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Abstract
Let A be a n-dimensional lattice, and ¢y,...,¢,—1 be any n — 1 vectors in n-dimensional
real Euclidean space. We show that there exists a basis a, ..., a, of A such that

i = Neif = O(log? N),  (1<i<n—1)
holds for any real number N > 2, where the constant implied by the O symbol depends only
onAandecy,...,cph_1.
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Introduction

We denote by x, a, ¢ the n-dimensional real vectors, and by

| = (1, ..., 20)] = (Zn:gﬂ)

i=1
the length of . Let ai, ..., a, be a given system of linearly independent vectors in n-dimensional
real Euclidean space, the set of vectors
AN={wiog+- - +upa, |u,...,u, € Z}

is called a n-dimensional lattice with basis aq, ..., ay,.

Let c1,...,ch—1 be an arbitrary set of n — 1 linearly independent n-dimensional real vectors.
A theorem of Davenport [2| says that, for large positive N, we can choose a basis of A such
that the first n — 1 vectors of it are not too far from Ney,..., Nc,—1 respectively. Using this

theorem, Davenport [2] gave a simple and elegant proof of a generalization of Furtwéngler’s result
on simultaneous Diophantine approximation. See also the monographs of Cassels 1], Gruber and
Lekkerkerker [3], and Zhu [13].

In this note, we obtain

THEOREM 1. Let A be a n-dimensional lattice, and ci,...,c,—1 be any n — 1 vectors in n-
dimensional real FEuclidean space. Then there exists a basis o, ...,y of N, such that for any real
number N > 2, we have

la; — Ne¢;| = O(log? N), (1<i<n—1),
where the constant implied by the O symbol depends only on N\ and ¢y, ...,¢Cph_1.

If we replace the above error term with O(N¢), where ¢ is any given positive number and the
constant implied by the O symbol may depend on €, A and ¢y, ..., ¢c,—1, this is the original result
of H. Davenport. In 1975, using Brun’s sieve, Y. Wang [9] obtained a refinement O(log® N) on
the error term. In 1985, Z. H. Yang [10] and Q. Yao [11] refined the error term to O(log?t® N)
and to O(log? N(loglog N)?) respectively. Here we obtain a still-further refinement of Davenport’s
theorem.

Proof

We need Iwaniec’s shifted sieve [4], see also Martin [7].

LEMMA 1. Let A be a finite sequence, U : A —Z and W : A — Rxq. Let p1,...,p, be distinct
primes and Q = p1 - - - p,. Define

T= > W)
a€A
ged(U(a),Q)=1

and for all d | Q, put

Suppose there exist A and B such that
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for all d | Q. Then there exists an absolute positive constant ¢ such that

A4 ! E
T> g (@) p1|_£<1 p) + O(Bw™(Q)),

where w(Q) denote the number of distinct prime divisors of Q, and the constant implied by the O
symbol is an absolute constant.

PROOF. See Lemma 7 of Martin |7]. O

LEMMA 2. For q > 3, there holds

q
>0
¢(q) “Toglog ]

PrOOF. For a proof, see Theorem 5.1 of Prachar [§]. O

LEMMA 3. Let ¢ > 2 be any positive integer, s and t be integers with (t,q) = 1. Then there
exists an absolute constant K such that each interval of length greater than Klog®q contains a
positive integer u such that (tu + s,q) = 1.

This lemma is essential for our refinement of Davenport’s theorem. So we shall give a detailed
proof by combining Iwaniec’s shifted sieve with the arguments of Wang [9].
PROOF. 1) Let G be an arbitrary real number,

H=FKlog’q, Q= ][] »

plg
p<log’ ¢

where p runs through primes, § = 1 + € with € being an arbitrarily small positive number, and
K > 1 is a parameter to be determined. Then

= ) 123 -,

G<u<G+H
(rutsq)=1
where
S SR S S
G<u<G+H plg G<u<G+H
(tu+s,Q)=1 p>log? ¢ tuts=0 (mod p)

For (t,q) = 1, we have

H H
1=|— 0=—+20
3 =g

G<u<G+H
tu+s=0 (mod d)

here and hereafter, we use 6 to denote a number || < 1 but not always the same in each occurrence.
Since the number of prime divisors of ¢ is less than 2log ¢, we have

Se= Y <H+9>< " ST1+>01

= S
plq P log”q plq plq
p>log’ g
< 2Hlog' 0 ¢+ 2log g < 4K log®> ™0 ¢ = 4K log? ¢ ¢.
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We shall apply Lemma 2 with
A={u|G<u<G+H}, U(u) = tu+ s, W(u) =1,

and let p; < -+ < p, be the set of primes satisfying p; | ¢ and p; < 1og5q (1 <i < r). Then, by
Lemma 1 and Mertens’s theorem, there exists an absolute positive constant ¢; such that

mizaptos 11 (1) +oe@)

" Mogw(@) LL O\ p

p<log’ ¢

st (140 () ) + 0@
Z MNog(w(Q)) dloglog g loglog q '

Since w(Q) < w(q) and w(q) ~ log)lgo(éq, thus

log? ¢

Y > K —2 1
12 2% loglog g)2

if we choose K sufficiently large, where ¢y is an absolute positive constant.
Combing the above estimates for »; and Y3, we conclude that, when ¢ > go with gg being a
sufficiently large constant,

log? ¢
(loglog ¢)?

2) When ¢ < qo, we use Eratosthenes sieve and Lemma 2 to obtain

S= ) 1= > > wd = ud D1

X > 3K

G<u<G+H G<u<G+H d|(tu+s,q) dlq G<u<G+H
(tu+ts,q)=1 tu+s=0 (mod d)
p(d) 1 log® ¢
=H — 440 1=H 1—- 0q > cy K Oq > 1,
q q piq

where ¢4 > 0 is an absolute constant. Since ¢ < qg, we can choose K sufficiently large to guarantee
that ¥ > 1. O

PROOF. [Theorem 1] Once we obtain Lemma 3, the proof of Theorem 1 follows the arguments of
Y. Wang [9], or Cassels [1, §1.2.4]. O

Remarks

We give some remarks for further study.

i) Using the results we obtain here, we can also refine the corresponding results presented in
Lekkerkerker [5, 6] and Zhu [12], where they considered some generalizations of Davenport’s
theorem.

ii) It is an interesting problem to reduce further the interval length in Lemma 3.
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