TOUKY HWHbHLEKTHBHOCTH
oTobpaxkeHus f.

[Ipenmnosoxkum, aro oTobpazkenue [ He ABJISETCH UHHEKTUBHBIM.

Torma cymecrByer Touka z € C" B KOTOpOil HapyIaeTcs UHBEKTUBHOCTH. Co-
€/IMHUM TOYKY 2 C TOYKON 2z HEIPEPBIBHON KPUBOI

z:[0,1] = C", z2(0) = a,z(1) = =.

Pacemorpum muO)kecTBO E C [0, 1] amces ¢ Takux, 9to B ToUKe x(t) HapyIaeTcs
UHBEKTUBHOCTD.

IIycte ¢ = inf E. Touka b = x(c) aBasgercsa TOUKOH HHBEKTUBHOCTH, B JIO0OI
OKPECTHOCTU KOTOPOIl €CTh TOYKA ¢ HapyIIeHHeM HHbEKTHBHOCTH.

[Tokazkem, uro syt orobpazkenus: [ Buga (1) 970 HEBO3MOXKHO.

PaccmoTrpuM mocsie1oBaTeIbHOCTb TOUEK HEMHBEKTUBHOCTHU by, TAKHX, ITO

7(b) — FB)] < -

1) IIpeamomoKum, 9T0 MOC/IeI0BATEIBLHOCTE by, — OrpaHUIeHA.
Boibupast cxogiyrocs mo/Ioc/ie[0BaTeIbHOCTh, MOYKHO CIATATh, YTO

k—o0
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a) Ilycte d = b. Tlosygaem nporuBopedre ¢ HHbEKTUBHOCTH OTOOpakeHus f B
OKPECTHOCTH.

6) Ilycrs d # b.

U3 coobpazkenwuit HerpepbiBHOCTH TosTydaeM paserctso f(b) = f(d). Ouo mpo-
TUBOPEYUT MPE/IIOJIOKEHUIO O TOM, 4TO b sABJISIETCSI TOYKOH WHBHEKTUBHOCTH OTOD-
paxkenus f.

2) IlpentosoKuM, 9To HOC/IE0BATEILHOCTD by, — HeOrpaHudeHa, € — TAKOe Kak
B JieMMe (2).

Bribepem k takoe, ato [by| > [b] + L.

Pacemorpun map B(by, =).

Cormacro siemme (2), cymecrsyer rouka b’ € B(by, =) Takas, aro f(b) = f(V).
CrpaBe[IuBbl HEPABEHCTBA

1 1 1
b —b — || = b, — (b, — 1 b.l — b, — b b - — — bl.
| k:|<k€a|| bk, — (bx — V)| > |br| — |bx |>||+E k€>||

HOJIy‘{I/IJII/I HpoTHUBOpEINE C IIPEAIIOJIOZKEHUEM, YTO b aBigeTcsa TOYKON MHBEK-
THUBHOCTH.

[Tonesno obcyuTh Teopemy 1 B ¢BsI3U ¢ JeficTBUTEILHOI TTpobIemoit fkobuana,
KoTopast 6buia pertena orpuiiaresibio C. Tluaaykom [4] st pasmeprocTu 2.

OcuosbiBasich Ha npumepe C. Tunuyka E.M. Xy66epc [5] mocrponn KoHTprpu-
Mep Jyist JeficTBUTe/IbHBIX oTobpazkenuit Buja (1) B pazmepuoctu 2033!1.

Pesynbrarsr Teopembl 1 cripaBe I/IUBLI U I JEHCTBUTEILHOTO OTOOpaKEHUs BU-
na (1), ymoBieTBOpsIOIero rurorese sKoOnaHa, HO €CJIM HE OJTHA TOYKA He SBJISIeTCs
TOYKON MHBEKTUBHOCTU TAKOI'O OTOOPaKEHUs, TO TeopeMa He PaboTaerT.

Toepema 1 cBojuT JI0Ka3aTEIHLCTBO POOJIEMbl fKoOMana K cucreme ajredpan-
YeCKUX ypaBHEHU Bua

\

Ecin cucrema (3) nmeeT eMHCTBEHHOE HYJIEBOE PEIIEHHE [IPH YCJIOBUU UTO KO-
6uan orobpaxkenusi f Buja (1) pasen 1, To rumoresa fkobmana crpasenBa.

[IpuBenem HOpMyIUPOBKY €Ille OJIHOTO PE3YJIbTaTa JJOCTATOUYHOTO JIJIs CIIPpABE]I-
JINBOCTU TUNOTE3bl fKoOMana.

['MIIOTE3A O HUJILIIOTEHTHOM OTOBPAYKEHUU. [Tycmv A — xeadpammasn
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MAMPUYA NOPAJKA N,

2 2
<Z?:1 aljxj> a1y (Z?:l alj:cj) Q1
Ina(xy, . xy) = —

(Crmianis) am o (S angts)

MAMPUUA HUADNOMEHTNHAA NPU BCET KOMNAEKCHOLT 3HAYEHUAT NEPEMEHHOIT T1, ...
B

Tozda .
H Jpalah, . ak) =0
k=1

npu 6cexr KOMNAECKCHOHL 3HAYEHUATL NEPEMEHHDLT .I'f

Jlnst bopMyIMpPOBKY U JIOKA3aTETHCTBA BTOPOTO YCJIOBHOTO Pe3y/IbTara HaM I0-
Tpedyercd MOHATHE roJIOMOP(MHON PYHKINKI U TeopeMa, e IMHCTBEHHOCTH.

Oyuknus auddepenrupyemas B cMbicie C" B KaxK 10t TOUKe HEKOTOPOIl OKPeCT-
Hoctu TouKn zg € C" HasbiBaeTcd ro0MOpdHOI B Touke 2zo. PyHKIWMS, rogoMopd-
Has B KayKJOW TOYKEe HEKOTOPOro OTKpbIToro Muoxkectsa D C C", mHa3zwiBaercs ro-
nomopdHoit Ha MHOKecTBe D [6].

Teopema (EJUHCTBEHHOCTH |[6], |7, CTATbA "EJUHCTBEHHOCTU CBOW-
CTBA“|) Ecau 2osomoppnas 6 obaacmu D dynrkyus f(z2) obpawaemes 6 nysv 6
Hnexomopot mouxe 2y obaacmu D C C™ emecme co ecemu wacmmvimu npouseooHvi-
MU

kg
0210252 .. 0zkn

mo f(z) =0 6 D.

Bcee muorowtenst uz Clxy, ..., x,] ssisitores rogomopdubivu Ha Beem C™. Crpa-
BE/JINBOCTH TEOPEMbI € IMHCTBEHHOCTHU JIJIT MHOTOYJIEHOB MOYKHO ITPOBEPHUTDH HETIO-
CPEJICTBEHHO BBIUUC/Isisi JACTHBIE TIPON3BOJIHBIE.

k= k?l —|—k32 + ... —|—k3n,k’j = 0,1,2,...,j = ]_,...,TL,

TEOPEMA 2. Ecau 2unomesa 0 HuAbnomenmmom omobparcenuy, cnpaseiiusa,
mo cucmema (3) maxas, wmo onpedeaumenv mampuus. Arxobu omobpascenus (1)
pasen 1, umeem eOUHCTMEEHHOE HYAEE0E PEULEHUE.

JIOKABATEJIBCTBO. IlycTh

3 3

n n
H(.fll'l,...,l'n) = E Q15T g eeey E Qp X —
J=1 J=1

[OJINHOMHAJIBHOE OTOOPasKeHue.

Jlerko nposeputs, uto J(H) = 3J, a(x1, ..., 2).

Cornacho [1], marpura J(H ) HUJIBIOTEHTHA [IPU BCEX KOMIUIEKCHBIX 3HAUCHUSX
HEPEMEHHBIX L1, ..., Tp,.
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Pacemorpum nosmroMuasibHoe orobpakenne H"(xyq, ..., x,). Boimoasero pase-
crso H"(0) = 0.
CorylacHO THIIOTE3e O HUJIBIIOTEHTHOM OTOOpakeHwuu, Marpuia Axobu J(H™)
orobpazkenus H™ paBHa HYJIIO JIJIsl BCEX KOMIIJIEKCHBIX 3HAYEHUI [IepEMEHHBIX X1, ...
T
Crejtyer y4ectb, 9TO 1pu JuDEepeHIupoBaHin CJIOXKHON (DYHKIUU MaTPHUILA
Skobu BBIYHMCIZETC B pa3HbIX ToUKax. Hampuwmep,

J(H2)|m = J(H)|xJ(H)|H(z)'

U3 TeopeMbl €IMHCTBEHHOCTH BBhITEKaeT paBeHcTBO H™ (21, ..., z,) = (0, ..., 0) mis
BCEX 3HAYEHUil IEPEMEHHBIX T, ..., Tp.

Cucremy (3) moxkHO neperucats B Bujie H(xy, ..., x,) = — (1, ..., p).

[TocnemoBarenbio npuMmends orobpaxkenue H 1orydnm

0,..,0) = H(xy, ..., xn) = (—1)" (21, .0y ).

Mper fokazasu, aro cucrema (3) UMeeT eIMHCTBEHHOE HYJIEBOE DEIleHue.

[Tosrydennblit yCIOBHBIH pe3y/IbTaT MOKET ObITH IT0JIE3€H IIPU TTOCTPOEHIH KOHTP-
npuMepa K rurnorese Jkodbmana. ['mmoreza 0 HUJIBIIOTEHTHOM OTOOPAYKEHUU HAKJIA-
JIBIBaET HEKOTOpble TpeboBaHus Ha marpuily A. VMeer cMbIC ¢TpOUTH KOHTPIIPU-
Mep B Bujie orobpazkenus (1) TosibKo, eciin MaTpuiia A He yIOBJIETBOPSIET THIOTE3e
O HUJIBIIOTEHTHOM OTOODaXKEHUH.

Cornacho pesysbrary E.M. Xy66epca [8], marpuia A st Takoro KoHTpIipuMepa
JIOJIKHA UMETH MTOPsI/IOK He MeHbIIe 8.
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